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PREFACE 


This text, like many others, is the outgrowth of lecture notes on 
the theory and application of ray propagation in general media. These 
notes were prepared while the author was a lecturer at Stanford University 
and simultaneously conducting studies on the subject at Stanford Research 
Institute. Although the original intention was to prepare a short mono¬ 
graph on ray theory and its applications to the ionosphere with special 
emphasis on the anisotropic and inhomogeneous character of the medium, 
it soon became apparent that for a better understanding of both the 
theory and its applications it was necessary to introduce the wave theory 
background and thus establish the intimate connection between rays and 
waves. 

There also existed numerous other factors which motivated the above 
decision. The recognition that the field of Plasma Physics was undergoing 
a rapid expansion in which the methods and concepts used in this field 
had much in common with those in others (e.g., ionospheric research) was 
a strong influence. The understanding of propagation phenomena in 
magneto-elastic media, in semi-conductors, etc., provided some of the 
motivation. Radiation phenomena in anisotropic media is a continuing 
challenge. Besides these physical motivations the mathematical problems 
associated with them should provide a fruitful source of research. 

It is inevitable that in order to understand propagation and radia¬ 
tion in plasma-like media, one must study those aspects of a plasma which 
influence or more generally affect the propagation of disturbances in 
such media. For such a study there are several alternative levels of 
approach. One of these is a purely mathematical one utilizing the theory 
of characteristics as a basis, another level of approach is a purely 
physical description where the so-called intuition provides the guide¬ 
lines of thought and analysis. The choice adopted in this text lies 
somewhere between these two approaches, more in the spirit of mathe¬ 
matical physics which the author believes helps to bridge the gap between 
the abstract concepts and the applied nature of a variety of problems. 

In the nine chapters that are presented the author has attempted to 
synthesize and unify the concepts and techniques which are considered as 
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basic. Some of the chapters are self-contained, for example, Chapters I 
and II can be used to form an introduction to propagation in homogeneous 
unbounded anisotropic media. Chapter III which introduces the student 
to hydrodynamics should he combined with Chapters IV and V for a better 
understanding of magneto-hydrodynamics and those aspects of electro¬ 
dynamics which utilizes hydrodynamic notions more fully than in a majority 
of elementary texts. Chapter VI is concerned with propagation in non- 
homogeneous media which are either plane or cylindrically stratified. 

In Chapter VII a self-contained treatment of the theory of ray propaga¬ 
tion in an anisotropic medium is given in considerable detail. However, 
such topics as caustics, diffraction, etc., have been neglected since 
otherwise this chapter would become too voluminous. Chapter VIII intro - 
duces the reader to the microscopic approach of describing a low density 
plasma and finally, in Chapter IX, we give a formulation of radiation 
phenomena in homogeneous unbounded anisotropic media. 


The text is aimed at the senior-graduate university student and its 
usefulness as a reference text for the scientist and engineer in govern¬ 
ment and industry will have to be judged on a separate basis. The source 
material for the main body of the text and the problems have been chosen 
from the basic papers in the literature of the field and from the author’s 
own studies and interests. The mathematical level of maturity required 
to follow the development ranges from the elementary to the sophisti¬ 
cated. The problems have been selected to test the student’s understanding 
of the material in each chapter, to enhance his physical intuition and 
mathematical skills, and to extend some of the theoretical aspects which 
were not considered in detail in the chapters. These problems are, in 
general, non-trivial. That is, they are not of the plug in-calculate 
answer type, in fact, the bulk of the problems are quite challenging. 

Finally, the author wishes to acknowledge his gratitude to those 
persons who aided in bringing this text to fruition. In particular, to 
Prof. R. A. Helliwell of Stanford University and Dr. I. W. Yabroff of 
Stanford Research Institute for introducing the author to some of the 
important problems of their research interests; to Messrs. T. Morrin, 

G. Wiley and Dr. D. R. Scheuch for securing and continuing the support 
in the writing and preparation of the manuscript; to Charles Elkind for 
his excellent liaison with the publishers. I am especially grateful to 
Ronald Blum for his diligent and worthy contributions to the early 
chapters. Many thanks are due to Mary Armstrong and her co-workers for 
their efforts in bringing the manuscript to final form. 
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AN INTRODUCTION TO WAVES, RAYS AND RADIATION IN PLASMA MEDIA 

J. J. Brandstatter 


CHAPTER I 

BASIC MATHEMATICAL CONCEPTS OF WAVES AND RAYS IN PLASMAS 


1. THE WAVE EQUATION 

In many fields of physics and engineering, a phenomenon is often 
described by the propagation of some quantity of interest. For example, 
the description of sound in some medium can be given in terms of the 
propagation of a pressure distribution; in heat flow one is concerned 
with the propagation of temperature distributions, and so forth. We 
shall concern ourselves with those phenomena in which the quantity of 
interest is described by a wave equation. At first we shall consider a 
scalar wave equation of the form 

iJ 0 

t) = — . (1.1) 


The notation used indicates a right-handed rectangular cartesian coordinate 
system (x^,x^,x^), and t is the time. The operator in this system is 
defined by 


B2 

B2 

+ _ 

B2 

+ — 


B*? 

Bx? 


( 1 . 2 ) 


The significance of the other terms in (1.1), fx and V^, will become clear 
in the subsequent discussion. The function S? represents the quantity which 
is being propagated (e.g., pressure, temperature, electromagnetic field 
component, etc.). For convenience in writiug we shall use the notation 

f (a:j_ , *3, t) = , ( 1 . 3 ) 


1 



the choice depending on what it is that we wish to emphasize. In (1.1) 
we imply that the medium is characterized by the parameters and ; in 
the propagation of light these represent, respectively, the phase refrac¬ 
tive index and the speed of light in some reference medium. Any function 
which satisfies (1.1) is called a wave function, or simply a wave. 

We may define a simple monochromatic wave by 

^(r,t) = y(r)e27rivt 


where 

/(r) = (1.5) 

Ihe exponential form is very convenient to use, but it must always be 
understood that only the real part, Re(^), of ^ has physical significance. 

It often happens that for a refracting medium, in which 'P satisfies 
an equation of form (1.1), for example. 




( 1 . 6 ) 


that the speed of propagation, V, is a function of position and frequency, 
V, This dependence upon frequency is known as the dispersion. Further¬ 
more, instead of defining V at each point of the medium, we can define an 
index of refraction, p,, with respect to some homogeneous reference medium 
in which the velocity of propagation is the same at all points. Then 
we define 


Mr) 


V{T) 


(1.7) 


so that (1.6) is consistent with (1.1). Thus for a simple monochromatic wave 




- co^W 


( 1 . 8 ) 


where co = 277V is the angular frequency. 


2 




Eq. (1.6) becomes 


r-79 ^ O O? u} 

V2qf +_ ip = ^ = 0 (19) 

VI 

or, after canceling 

V2y + fiiL / = 0 . (1.10) 

2. HOMOGENEOUS ISOTROPIC MEDIA 

4 

In a homogeneous isotropic medium which is characterized by a constant 
index of refraction {/jl is a function of frequency alone), we find the 
simple monochromatic solution of the wave equation: 


W(r>t) = A exp io}[t - (jjL/V^)n • r] 


( 2 . 1 ) 


where /I is a constant, and n a unit vector. This form of solution rep¬ 
resents a plane monochromatic wave of amplitude A and angular frequency o). 
The phase of the monochromatic wave is defined by 


0 = a>[t - (fx/V^)n • r] 


( 2 . 2 ). 


and we note that at a given instant of time, the phase will be constant 
on the planes, 

n • r = const. (2,3) 


These are the planes of equal phase. The components of the unit vector, 

U, are the direction cosines of the normal to these planes. As t increases, 
the values of the phase move in space by passing from one plane of equal 
phase to another. The phase is displaced in the direction u, which is 
therefore known as the direction of propagation of the wave. The speed 
with which the phase is displaced in the direction n is easy to calculate: 
by def inition this is the speed with which an observer must be displaced 
so as to always observe a fixed value of the phase. If ds is an element 
of length measured in the direction of propagation, then we can write 

ds * n • dr . (2.4) 


3 



Since the change in phase is due to changes in both time and position 

dcj:> = oxlt “ {cofi/V^)n 'dr (2.5) 

and = 0 for an observer if he is displaced along n with speed 

ds/dt = VJfi . (2.6) 

This is the phase speed] {ds/dt)n is the phase velocity. 

The wavelength , of a plane wave is defined as the distance As 
traversed in the direct ion n, for fixed t, during which the phase changes 
by 277. This change is given by 

277 = A0 = - As (2.7) 


so that 


X. = As = {2rrV^/iJO)) = (2.8) 

is the wavelength. Thus, at any instant of time, wave surfaces of equal 
phase, are separated by a normal distance X.. • 

If, instead of keeping t fixed, we fix a point in space and note the 
change in time required to produce a change in 4> of amount 277, we then 
define the period T of the oscillation 

T = At = 277/co . (2.9) 

Thus, after a time T the function (2.1) is restored to its original value 
V/e may also note that 

= f^/V^ . ( 2 . 10 ) 


which results from using (2.8). 

Dispersive Mcdia-^In the foregoing we tacitly assumed that /jl was not 
a function of v. If it is a function of v, then we say the medium is 
dispersive, or that we have dispersion. The functional relation /x = /jl(v) 
is called the law of dispersion] one may also find dispersion laws given 
in the implicit form F{}Ji,v) = 0. 


4 



In the dispersive case, *1* satisfies a more general equation of the form 


V2^ 


_1_ ^ 
Vj Bt2 


109 


( 2 . 11 ) 


with K constant. Such an equation can arise in a system uniiergoing forced 
oscillations. If we insert (2.1) into (2.11) we find 


0 )' 


C0‘ 


- — fJL^ + — - K]^> = 0 




n 


( 2 . 12 ) 


so, if we put 


= I - KVl/c^^ ^ [m(v)]2 


(2.13) 


then (2.11) has the same form as (1.9)i although /x is now a function of v. 

V/e can achieve compactness in representing a plane wave if we intro¬ 
duce the wave (number) vector, or propagation vector, k, defined by 


k = (27r/A.)n = 

V/ith this notation the wave defined by (2.1) is now written 

'J^(r, t) = A exp - k • r) 


as 


(2.14) 


(2.15) 


V/e have thus far considered /x a real quantity, but now we will allow it 
to be complex. In this case the wave vector has complex components, 
k = kj “ ikj, where kj and kg are real vectors in the n direction. There¬ 
fore, (2.15) becomes 






(2.16) 


and we have either a growing wave or a damped wave, depending upon whether 
kg • r is negative or positive. In the latter case we term the wave 
attenuated. Since kg is parallel to n, the wave either grows or is at¬ 
tenuated as it propagates in that direction. 
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If we replace /x by the complex index of refraction, M, in Eq. (1.9), 
then the most general plane wave solution still has the form of Eq. (2.16), 
but Icj and Itj are not necessarily parallel. The vector Icj is still in 
the direction normal to the planes of constant phase, but k 2 is normal 
to the planes of constant amplitude defined by 

kj * r = const. (2.17) 

Thus the wave form in (2.16) now has two distinct families of surfaces, 
and the necessary relations between the complex index of refraction and 
the complex wave vector are obtained by substituting (2.16) into (1.9) 
with M in place of /x: 


= ( - k • k + co^M^'/Vl)^ = 0 . (2.18) 

A close look at Eq. (2.18) shows that it is possible to generalize the 
notion of index of refraction by defining the complex vector, M = ^ “ iy, 
where p and y are real vectors. Then we can say that (2.18) is equivalent to 

k • t = (co/V^)2 M • M (2.19) 

or 

1^1 = (“/V'o)/ini (2.20) 

•^2 = ( 2 . 21 ) 


where are unit vectors in the directions of p, y, respectively. 

A wave of the form shown in (2.16) and satisfying Eqs. (2.20), (2.21) is 
called an inhomogeneous plane wave. The term {oyy/V is the factor meas¬ 
uring the attenuation in the direction of most rapid change of amplitude; 
viz., the extinction coefficient. The true phase velocity is in the 
direction k^ which thus defines the direction of phase propagation, whereas 
kg gives the direction of extinction of the wave. 

Situations of this sort occur frequently in nature, usually arising 
from the presence of a damping term in the wave equation as in Eq. (2.11). 
For example it is well known that an electromagnetic wave attenuates 
rapidly upon penetrating a metal due to ohmic heating within the conductor 
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which takes energy away from the electric field. Another case, which will 
be investigated in later chapters, is the scattering of electromagnetic 
radiation by charged particles in a plasma, where some of the energy is 
dissipated in collisions between particles. 

3. NON-HOMOGENEOUS ISOTROPIC MEDIA: THE GEOMETRICAL OPTICS 
APPROXIMATION AND THE EIKONAL EQUATION 

The treatment in Section 2 of the scalar wave equation for homogeneous 
isotropic media is quite simple and well known. Complications arise when 
the medium is non-homogeneous and isotropic: this means that the refractive 
index and the speed of propagation are functions, not only of frequency, 
but of position as well. In seeking a solution for this case we naturally 
proceed by analogy with the homogeneous situation; i.e., we want to con¬ 
sider monochromatic solutions of the scalar wave equation, while retaining 
the general forms of (1.4) and (1.5). This means that A and \jj must be 
functions of position. 

If we assume that A and 0 are sufficiently differentiable then in¬ 
serting (1.5) into (1.10) yields; 


V2A - 4 i 7 r grad • grad A - ^ 47 r^A(grad 



(3.1) 


after canceling the factor This equation gives two real equations 

obtained by requiring that the real and imaginary parts of (3.1) vanish 
separately; 


4772 (grad i//) 2 


o;2;x2 


0 


(A“1)V2A 


(3.2) 


grad xjj • grad A 



V2i/, 


0 


(3.3) 


By analogy with the homogeneous case given in (2.7), and (2.8), we define 
the local wavelength as 


Hr) 


yp 


K(r) 

V 


since /x 


V 


(3.4) 
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or, equivalently;, by 


^ J- 

ds K 


(3.5a) 


where ds is an element of length along the normal to the surface, 
i//(r) = constant, at a given point; so that A- now varies from point to 
point. The surfaces 4^(t) = constant are still called the surfaces of 
constant phase, but are no longer plane surfaces. Only locally can we 
consider them as planes; if the medium is homogeneous, then A is constant 
and we find 


I grad \p\ = 1/k ; (3.5b) 

V is still the speed with which an observer must be displaced along the 
normal to = const, in order to continue observing the same fixed 

value of As in the homogeneous case the phase is given by 

4> = 2'TrLvt - ^(t)] . (3.6) 


The phase speed is calculated as before; the change in phase due to 
changes in time and distance, dt and ds ^ along the normal n is 


dcp 


dip 

2'rwdt “ 277 — ds 
ds 


(3.7) 


which vanishes when 


V = 


ds 

dt 



(3.8) 


The right side of this equation is the expression for the phase speed. 
As we move normal to the surfaces of constant we have 


d\p - I grad ^1 ds 
and making use of (3.8), we find 


(3.9) 


dip = {v/V)ds = I grad i/'l ds . (3.10) 
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Therefore, from (3.5b), 


V(.T) = vk(r) 


(3.11) 


Rays— I t will be convenient to 
associated with the wave surfaces: 
whose tangents are parallel to grad 
integral, 


introduce the concept of the rays 
the rays are defined by the curves 
i//. Thus we may represent ^ as an 


0 = 




(3.12) 


taken along the ray, starting from some initial point on the surface 
</»(r) = i/zp. The solution of the scalar wave equation can then be put in 
the form 





(3,13) 


Pq is called the origin of 
physical significance will 
is such that if we take 
t ^ *0 change in phase 


phases relative to P; it is a construct whose 
become apparent. The defining equation for P^ 
as the time corresponding to yp ^ then at 

of expression (3.13) is 2*77: 


277 




1 


v(t - t^) 



(3.14) 


Nature of the Approximation^ In general V(t) is not known a priori, 
and its determination entails the solution of the partial differential 
equations (3.2) and (3.3) for the functions i4(r) and 0(r). We want to 
avoid this difficult task, so we will examine the conditions for which 
It is possible to do so. That is, under what circumstances does the 
relation, | grad \p\ = l/k, remain approximately true in the neighborhood 
of a point in an inhomogeneous medium? Equation (3.2) shows that the 
second term must be negligible with respect to the first term. Let us 
then examine the function A(r) and consider the change in it when we go 
from r to r + Ar. A Taylor expansion yields 
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A{x + A*) ~ A(jc) 


(3.15) 


BA 1 BM , ^ 

= - A* . +-A* .A* .+ ... 

B*. * 2 dx.dx. ‘ J 

where the repeated index in a term implies summation on that index from 
1 to 3. 

Let us now choose a sphere of radius e defined by 


e* = (At)* = AxjAx^ 


(3.16) 


where the A*j are independent of each other, and therefore uncorrelated. 
If we consider (3.15) averaged over the sphere, denoting the averages by 
< >, then 


<Ax > = 0 ; <A*;Ai> = 0 , i / ) 


(3.17) 


But 


<(Ax^)2> = <(Axj)2> = <(Axj)2> = 


<Ax .Ax > 


Y (3.18) 


and therefore 


<A{x + Aac) - i4(ac)> 


1 PaM 

= - - <(Ax^)2> +- <(Ax 

2 [bxJ Bx^ 


o 

2)2> + - <(Ax )2> 


— V2a 

6 


(3.19) 


since <B2 A/Bx^> * B^A/Bx^ (the derivatives evaluated at P(x) are constants). 
If we choose e = h.(x), then (3.19) becomes: 


<A{x + Ax) “ A{x)> = - \/^A 

6 


(3.20) 


Thus we see that if 


Z!i 

A “ 


(3.21) 
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it must follow that 


<A(x + Ax) “ A(x)> = - S/^A « - A . (3.22) 

6 3 

This inequality states that the average value of the fluctuations of A 
in the neighborhood of P(x), in which the dimensions are of the order of 
k(x), is very much smaller than A{x) itself. This, then, is the necessary 
and sufficient condition to be able to neglect the second term on the 
right side of (3.2). 

If we examine (3.3), using the definition of wavelength in (3.5b) 
and multiplying by ^2, then 


X 



grad i// • grad ^ “ XMV2i^ 


0 


(3.23) 


However, 

grad i/»| (3.24) 

grad i//| Igrad A] cos 6 (3.25) 

where 6 is the angle between grad i// and grad A. If we divide (3.24) by A 
and use (3.25), then 

— Igrad i41 cos 6 ^ = 0 . (3,26) 

A 2 

Since | grad a\ cos 6 = dA/ds, we find 


d\jj 

ds 


grad 0 * grad A = 


A 


. 0 


(3.27a) 


or, 


ds 2 


(3.27b) 
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Equation (3.22) implies the following inequalities: 


\dA\ 


BA 

1 dx. 1 < 1 A. 1 

BA 


1 11 1 1 

Bxj 


« A 


(3.28) 


and similarly for and Applying this result to (3.27b) shows that 
the first term is negligible with respect to the second term; hence (3.2) 
and (3.3) reduce to 


{grad i/i|2 




(3.29) 


= 0 


(3.30) 


Equation (3.29) is called the Eikonal equation, or the equation of geo¬ 
metrical optics. We note that only the magnitude of grad i// is determined 
by this equation. 


From (3.4) and (3.11) we can write 


Vix) 


V 

I grad i//| 




(3.31a) 



A. 

(/Ji') 


(3.31b) 


Equation (3.31a) shows that if M*) is practically constant within a distance 
of the order of a wavelength , then so are and j grad 4i\. Thus we 

can consider jgrad ip] as linear in the variables x and therefore the 
second derivatives of i/f must vanish, which means that (3.30) is neces¬ 
sarily true. The expression (3.13) furnishes us with the approximate 
solution to the wave equation. Therefore, we have derived the phase i//(r) 
without having to find A(r), since yu. is assumed known. The method we 
have used in obtaining is substantially the WKB approximation, which 
is, in essence, an asymptotic solution to the scalar wave equation. 
Qualitatively, the assumptions made in deriving the solution are equiva¬ 
lent to saying: we assume that the properties characterizing the medium 
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are slowly varying within a distance of the order of a wavelength ; there¬ 
fore, we may treat /z as uniform over this distance. In other words, we 
consider the medium to be locally homogeneous, assuming also, that }Jl is 
continuous. 

Amplitude Variations and the Fluid Analogue— It is now interesting 
to examine (3.3) on its own merits, and observe the manner in which the 
amplitude varies. If we multiply (3.3) by 2A we have 

grad xjj • grad div grad i// = 0 (3.32) 


or, more compactly. 


div {A^ grad »//) = 0 • (3.33) 

This divergence expression suggests the conservation law (equation of 
continuity) as applied to a fluid. In our case, let us, by analogy, 
consider A^ grad i// proportional to the current density of a fictitious 
fluid, and take its integral over a closed surface, 2, surrounding a 
region of volume R, The divergence theorem gives 


0 


div(A2 grad 0)dJR 


A 2 grad i// • ncE 


(3.34) 


where grad \p • n is the directional derivative of i// normal to the surface 
2. If we consider this fictitious fluid to have (material) density pro 
portional to A^ and velocity proportional to grad yp then (3.34) states 
that A^ is conserved in time. 

If we assume that [aP = |v|^ is a measure of the energy localized 

in the wave at each point, that grad is proportional to the velocity of 
the energy flux “at each point, and that grad \p is directed along the ray 
associated with the wave; then it appears as if the energy is a fluid 
which is conserved as it flows along the rays. Thus, the rays appear as 
trajectories of energy, a thin pencil of rays being analogous to a tube 
through which the energy flows. 
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4. THE FOURIER TRANSFORM AND WAVE PACKETS IN HOMOGENEOUS MEDIA 

The concepts ol energy propagation and group velocity are tied very 
closely with the notion of a wave packet or group of waves. In this 
section we will develop the ideas and formulas leading to the concept of 
a wave packet: first for a non-attenuating medium, and then, more gen¬ 
erally, for the attenuating case. These formulas will then be used in 
conjunction with the appropriate assumptions to develop variational 
principles for the trajectories of energy, amplitude, and phase propaga¬ 
tion. Thus, we shall also lead to a generalization or extension of 
Fermat s Principle for absorbing media. The simplest and most natural 
approach to the subject is through the ideas and tools of the Fourier 
Transform, and the Principle of Stationary Phase. 

Monochromatic Waves— The plane monochromatic wave must really 
be considered as an abstraction, since it occupies all space and time. 

If one considers the type of experiments in which the speed of light is 
actually measured—revolving mirrors, toothed wheels, etc.—one observes 
the results of an interrupted wave train. A wave always occupies a bounded 
region of space at a given instant and at a given point; it always has a 
beginning and an end. A wave defined in this way is called a wave train. 

In order to represent a wave train, we do not consider a single plane 
monochromatic wave, but an ensemble of plane monochromatic waves. Such 
an ensemble is represented by 

y(r,t) = 2^A{v,n) exp 2rri [vt - (v/i/V^)n • r + S(v,n)] (4.1) 

the sum being either finite or infinite. The notation A(p,n) means 

with n • n = 1; 8(v,n) indicates that each wave has a dif¬ 
ferent phase. Clearly, satisfies a wave equation if each wave does so 
separately, at least for the case of a finite sum. For an infinite sum 
the usual questions of convergence arise. 

Let us also consider an integral solution of the wave equation. In 
this case 




[JJ ®*P ^ ~ cfe/cfrijofrij (4,2) 
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with no integration over rig, since it is determined by the normalization 
condition, n • n == 1. 

If /I is a function of v, then we replace ji everywhere by /^(v). As 
in the previous section, we introduce the wave vector k, which we shall, 
at- first, assume real; J.e., /-i(v) is real. 


Wave Trains— To demonstrate that the representation of a wave train 
by an ensemble of plane waves is possible, consider the case of a wave 
train propagating in a given direction defined by the wave vector ICq, 

Uq = {2TfiJLV^/V where is some central frequency and n^^ some average 
direction. We wish to represent the wave train in the form 


'P(r,t) = i4(r,t) exp • r) 


(4.3) 


Let A(r, t) be symmetric about the direction of then, since the wave 
train is bounded in space, the amplitude, A, for a fixed t, will be dif¬ 
ferent from zero only for values of r such that 


X. - Ax. < X. < X. + Ax. (i = 1,2,3) , (4.4) 


where the are the coordinates of some fixed point r, and the ^ rep¬ 
resent a three-dimensional interval about this fixed point. For convenience 
we will take the fixed point as the origin, = 0. This interval deter¬ 
mines the region in which the wave train differs significantly from zero. 

The analysis is further simplifijed if we assume that in the region 
occupied by the wave train A is practically uniform at some fixed instant 
of time, except near the boundaries of the region where it falls off 
rapidly to zero. Therefore, inside the region the wave train coincides 
with a plane monochromatic wave, but clearly differs from it on the 
boundaries. 

Wave Packets— Thus we arrive at the following qualitative definition: 
a wave packet or group of waves is an ensemble of plane monochromatic 
waves whose frequencies and directions of propagation are arbitrarily 
close to each other. 
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We shall now show that the wave train can be represented by such a 
group of waves if we assume that the dimensions of the wave train are 
large compared to X, and that its duration in time is large compared 
with the period T, 

Because of its symmetry property, A(r,t) is an even function with 
respect to Icq, so if we succeed in representing the wave train by a wave 
packet it will be of the form: 

k„+Ak 

$(r,t) = /(k,kj) exp i [cot - k • r + S(k)]dk (4.5) 

4o-Ak 


This, it should be understood, is just a compact way of expressing the 
multiple integral 


In +An« 
^0 ^ 


dn^ 


“An- 




+Ani 


dn. 


“An, 


c<J-+AciJ 

r 


duif{co,coQ-,n^,n^,nj^^,n^) exp i[<u)t - k • r + S(o),nj,n 2 )] 


An integration over a range of frequencies Aco about some center frequency 
co^; i.e., -Aco < Ct) < H-Aco; and over a range of directions about Oq. 

The function /(k,kQ) then weights each plane wave according to its direction 
and frequency, and the result is summed (integrated) over the band of wave 
vectors within Ak of k^. The function /(k,k(j) is a smooth function which 
is large near k = k^ and symmetric about the direction of propagation, 
falling to zero rapidly outside of the interval ±|Ak|. We shall, however, 
expressly exclude functions which oscillate rapidly within the interval 
about k^. 

Locally Plane Waves —Strictly speaking, it is only when the magnitude 
of Ak is sufficiently small that (4.5) is called a wave packet, and k^ 
characterizing its center. Since fi = fji{v) , then co = [2rrV^/kix{v)] is not 
a simple function of K or of |k|. Let us denote a) as a function of k by 
Aj(k) and assume that it can be expanded about k^ as 


co{k) 


t:t>(kj^) + (k -- kg) 



(4.7a) 
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retaining only the first order terms. The notation used here is equiva¬ 
lent to that employed in (3.15); that is, 

where the subscript (0) indicates that the derivatives are to be evaluated 
at k = k^. 

In the following treatment we shall retain the vector symbolism of 

(4.7), def ining Ci)^ = and simplifying the analysis by taking all 

the phases 8(k) = 0. If we then add and subtract ' r to the exponent 

in (4.5) we have 


^>(r, t) = 


ei(a.t-koT) /(k,kj) exp i 

kj-z* 


[(k - u.) 



(4.8) 

We obtain a full identification of (4.8) with (4.3), if we set 
<E.(r,t) = W(r,t): i-e., 


A(T,t) 


fk j +Ak 

/(k.kg) exp 

kj-Ak 


(k-k„) 



(4.9) 

This representation of A is required if we are to describe the wave train 
by a wave packet. 


In a small neighborhood of k^ we can consider /(k,kj) = /(k ~ JSo)> 
and if /(k ~ k^) is chosen so as to vanish outside of this small neighbor¬ 
hood, Z\k of kj, then nothing is changed if we allow the limits of the 
integral in (4.9) to extend to infinity. If we make the substitutions: 


u = k - k„ 


w = V t 
e 


(4.10) 


then A(r,t) can be expressed in the following form 


A(r,t) = 4(w) 


( 277 -) 


1“ 


/(u)e‘"‘» du 


(4.11) 
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where a triple integral over the ranges of u^, Ug is implied [the 

factor (277)“^ is introduced for symmetry]. 

The theory of the Fourier Integral tells us that (4.11) is simply 
the Fourier Transform of A(w), and that it is possible in this case to 
represent /(n) by the inverse transformation: 

- 3 r® 

/(u) = (277) ^ dw . (4.12) 

-00 


From this we see that the process of representing a wave train by 
means of a wave packet simply means that we must be able to reduce the 
Fourier transformations to integrals over very small ranges Au, and for 
this reduction to be possible, /(I^jk^) must vanish outside of the interval. 
Since we are assuming A practically constant in the interval Aa: ^ and 
vanishing outside of it, this is necessarily true. 

Propagation*— If we write A as in (4.9) the wave train can be put 
in the form 


^'(r.t) 


exp - k. • r) 


f 




/(k,kj exp 1 Uk - kj 


kfl-Ak 


\ck4 




dk 


(4.13) 


The factor exp k^ • r) represents the group phase and the multiple 

integral represents the group amplitude, 7/e define the propagation of 
the group by the propagation of the group amplitude, and we can obtain 
information about this propagation by examining the surfaces of constant 
amplitude. By this we mean the surfaces for which the integral in (4.9) 
is constant; i.e., 


A(r,t) = const. 


(4.14) 


For (4.14) to hold it is sufficient that /(k.k^) be a slowly-varying 
function and that the phase satisfy 


(k - k,) • 



const. 


(4.15) 
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These surfaces are propagated with a velocity given by 


dv 

dt 



= V 

s 


(4.16) 


which is the defining equation for the group velocity. To illuminate 
the significance of the group velocity consider the situation when the 
index is not a function of the frequency. Then we have, 


4)(r, t) 


k . +Ak 


rK 0 

kn-Ak 


/(kjk*) exp i(cot - k - r) dk 


and since. 


ojt - Ic • r = |k| (F t - n • r) 


(4.17) 


<t(r, t) 


rko+Ak 

/(k,ko) exp i [|k| - n • r)] cfli 

ko -Ak 

(4,18) 


This shows that <b is a function only of V^t ~ n • r and therefore the 
pulse travels with the speed without altering its shape. The motion 
of the pulse results from the change of phase of all the different wave 
lengths in the pulse which arise from multiplication by exp i |k| F^t. 
So, for t ^ 0, the waves do not add up in phase at r = 0> but instead 
are all in phase at the point r = V^t n. The change of position of the 
wave packet is therefore caused by the change of conditions for con¬ 
structive and destructive interference. 


The Principle of Stationary Phase—In the dispersive case, the wave 
packet still changes with time but in a more complicated manner than 
when 0 ) = F^lkj, since now it is clear that ^ is not a function of 
V^t - n • r alone. Consequently, the position of the center of the 
wave packet as well as its shape changes with time. To see how the 
packet moves as a whole, we examine the position of the maximum of the 
packet. In the non-dispersive case there exists at each instant 
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one point where waves of. different k do not interfere destructively and 
this occurs wherever the phase <?b = ojt “ k • r is an extremum. At this 
point there will be a range of k where all the waves have nearly the same 
phase; hence there will be constructive interference. This point is ob¬ 
tained from the fact that a necessary condition for an extremum is 

which implies that the m,axinnim 
the ‘‘group velocity” 


because it is the velocity with which the group of waves collected in the 
form of a packet, moves. In other words, if an observer moves along the 
direction n with velocity he will always observe any pair of waves in 
phase with respect to each other. It is clear then that is different 
from the phase velocity which is the velocity with which a point on a 
surface of constant phase moves. If co(k) is proportional to k, then the 
group velocity coincides with the phase velocity. 

Bandwidth and Ikicertainty Relations— We will now examine the condi¬ 
tions under which a non-trivial wave packet can be obtained. If we look 
at Eq. (4.12) and recall that A is practically constant in the spatial 
neighborhood 2lAr|, then if exp (“ in • w) has a large number of oscil¬ 
lations (or periods) in this interval they will tend to cancel each other 
in the integral (4.12) and /(u) will be practically zero. Therefore, in 
order for /(u) to have a value significantly different from zero, it is 
necessary, for fixed t, that 

u • 2Ar = (k “ k^) • 2Ar ^ 27 t , (4.21) 

where the sign means ‘‘the order of.” 

Now, k “ represents a small departure of the wave vector k from 

ko = 2'n‘/X.Q • n^; let us denote this departure by c!k. But since. 




t - r = 0 


(4.19) 


of the wave packet moves through space with 




(4.20) 


20 



cIIl 


■ ( 

A 

II 

(4.22a) 

3k 

= — • <in + 

3n 

i' . 

(4.22b) 

In (4.22a), 

first hold K. fixed, 

and obtain, 

dn 

— • 2Ar = 

1 ; 

(4.23) 


in order that, 


\dn\ « IdqI = 1 (since n^j • = 1) (4,24) 

we must have 2|Ar|. This last requirement says that the dimensions 

of the wave train are much greater than a wav elea gth (which was one of 
the hypotheses made at the outset). Now let us keep a fixed and consider 
the change due to ^ (or v) : we find, in the elementary case, that and 
are parallel 


therefore, 


and 




5k, 


dk = doj 


(4.25) 


dv 


(4.26) 


3k 

dv 


d fl\ 


= n — — 


dv 




1 d 

2™ — — (/^v) 

K dv 


27711 

V. 


(4.27) 


ohen, substituting 


du 

n — • 2Ar = 1 , 


(4.28a) 
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or, 


nAv’ • 2Ar , 


and in order that dv « we must have 


or, 


Uvl |2Ar| « V I |2Ar| 


(4.28b) 


(4.29a) 


V 

2 I At I » — = V T 


« ft 


(4.29b) 


so that the product is not, in general, equal to the wave length VT , 

where V is the phase speed, although the two quantities are sometimes of 
the same order of magnitude. We can now conclude that the wave train can 

be represented by a wave packet when all of its dimensions are large with 
respect to a wave length. 

If and represent respectively the beginning and the end of the 
wave tram, the time required by the train to completely pass a fixed point 
is obviously given by 



(4.30) 


and according to (4.29b) this time must be very long with 
period Vq. This was our second hypothesis. By the same 
but applied to Eq. (4.21) we find, (iT = k/2rr) 


respect to the 
reasoning as above 


2A k • At = 1 

that is. it is at least of the order of unity. Now we write. 


(4.31) 


-6 



(4.32) 


and denote by S k the change in k which produces the maximum change in 
each component of k. This change is due to a change in n. say Sn. and 
a change in v, say Bv, and therefore. 
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St - 4 

\ V 

i 


(4.33) 


the maximum change in Sit is then due to the maximum change in each component 
of Sn, and the maximum change of frequency in the group. If |8r| = 9 | At*| 
is the maximum extent of the wave train, due to the maximum range of each 
component Ax. we obtain, 


oK • 8r = — • +- • Sj* 

X. V 

g 


(4.34) 


oince each term, in magnitude is at least of the order of unity, we con¬ 
clude that for each component, 


> 1 


> 1 


SfejSxj > 1 


(4.35) 


If we also denote by 


l ’'2 " >^1 


(4.36) 


the time required for the wave train to pass a fixed point in space and 

if Sv is defined as above, we have from (4.29) and (4.30) the following 
in equality, 


VgSf » SvSt > 1 . (4.37) 

The relations (4.35) and (4.37) constitute the uncertainty relations,* 

The relation (4.37) is already familiar in radio transmission, i.e., 
the fact that a pulse requires a band of frequencies, that is, a given 
bandwidth. More specifically, for a radio wave to carry audio-frequency 
pulses, the frequency of the radio Wave must be displaced by an amount of 
the order of magnitude of the audio frequencies to be carried. Therefore, 
if we are tuned to receive a bandwidth of amount Sv, the shortest pulse 
length that can be received has a duration St = 1/Sv. \'/e see then that 

— I ^ . 

In quantum necha^cs particle energy, E hu, nonentum p= kh) thua (4.35) and (4-37) are equivalent 
to JHeisonberg'a PTmciple. ’ 
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the smaller Sv is in the spectral resolution of a given wave, the more 
nearly monochromatic is the wave. Thus, if a wave is more nearly mono¬ 
chromatic the larger the value of St, that is, the slower the variation 
of the amplitude at a given point in space. 

The significance of the relations (4.35) is given by the following 
considerations. A given beam of light of finite width cannot have a 
fixed direction of propagation. If is the average direction of light 

propagation in the beam (for convenience we take the x^-axis as this 
direction), and if S^ is of the order of magnitude of the deviation of 
the beam from its average direction, say in the plane, we find 

from (4.35) 

1*2! 

> 



Hfe 8: 


(4.38) 



This relation also tells how sharp we can expect an optical image to be. 
For if we take a beam of light, all of whose rays theoretically would 
intersect in a point, it actually gives an image in the form of a spot, 
not a point. So, if S denotes the maximum width of this spot, then by, 
the above formula we have, S = l/kd = k/d, where 6 is the opening angle 
of the beam. This relation holds for both image and object. Thus, in 
observing a beam of light emanating from a point, this point cannot be 
distinguished from a body of dimensions k/6. This determines the limit 
of resolution of a microscope. The smallest value of 8 that is obtained 
say for 5 = 1 is k, which agrees with the fact that the limit of geo¬ 
metrical optics is determined by the wavelength of light. 
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5. WAVE PACKETS IN NON-HOMOGENEOUS MEDIA 

The concept of a wave packet or group of waves developed for homo¬ 
geneous media can be carried over into a non-homogeneous medium which is 
also anisotropic and absorbing. First we consider the Eikonal equation (3.29) 


(grad \p)^ 




K 


(3.29) 


The theory of partial differential equations teaches us that the surfaces 
of constant phase belong to a family of complete integrals of (3.29); 
indeed, it is a two-parameter family 


‘A(r,a,^) = const. (5.1) 

which comprises the solutions of (3.29)- In the case of a homogeneous 
medium these are of the form 


with 



(5.2) 


1 “ 



(5.3) 


so that n^, are the two parameters which in this case correspond to 

a,/3 in (5.1). A wave packet in a non-homogeneous medium then consists 

of an ensemble of simple sinusoidal waves whose frequencies lie in the 
small range -- iiio) < o: < ^ for which the values of a,/fl lie within 

the small intervals (a “ Aoi, a + Aa), {J3 - A/3, /3 + Z\fl). 


Absorbing Media—To treat absorbing media we utilize equation (l,10)i 
but we must now replace fi by the complex index, M, By an argument exactly 
analogous to Section 3, we arrive at the corresponding Eikonal equation 
for the absorbing case: 


(grad \fj)^ 



(5.4) 
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Hence, we put 


grad i// = 


(5.5) 


where M is now interpreted as a complex wave normal and ^ is a complex 
wave surface. We may define a unit wave normal, ry, by 




(5.6) 


where |M| = (M • M)^; rti and r} 2 are real vectors. And if we set 


'A = 01 - i02 


ft ~ 


then, in general, /x = |,i [ ^nd ■)( = |y| are also functions of the frequency. 
The complex phase 'p is defined through the relation 


yp = grad \p ' dr = f—j M • dv 
^0 ^ ^0 


(5.8) 


where dr is a real vector. The vector p is normal to the family of surfaces 
01 - const, and is normal to the family \p^ * const. These surfaces are, 
in general, distinct; therefore. 


(5.9a) 


(5.9b) 


Now we can write, substituting (5.6) into (5.9), 


p ‘ dr « 277 [Re(M)jjj - • dr 


(5.10a) 
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- 277 + Re(il/),2 


(5. 10b) 



] • dr 


(Im = imaginary part; Re = real part). From (5.6) we also obtain the 
additional relations: 


Jl/2 = (p - iyy) • (p - iy) = P - iQ (5.11) 


which is equivalent to 


^2 - = p ■ 2fi-x cos 6' = Q 


where 9 is the angle between, p and -y, 




-..p* 


p2 + 





2 


1 

-P-*- 

p2 + 

( ^ vl 

>w 

2 

\cos &] 






✓ 


(5.12) 


(5. 13a) 


(5.13b) 


The first expression defines a re frac five index surface, and the second, 
an extinction index surface, 

V/e now define a simple wave in a non-ho mo gen eo us absorbing medium by 


with A 


a const an t. 


The 


A exp (~ 2r4f^) exp i(coi - 2770^) (5.14) 

surfaces of constant phase are defined by 


d = cot - 2wJj, = cot - /— 


di = const. (5. 15a) 


while those of constant amplitude are defined by = const., i.e. 






Ut = coast. 


(5.15b) 
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A group of waves in a non-homogeneous absorbing raediurn is defined 
by the multiple integral 


r O+A-r? 

®*p exp i(M -2r7pj^) doi 


rtUQ+Ai) 


X7n-AT7 


(5.16) 

the function weighting the directions about t/q and /2 the frequencies 
about Thus rj ^ and define the center of the group. The first 

integral is actually a triple integral over the components of rj t but 
because of the constraint rj * = 1, it can be reduced to a double 

integral. If is the function \jj^ corresponding to the center of the 

group, and we add and subtract from the exponent in the 

above integral^ then 


$ = e 


i(,C0Qt-27T\fj^Q) 


j exp (“ 277^2^ ^ 

(5.17) 


The phase of the group is 


= “0* ■ 27^10 


(5.18) 


and the amplitude of the group is the integral in (5.17). A set of suf¬ 
ficient conditions for the amplitude of the group to be constant are: 

(a) and must be slowly varying functions 
of their arguments; 

(b) I'/'jl I'/'il (5.19) 

(c) the phase, defined by 0 “ = const, is 

stationary (principle of stationary phase). 

The number of terms in equation (5.15a) can be reduced by differentiation 
with respect to (D, which gives 

t “ 277 — = 0. . (5. 20) 

00) 
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Under the same conditions as in (5.19) we can also apply the method 
of stationary phase to the expression (5.15 a) and compare the results 
with [5.19(c)]. The surfaces of constant wave phase are obtained from 
(5.15a); those of constant wave amplitude are obtained from (5.15b) 
making use of (5.9); the surfaces of constant group phase by setting 
expression 0 q equal to a constant; and the surfaces of constant group 
amplitude from (5-17). If all of these relations are expressed in 
integral form we have the following system of equations, which is now 
amenable to formulation as a variational problem: 

Vq f dt - f • dr = const. , (5.15a') 

J y • dr = const. , (5.15b') 

~ f t^o ‘ ^*^0 ■ const. , (5. 18') 

f '^0 ■!' t^o ' ~ f fi ‘ clr = const. (5.19c') 


After differentiating the last equation with respect to co we have 


V 


0 





dr • — (con) 
dco 


(5.20') 


6. FERMAT’S PRINCIPLE, AND ITS EXTENSION 

The integral which appears in (3.13) is closely connected with the 
well known principle of Fermat, which states that the curves, if they 
exist, between two fixed points and P in the medium are such as to 
make the integral stationary. That is to say, 


S 



0 


( 6 . 1 ) 


In general 
which case 
dependence 
media will 


the index is a function of both position and direction^ in 
the medium is anisotropic, The isotropic media lack the 
upon direction; the differences between these two types of 
be discussed more fully in a subsequent chapter. 
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In a non-absorbing medium the ray paths are determined by the varia¬ 
tional prescription Sco = 0, St = 0. If we apply this to the primed equations 
in Section 5, (5.18^) excepted, we find 


8 / • 

dx = 

0 

(6.2a) 

^ / X ■ 

dx = 

0 

(6.2b) 

8 /m • 

dx = 

0 

(6.2c) 

- {cof,) • 

dx = 

0 

(6.2d) 


In the non-absorbing case (6.2a) gives the phase path which is always 
normal to the surfaces of constant phase. Similarly, the trajectory of 
the amplitude surfaces is also normal to the surfaces of constant amplitude. 


Generalization Postulates— For the absorbing case we shall make the 
following postulates which will enable us to generalize Fermat’s Principle: 

(1) the phase paths are always normal to the surfaces 
of constant phase; 

(2) the amplitiide paths are always normal to the surfaces 
of constant amplitude. 


This means that ^ 
and y is tangent 
these elements by 
these relations. 


IS tangent to a path element of the phase trajectory, 
to an element of the amplitude trajectory. If we denote 
and dr^, respectively, then Figure 1 illustrates 




FIG. 1 
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We note that although the expressions for these paths; i*e,, (6,2a) 
and (6.2c); appear to be identical, there is a difference in the path 
elements. In an anisotropic medium the path of a ray is distinct from 
a phase path; this fact will be derived in a later chapter. 

If dr^ denotes an element of the path along which the group amplitude 
propagates, then the variational principle for this path is 


S 



dr, 



dr^ = 0 


(6.3) 


and we have the following Fig. 2 which is appropriate to this case in 
general: 



FIG. 2 


If we denote the magnitude of dr by ds, the variational principles, 
equations'(6,2), may be written: 


S f /j. ds^ = 0 (wave phase) 

S J ds^ = 0 (wave amplitude) 


(6.4a) 

(6.4b) 


S f /I cos (fji, dr^) ds^ 








ds 

g 


\ 

0 

> 

0 

/ 


(6.4c) 

(group amplitude) 

(6.4d) 


where cos (/i,dr^) is the cosine ol the angle between the vector fi and the 
element of group path; similarly for cos [B(a.^)/3a), dr^]. Equation (6.4a) 
constitutes the extension of Fermat's principle to an absorbing medium 
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and from it we can see how absorption affects the phase trajectory. The 
remaining equations have similar interpretations. In a later chapter it 
will be demonstrated how to determine the group amplitude and wave phase 
traj ectories explicitly. 

The expression is the basis for the definition of the group 

velocity. By definition, the displacement 6f (the center of) the wave 
group in a time dt is 


Jt = y dt 

« . g 


(6.5) 


where is the group velocity. Let us now define a vector, which we 
will indicate by such that 


V, • (V^)- = 1 . 


( 6 . 6 ) 


If we take the scalar product of this vector with both sides of (6,5) 
and integrate, we obtain 


/ ''g“' • ‘^'g = / 

But from (5.20') we see that 


(6.7) 




'bcofi 

'bco 


dr 


( 6 . 8 ) 


and comparing these two equations we find 


(vp-i = 


1\ B 
k Bo) 


(6.9) 


If Cl, Cj, e, is an orthonormal set of veqtors, we can consider (V )=l 
as given by * 



( 6 . 10 ) 
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It IS important to realize that the path of energy propagation is taken 
as the path of group amplitude. This is certainly plausible when we 
consider that the energy of a field is usually proportional to the square 

of the amplitude of its oscillations, as we have already noted in Section 3 
of this chapter. 

In the case of an electromagnetic field it is not so clear that the 
group path is also the energy path. This question is closely tied up 
with the time-average Poynting vector, and a careful analysis is requisite 
to determining whether the Poynting vector is indeed parallel to the 
energy trajectory; i.e., the group path, 

7. THE POYNTING VECTOR AND ENERGY FLOW 
Starting from Maxwell’s equations (mks) 


curl E + B = 

0 

( 7.1a) 

curl H - D = 

J 

(7.1b) 

div D = 

P 

(7.1c) 

di v B = 

0 

(7. Id) 


with E, H, B, D the field vectors, J the current density and p the charge 
density. For a homogeneous absorbing medium we set p = 0, the current 
density J being uniform, whether due to conduction or convection. 

For simplicity we shall consider a plane wave structure for the 
field E given by 

E = E^i exp (- kj • r) exp i{o)t - kj • r) (7.2) 

where E^^ may have complex components and kj, k^ are real vectors, the 
former giving the direction of phase propagation, the latter that of 
amplitude. As in Section 1 we have k = kj - ik^, so these vectors are 
identical with (2.16). 

For an isotropic medium we have B = M„H, where is the magnetic 
permeability of the medium. (Note: we shall adhere to the usual convention 
of taking Pq as the magnetic permeability in vacuo). In a rectangular 
cartesian frame for fields varying sinusoidally as equation (7.la) 

yiel(is the relation 

kxE = po) H . ( 7 . 3 ) 
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According to (2.16) this is equivalent 


m xE . 


(7.4) 


The divergence rel.tien (7.1c) .ith p . 0 end ei.ce D . .E .ith 
constant, yields ’ 


C^Dl - • E 


(7.5) 


This implies 


“l 0 ; Hj • B ^ 0 


^ = "i • a ^ 0 (7.6) 

and we may conclude that neither E nor B is oem • i 

they ere both cle.rly tr.nev.re. to k th! / 

relation, (,.6, iiE e.dH L " 

K a It E. and H are replaced by real functions. 

Ihe _ rk 


time-average Poynting vector s is defined by 


« = <Re(E) X Re(H)> = .iRe(ExH*) 


(7. 7) 


•k.re H- i, the co.ple, cenlngete of B. Using (,. 3 , 

ExH* = (^^&))-i Ex (k*xE*) 

(/t,oj)-i [(E . E*)k* - (E • k*)E*] ; 


(7.8) 


since 


E * E is real and Ii* = + ik^ 

8 = (2/i„oi)-i [(E . E*)k, - Re(E . k*)E*] 


(7.9) 


from which we conclude that 


sxki ^ 0 


(7.10) 
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This significant relation states that S and are linearly independent 
vectors since Re(E * Ii )E is in general not zero. Consequently, the 
direction of flow of electromagnetic energy, if measured by S, is not in 
the direction of phase propagation in an absorbing medium, as prescribed 
by Itj. This conclusion is not at all surprising when we consider that S 
measures the total energy flow, not just the optical portion of it. This 
is made more clear if we recall the classical derivation of the Poynting 
vector and its significance as given by the energy balance equation, 

U + Q + / s • ndj4 = 0 (7.11) 

where the energy density of the field is 


U 




mag 


(7.12a) 


U 


el 



(7,12b) 




• e 



(7.12c) 


and Q IS rate of energy dissipation per unit volume by means of non-ordered 
motion; analogous to ohmic heating. 


35 



BIBLIOGRAPHIES 


f s»s?«rr r™. 

12th Series /VoL^l(Mlrch!2riri947)^ '"see^ilso’'^r®tum°"’ ^*'>'^^'1"®' PP- 133-194, 
4. Braun. G., Q» the.ethod of stationary phase. Acta Physica Mstriaca. Vol. 10. pp. 8-33 (1957). 

Physica Austriacai aysik®airSrhmdL°6?®160?“pp. ‘346S5"(i95n!"'°^“ 

Proc. Roy! Soc. A.*^ 32 !*%^ 1931 between the ray theory of electric waves and dynamics. 

.f th. ;u.;,u:trB.n‘;r^' 

(19lbb. ’ of light through an inhomogeneous medium. Ann. Phys. , Lpg. 47,709 

'• Parti. Non-dissipative 

media. Part IV. Poyntina and M^LaTA ^ dissipative isotropic 

J. Geophys. Res. 5^ S ^97 2!l7 535 dissipative anisotropic media. 

10. Picht. J., Ann. der Physik, 3, 433 (1929). 

waps! °iRE‘Tr!n^^on'^A!,“n;jas‘'2 PropSatioT“®Sm°" alectromagnetic 

Vol. AP-7 pp. 5320-23 (Dec. 1959 ) ^ ^ »" electromagnetic theory, 

b'i TZ i I'-; T ». 3b, p. 1.S, 

9A. pp. 630-636 (24 J^ril'^OSA)”^ inhomogeneous anisotropic media. Z. Naturforschg. . 

absorbing medil I. Equations^for th^wavr*^* to ray optics in inhomogeneous anistropic 

Ann. Phys. 11. „o. 2-3.^p. (SL? c "T ’ ^“dex and polarization. 

■ PP- ^1952). See also corrections to the above. 

IS. Suchy. K. , Stepwise transition.H Solution of i-K 

refractive index equation using the WR .• *«^®-“0™al equation and 

alternation. Ann.^hys. 13. No". t^l^p.Ts 9 rrm 3 ).""'°"‘'“' 

pp. 412-25 a954)!* .HI- Group Propagation. Ann. Phys. 14, No. 6-8, 


general bibliographies 


1.. Bateman. H. . Partial Differential Eqs. , Dover, (1944) 

2. Bohm, D.. Quantum Theory, Prentice-Hall, Inc., N.Y. ( 1951 ) 

Born, M. and Wolf, E. , Principles of Optics, Pergamon Press, N.Y. (1961). 


36 





4 . Brekhovskikh, Leoned M., Waves in Layered Media, Academic Press, N.Y. (1960) 

5. Bremmer, H. , Terrestrial Radio Waves, Elsevier Pub. Co. Inc., N.Y. (1949) 

6. Brillouin, L., Wave Propagation and Group Velocity, Academic Press, N.Y. (1960) 

7. Budden, K. G. , Radio Waves in the Ionosphere, Cambridge,(1961) 

8. De Broglie, L., Non-Linear Wave Mechanics, Elsevier Pub. Co., Amsterdam, Holland (1960) 

9. Landau and Lifshitz, Classical Theory of Fields, Addison-Wesley, Reading, Mass. (1951) 

10. Landau and Lifshitz, Electrodynamics of Continuous Media, Addison-Wesley (1961) 

11. Lindsay, R. B. , Mechanical Radiation, McGraw-Hill Co., N.Y. (1960) 

12. Panofsky and Riilips, Classical Electricity and Magnetism, Addison-Wesley Rib. Co. , 
Reading, Mass. (1955) 

13. Petrovsky, I. G., Lectures on Partial Diff. Eqs., Interscience Pub. Inc., N.Y. (1954) 

14. Sommerfed, A., Optics, Academic Press Inc., N.Y. (1954) 

15. Stratton, J. A., Electromagnetic Theory, McGraw-Hill, N.Y. (1941) 


37 




CHAPTER II 

THE HOMOGENEOUS ELECTRON PLASMA IN A UNIFORM MAGNETIC FIELD 


8. THE LORENTZ THEORY 

In the problems with which electromagnetic theory is concerned, two 
different viewpoints can be adopted; these viewpoints are: 

(a) the macroscopic phenomenological theory of Maxwell; 

(b) the exhaustive microscopic theory of Lorentz. 

In the Maxwell theory the description of the actual phenomena is 
given on a macroscopic scale (i.e., compared to the atomic particles of 
the medium). This avoids giving an explanation of what happens to the 
individual charged particles which constitute the medium in which the 
phenomena are taking place. In this theory the influence of the medium— 
that is, the subatomic particles comprising the medium—is accounted for 
by means of factors called constitutive parameters, 

The effect on the electric field of equal numbers of oppositely charged 
particles comprising the medium is accounted for by the relative capaci^ 
tivity, e. The effects on the fields due to the motions of the charges 
comprising the medium are taken into account in the following manner: 

(1) the motion of the unbound charges is subsumed under the 
conduction current by means of a conductivity, cr; 

(2) the translational motion of the bound charges is subsumed 
in the electric displacement field by means of the 
relative capacitivity, €; 

(3) the rotational motion of the constituent charges is 
subsumed in the magnetic field by means of the relative 
permeability ^ fJL^, 

This representation of the dynamical behavior of the constituent 
charges by means of the parameters €, , cr^ is of great practical impor¬ 

tance. This importance lies in the advantage of being able to separate 
the investigation of the macroscopic behavior of the fields from that of 
the microscopic behavior of the constituents of the medium in which the 
fields are present. In many media the constitutive parameters can be 
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determined by empirical means much more easily than by theoretical 

considerations. For such media the macroscopic theory is eminently most 
suitable. 


In an isotropic dielectric medium is the speed of a wave 

propagating through it, and o- is the factor of proportionality between 
the conduction current density at any point in the medium and the electric 
intensity, E, at that point. Of course, these parameters will also depend 
on the temperature, frequency of the oscillation, etc. In macroscopic 
theory the total displacement current is the sum of the free space dis¬ 
placement current and the displacement current due to the dielectric. 

In plasma-like media (ionized gases) it is difficult to measure the 
constitutive parameters; this is in contrast to media made up of neutral 
molecules. The difficulty arises from the fact that the space charges 
present and the boundary condition imposed by the measuring apparatus 
affect each other significantly. Thus, in order to determine these 
parameters a knowledge of the dynamical behavior of the microscopic 
constituents is required. 


The Lorentz theory attempts to describe all electrical phenomena in 
terms of the elementary positive and negative charges comprising the 
medium. This microscopic theory dispenses with the concept of the material 
medium and considers only the ensemble of negative and positive charges 
(which actually consticutethe medium) in free space. More specifically, 
this theory postulates that in all permeable bodies there exists a large 
number of charged particles of very small size which are separated from 
each other by free space. Conducting bodies are imagined to be constituted 
of a large number of free particles capable of being moved through the body 
under the action of an electric force. Non-conducting or weakly conducting 
bodies are considered to be made up of particles bound to their positions 
of equilibrium by an elastic force. Even though they are displaced from 
their equilibrium positions this displacement is not very large (small 
oscillations). It is also postulated that the medium has no net charge 
that the positive and negative charges balance exactly. When particles 

are displaced from their equilibrium positions, the medium becomes 
polarized. 


The Lorentz theory further 
current exists not only in the 
within the particles themselves 


assumes that the free space displaceonent 
empty space between the particles but also 
. The action of the material medium 
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participates in this theory if we consider the motions of the charged 
particles under the influence of the electromagnetic forces as a funda¬ 
mental concept. If each particle has a charge g, and a mass, m, then 
under the action of the electric force the particle will be displaced 
from its equilibrium position, and at time t it will have a velocity of 
magnitude v. .^lowever, the moving charge produces a current gv, and if 
there are N such particles per unit volume, this gives rise to a convec¬ 
tion current density Nqy (by v we understand the tijne-average value of 
the charge velocity). The average convection current density can be 
written as iVgv = pv, = J regardless of whether the charges are free or 
bound. 

For varying fields, it is not clear a priori whether this total 
current is a conduction current proportional to the electric intensity 
and in phase with it, or a displacement current proportional to E and 
out of phase with E, the electric intensity, by rr/2. Consequently, the 
total current density must be written as the sum of the free space 
displacement current and the material convection current. 

Let us summarize the two views: the Maxwell theory describes the 
phenomena in terms of the equations 


curl E + B 

= 0 , 

(8.1a) 

curl H 

= J + D . 

(8.1b) 

div D 

= P , 

(8.1c) 

div B 

= 0 , 

(8.Id) 

supplemented by the relations 



B = 


(8.1e) 

D = 

eE , 

(8.If) 

J = 

oE 

(8.1g) 

The Lorentz microscopic theory 

describes the 

electromagnetic phenomena 


by the same set of Maxwell's equations as given above, but since there is no 
medium in this point of view, the relations (8.1e, f, g) must be given in vacuo, 
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( 8 . 2 ) 


and the current density is given directly in terms of the moving charges: 

^ <1/y olnme of region containing charges (8.3) 

Maxwell^s equations relate the fields to the charges and their motions, 
but since these are not known, it is necessary to supplement them with 
the dynamical equations of motion for the charges. These equations have 
the form, for each particle, q^: 

= g^(E+Vj^xB) (8.4) 

where B is the total magnetic induction field evaluated at the position, 

, of the ktYi particle; E is the total electric field evaluated at • 
These fields can consist in part of external fields, and in part of fields 
due to the themselves. 

The set of equations (8.1, 2, 3, 4) must be solved simultaneously 
for the dynamical behavior of the charges, and from this behavior we can 
derive the constitutive parameters for the macroscopic model of the medium. 

In the Lorentz theory, the motion of the electrical charges is 
described in terms of the polarization vector (dipole moment per unit 
volume) rather than in terms of the convection current. In this case the 
polarization vector is P = iVgr, r being the average displacement of the 
charged particle. Consequently, J = P. 

9. PROPAGATION IN AN ISOTROPIC CONDUCTING MEDIUM 

We will now consider the propagation of a plane electromagnetic wave 
in a conducting medium of infinite extent. The structure of the electric 
field is taken to be: 

E = Eg exp iicot - k • r), (9.1a) 

H = Eg exp iicot - k • r), (9.1b) 
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where Eo. H, are constant complex vectors, and k: is a vector with complex 
components; thus, 

k = (^1 " (9-2) 

and n is a real unit vector in the direction of phase propagation. The 
equations describing the fields are given by ( 8 . 1 ), but here we put p = 0 , 
assuming no net charge. These relations then become 


curl E = 

-ik*E = 


(9.3a) 

curl H = 

-ilocH = 

(cr + x€C(J)E 

(9.3b) 

di V D = 

II 

Q 

f 

•rJ 

1 

0 

(9.3c) 

di V B = 

-ik • B = 

0 

(9.3d) 


Note that the last two relations imply that F 4 and H are perpendicular to 
the direction of propagation. Substituting for H in (?.3h) using (9. 3a) 
gives 

kx(kxE) * (k • E)k ^ (k • Ic)E == - €p^co2)E . (9.4) 

and since (9.3c) implies k • E = 0 we have 

(k • k)E = - iao-pt^)E (9.5) 

Therefore, the condition for propagation is that 

k - k = - ioxTfj.^ ( 9 . 6 ) 

which requires, by (9.2), 

kl - hi = eiJ.y (9.7a) 

2k = cooTfj.^ (9.1h) 

These equations iraply | k | > Ifejl and that both mast have the same sign. 
If fej, fej were negative, then we would find a damped oscillatory field 
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propagating in the -n direction; when they are positive the field propa¬ 
gates in the n direction. Let us consider the positive solutions. 
Solving (9.7) 


+ [l + (cr/eo))^] ^! 




(9.8a) 


(9.8b) 


Refraction and Extinction Indices— Since, from (2.20) and (2.21) 


(9.9a) 

^2 = (9.9b) 

we have the result that the speed of propagation is 

\v\ = F = ( 7 ?V,e)~‘^ (9.10) 

with 

/ 1 + [l + (cT/eaj)^]^ 1 

^ - \ -^- I >1 (9.11) 

in which we define T 7 to be the coefficient of reduction, and shows that the 
speed of propagation of an electromagnetic wave in an absorbing medium is 
less than the speed it would have in a medium whose conductivity was zero 

but which was otherwise identical to the first in its constitutive param¬ 

eters, e and fu.. Such a medium would be non-absorbing, since (9.8b) 
clearly shows that vanishes. 

The real index of refraction in the absorbing case is 

^ (9.12a) 
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(9.12b) 


(9.13) 


Cases for Limiting Frequencies —If one lets the frequency become 
very large, it can be seen that the extinction and absorption coefficients 
become vanishingly small, and the reduction coefficient goes to unity. 
Thus, for high enough frequencies an isotropic absorbing medium behaves 
like an isotropic transparent (non-absorbing) medium. This is physically 
reasonable, since at high enough frequencies the inertial masses of the 
particles composing the medium prevent them from following appreciably 
the rapid changes in the electromagnetic forces being exerted upon them. 
Thus, the conductivity, which is a measure of the effect of the electro¬ 
magnetic forces upon the motion of charged particles, is essentially zero, 
and one has a formal identity with the non-conducting dielectric medium. 

For low frequency (long wave-length), when cj/ect; >> 1, the speed of 
propagation, F, approaches zero as (€(D/cr)^; therefore, the medium will 
not transmit waves of low frequency. In this case 

(9.14) 


a formula derived by J. J. Thompson. 

If we define a quantity 

^ + {<T/eco)^] y^Y 

then we have 

^2 + = [j^ + (cr/eco)2]^ 


(9.15) 


(9.16) 
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so, in the transparent medium, < 7 = 0 , 

^ = 0, 77 = 1 . (9.17) 

Relations Between the Electric and Magnetic Field Vectors— We know 
from (9.3c, d) that E^ and are perpendicular to the direction of 
propagation, and we also know, from ( 9 . 3 a) that kxE = M.w H, which yields, 
when canceling the exponential factor common to both quantities, the 
complex scalar equation: 


(/Sj - ife 2 )Eo = . (9.18) 

Using Euler’s form of the c.omplex.fe: 

(fe2 + fep5^e-‘SEo = (9.19a) 

where 

S = tan-MfejAi) • (9.19b) 

Thus we find that the magnitudes of electric and magnetic fields are 
related by: 

v^IHqI = - /^[i + icr/€co)^]^^E^ . (9.20) 

This means that the ratio of energy stored in the magnetic field to that 
in the electric field is 

^niag/<^ei = (o-/eaj) 2 ]^ . ( 9 . 21 ) 

The presence of S m (9.19) also indicates that the magnetic field lags 
the electric field by a phase difference S. In the limit of a/eo) » 1 , 
we find 

= icr/eco) » 1, ( 9 . 22 ) 

indicating that almost all of the energy is stored in the magnetic field, 
and S-,7/4. The significance of 8 is apparent from (7.7), where it appears 
in the Poynting vector as a factor cos S = ( 2 )“^. 
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N’ote that oxj-j2 provides a damping factor exp ["ii • r(/J.^C(rr/2 )^] 

exactly analogous to that in the case of skin effect in a metallic 
conductor where skin depth is defined as 

d = /—^ . (9.23) 

\J jUL^axr 

10. PROPAGA^TIOM IN A HOMOGENEOUS ANISOTROPIC MEDIUM 

In this section we shall consider the propagation of plane electro¬ 
magnetic waves in an unbounded anisotropic medium. We shall assume the 
medium is non-magnet ic, so that a constant which is the permea¬ 

bility of some reference medium (e.g., free space). It will be convenient, 
in the discussion to follow, to consider two coordinate systems: the 
original Cartesian frame of reference, a system 

(a:^, X x^) obtained from it by a linear transformation, A. 

In a dielectric we assume no free currents so the equations which 
will describe the fields are 


curl E 


(10.1a) 

curl S 

= D 

(10.1b) 

div D 

= 0 

(10.1c) 

div B = 0 , 

B = MoH . 

We also assume a plane-wave structure for E and H; 

(10.Id) 

(10.le) 

E = exp 

(ioit - ik ' r ) , 

(10.2a) 

H = exp 

(iat ~ ik * r) 

(10.2b) 


Anisotropy—If we now recall the definition of D in terms of P, the 
polarization per unit volume, 

D = €qE+P (10.3) 
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we can introduce the anisotropy of the medium by assuming that E and P 
are related through a tensor, S, such that: 

P = €qSE , (10.4) 


therefore, in matrix notation 

D = €^(I + S)E - 6q6E , (10.5) 

where I is the identity matrix. Thus we have defined the dielectric 
tensor, €. 

Replacing the operators curl in (10.1) we have 

kxE = ' (10.6a) 

-kxH: = D , (10.6b) 

k • D = 0 , (10.6c) 

k-B = 0 . (10.6d) 

Substituting for H in (10.6b) we find 

(k • k)E - (k • E)k = + S)E . (10.7) 

Let us examine the consequences of assuming that 

k = (colY)n , (10.8) 

then (10.7) becomes 


E - (E • ii)n = . (10.9) 

If we assume, as part of our h-ypothesis, that the dielectric teusor is 
nonsingular, then we know that it is possible to find eigen-values of such 
a tensor and to-diagonalize is by means of a suitable transformation, A., 
to the space spanned by the eigen-vectors of €. Of course, it is possible 
that the eigen-values we will find for a given dielectric tensor will be 
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complex; however, this does not detract from the validity of the transforma¬ 
tion. Thus, transforming coordinates by X = 4X, 


€ 



( 10 . 10 ) 


(It should be clear from its definition that A must also be non.-s ingul ar, 
and have left- and r i ght-in verses. ) 


Dispersion Equation—Writing (10.9) in the transformed system in 
matrix notation, where A' is the transpose of A: 

E “ (E'A'Aii)n = (10.11) 


Vi/riting (10,11) out in tensor notation (repeated indices indicate a summation 
over that index): 


• ( 10 , 12 ) 

If we simply note that is equivalent to then we obtain the follow- 

ing determinanta 1 equation: 

~ °kj°kp^p^i - -■ 0 . (10,13) 

which, if 4 represents an orthogonal transformation, reduces to 

Is.. - = 0 (10.14) 

(i denotes row; j column). This equation is the necessary and sufficient 
condition for the system of ecjuations in (10,12) to have a non —trivial 
solution. And it results in a quadratic equation in the quantity 

inde:*: o/ refraction, which, in general, is complex. 

The treatment and solution of this equation, both in the case of a 
non-conducting crystal and for a plasma in a magnetic field will be dis¬ 
cussed in greater detail in the next section of thi s chapter, in which we 
shall also derive expressions for the electromagnetic field and 
current density. 
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Conductivity Tensor— If we write (10.5), separating the real and 
imaginary parts of D, then 

D = eQRe(e)E + ieQlm(€)E , (10.15) 

and find its first partial derivative with respect to time, recalling that 
this is equivalent to multiplication by ia: 

D = ejRe(€)E - 6jeuIiB(e)E , (10.16) 

Then, comparing the quantity in (10.6b) with the right-hand side of (9.3b) 
we see that if we take our actual dielectric constant as e^Reie), we may 
by analogy define an effective conductivity tensor by 

<r = -coe^Imie) . (10.17a) 

Thus we can write (10.16) as 

curl H = aE + egRe(e)E , (10.17b) 

where <rE is the equivalent current density; since a is a tensor we also 
have the generalized Ohm’s Law. 

In the case that (10.8) holds for k, as well as (9.2) we have 

k • k = {co/V^)^M^ = {co/V^)HP - iQ)2 (10.18) 

since JI/2 is in general, complex. Or, in other words; for the wave 
traveling in the n-direction: 



(10.19a) 



(10.19b) 
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Since (10.14) is quadratic there are two solutions in , i.e., two speeds 
of propagation, two absorption coefficients, and two different fields 
associated with these speeds, each of which satisfies Maxwell’s equations 
and are propagated by plane waves. In this situation we term the medium 
“doubly refracting.” 

Propagation in an Ionized Medium— In order to discuss propagation in 
a plasma the relationship between the polarizations (or the current density) 
and the electric intensity must be added to Maxwell’s equations; this 
completed set we shall call the Maxwell-Lorentz equations. 

V/e shall consider the interesting and important case of propagation in 
an unbounded homogeneous plasma in the presence of an externally applied 
uniform magnetic field. 

In the plasma the electrons and ions are detached completely from 
their parent molecules; there are no elastic forces binding them as in 
the case of a solid body such as a crystal. These particles therefore, 
have no free period of oscillation of their own. However, under the 
influence of an applied force, they will be disturbed by collisions with 
the neutral molecules. In the collision process some of the energy of 
motion of the electrons and ions is converted into energy of random motion 
of particles; i.e., heat energy. The charged particles are therefore 
losing energy continually and this loss can be represented as a resistance 
to their motions. This simple model of a resistive mechanism is incorpo¬ 
rated into the equations of motion of the charged particles as a damping 
force. 

Mechanism of Propagation of the Electromagnetic Wave— The electron 
theory of Lorentz gives some idea of the mechanism by Which the charged 
particles alter the phase velocity of a propagating wave field. 

The electromagnetic wave traveling through the free space between 
the particles excites the charged particles and causes them to oscillate 
so that they essentially become small dipole oscillators, the wave field 
governing their phase of oscillation. 

At each point either in or external to the region in which the 
particles are contained (we refer to a semi-infinite medium) the secondary 
waves which are radiated by the oscillators interfere with the original 
wave field and with the other radiated waves; this gives rise to a resultant 
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field at the point. Moreover, it is the resultant field that acts on the 
particles at the given point which causes them to vibrate. The total 
intensity at any point is the vector sum of the intensity of the original 
wave field and the resultant intensity due to all the oscillating 
particles. According to this picture, in general, the emerging wave has 
its phase velocity altered. 

The Plasma Crystal-Optics Analogy-Propagation in a homogeneous 
unbounded plasma has several features analogous to that in a crystal, but 
although some of these features parallel each other, there are some subtle 
differences which will be revealed in the following exposition. It is 
believed that propagation in a plasma could be more closely compared with 
propagation in optically active anisotropic media (i.e., media which 
rotate the plane of polarization of light when it passes through them), 
because elliptical polarization is always associated with each of the 
two modes of propagation in the latter. However, the interpretation of 
the physical characteristics of propagation in an optically inactive 
anisotropic medium is simpler than that for the active medium. 

We assume for the present that the only species of charged particles 
which affect propagation in the plasma are the electrons because of their 
small mass relative to the other ionic constituents. An analysis includ¬ 
ing all species of charged particles with some further assumptions leads 
to a medium which is more than doubly refracting. 

In constructing the analogy we will list the relations which hold 
in the crystal and in the plasma. 

11. THE PLASMA IN AN APPLIED MAGNETIC FIELD 

In order to describe the propagation in a plasma in an external 
magnetic field, we will first establish the relation between the con¬ 
vection current density J and the electric field intensity E in the 
presence of a uniform external magnetic field, 8^. 

The equations of motion of an electron are given by 

mr = eE “ gr + e(rxBj) (11.1) 

where B, is the resultant magnetic induction composed of (a) the external 
le g, which is stationary, and (b) a much smaller wave field B. 
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Then we can replace in (11.1) by Bq. The remaining terms are the 
electron mass, m, and charge e (a negative quantity), and the damping 
constant g, which defines the collision frequency, v = g/m. 

If we assume all time-dependent quantities to vary sinusoidally with 
the same circular frequency, co, then 

r = icor (11.2a) 

r = -co^T (11.2b) 

and Eq. (11.1) becomes 

-(.mj^/e) {/3 t - — Bf.xr] = E (11.3) 

\ mco ^ J 

with 

yS = 1 - iv/u (11.4) 

Gyrotensor fl—Let us choose, for our coordinates, a Cartesian system 
in which the Ai^-axis is parallel to B^. If we define the tensor 0 to be 

/ 0 1 0 \ 

Q = (e/m£u)|Bo| -10 0 , (11.5) 

\ 0 0 0 / 

and define fl = (e//ncu)|Bp| then the vector cross-product 
expressed in an equivalent manner as the product of the 
tensor, 0, and the position vector, r; i.e., 

(e/mco)BQxrr . (11.6) 

Then, (11,3) takes the form 


in (11» 3 ) can be 
skew-symmetric 


“ j C/31 + = E (11.7) 

where J is the identity matrix. 

If N is the number of electrons per unit volume, and we neglect the 
motions of the heavy ions as a negligibly small contribution to the total 
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convection current, we may then define an effective polarization, P = Ner 
such that 

J = P = Ner = icoNer . (11.8) 

If we solve (11.8) for r, using the inverse matrix of + iO, we have 


r = 


mco^ 


(/SI + ifl)”^E 


(11.9) 


which When substituted into (11.8) yields 


J = u E , 


f -iNe^ \ 
\ mco I 


(/SI + iO) 


-1 


(11.10a) 


(11.10b) 


Thus we have defined the conductivity tensor, a, which relates the convection 
current density to the electric field. We 
hold for the plasma: 


can now write the relations that 


B = MoH 

J = oE 


D = e„E 


(11.11a) 

(11.11b) 

(11.11c) 


Effective Displacement ~Let us defi 


, by the equati 


on 


ne an effective displacement vector, 


BD 

< 

"at 



( 11 . 12 ) 


This is suggested by way of analogy with the displacement 


which is D = D = P +. E 


in a dielectric, 


0 - Then we find that, for both a plasma and a 


. - -- a ana a 

-con ucting crystal (no free charge). Maxwell's Equations take the form: 


curl E 


Bt 


(11.13a) 
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curl H 


2t 


(11.13b) 


and since, for any vector, div curl = 0, 

div curl H = 0 , (11.13c) 

therefore, in the non-stationary case 

div = 0 . (11.13d) 

Clearly, (11.13a, b, c, d) hold for both media. 

For harmonic time variation e‘"*, the field equations become 


curl E = -io)B = -icofMjl , (11.14a) 

curl H = icoD^ , (11.14b) 

div D, = 0 , (11.14c) 

the last relation following from (11.13b, c). 

For the crystal case we know that 

D. = (11.15) 

with € a tensor; for the plasma 

D, = J/icu + D = (a/io) + e^DE ( 11 . 16 ) 


Therefore, we see by analogy that {o/icoe^ + I) is the effective dielectric 
tensor of the plasma, 

If we assume that the field is propagated in such a way that each of 
the vector components contain the factor 


qI (cot - k • r ) 


(11.17) 
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where r is the position vector from the origin to a point in the field 
and k is the wave vector. We find from (11.14a, b, c) 



kxE = 



(11. 

.18a) 


-kxH = 

V 

a 

3 


(11. 

.18b) 


k • D. = 

0 


(11. 

.18o) 

If 

we eliminate E from (11.18a 

, b) we obtain 




D, 

= -(l/ptjW^) [kx(kxE)] = 

" k)E - 

(k ■ 

• E)k] 






(11. 

.19) 

Since k 

• k is a scalar invariant, 

we define by 

= k 

* k, and write 

(11.19) 

in the form 






(k • E)k = 

k^E - 


(11. 

.20) 


Since is derivable from E by means of the dielectric tensor [see 
Eqs. (H.15)(11.16)] , then for any assumed k and O) (11.20) constitutes 
the set of equations that determines E. These equations are not always 
soluble; they can be solved only when the parameters involved are such 
that the appropriate dispersion equation is satisfied. However, we are 
now in a position to derive a dispersion relation from (11.20). 

In the case of the plasma, we have shown the effective dielectric 
tensor, to be 

e. = a/iw€o + I . (11.21) 

Thus, for the plasma, (11,20) becomes 

(k • E)k = fe^E - pt-Xe^e^E ; (11.22) 

and if we make the substitution = e in (11.22) we have the correspondiBi 
equation for propagation in a crystal. 

Dispersion Equation~If we write (11,22) in the tensor formalism, w« 

have 

(kiEi)kj + - k^S. .E. = 0 (11.23) 
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where i and j range from 1 to 3, and we sum over i. The Kronecker delta, 
S^. takes the place of the unit tensor, I. If we isolate the E. factor, 
we have what amounts to a system of three homogeneous linear equations in 
three unknowns, E^: 


= 0 , (j = 1,2,3) 

(11.24) 

The necessary and sufficient condition for a non-trivial solution is that 
the determinant of the system vanish. If, by analogy with the conventional 
expression for index of refraction relative to free space, we make a purely 
formal substitution: 


m2 


(11.25) 


then the condition for propagation is that the determinant be zero; 


k .k . 

J * 
*2 





(11.26) 


Although it might seem at first that this is 
it follows from the definition of k and that 


a cubic equation in 


k.k, 

IT - 


(11.27) 


and therefore, that = oo is a root of (11.26). However, since this 
corresponds to a zero phase velocity we shall not consider it as a mode 
of propagation. 


Due to (11.27), expansion of the determinant in (11.26) yields a 
characteristic equation which is quadratic in , Equation (11.26) is 
the dispersion equation. Since the dielectric tensor is known, there 
can be propagation only for those values of k and which are consistent 
with (11.26) 


Up to this point we have made no 
of k: its components may be real or 
pendent of each other; the preceding 


assumptions concerning the nature 
complex, and may be completely inde¬ 
development is valid in any case. 
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Now let us assume that k is of the form 


(<y/K)ii 


(11.28) 


where n is the unit vector in the direction of propagation and V is the 
phase speed, which may be complex. The circular frequency is real and 
positive. We shall see subsequently that V depends upon the direction 
of propagation as a result of the dispersion relation. 

Eq. (11.20) now becomes 

n(B • E) = E -( 1 L. 29 ) 

It is evident from the above equation thatn-, E, and D. are coplanar. and 
rom 1.18a) we see that H is perpendicular to this plane. In addition, 
we see from (11.18c) that n and D. are mutually perpendicular. This is 
represented in Fig. 3, from which it can be seen that the Poynting 
vector, ExH. is not parallel to n, as it is in the familiar case of 
propagation in transparent isotropic media. 

12. THE ELECTROMAGNETIC FIELDS IN THE NON-CONDUCTING CRYSTAL 

I« th. ca.e of tho no„-coorfuoHng crystal examined in Section 10, the 

.atrix a, as teal and aymmettic; cona.qn.ntly, there exiata a teal, right- 

handed orthogonal ayaten of area, the eigen.ectora of e, in ,hich a ia 

diagonal, with components € . (i = 1 9 q \ 4 -u- 

I $ 0 ). in this system we can wri’te 






(i = 1.2,3) 


( 12 . 1 ) 


If we choose this system as our original frame of reference, and n. are 
components of a relative to this system, we may write (11 29) in 
component form (i = 1, 2, 3; no sum on i) 

■ ( 12 . 2 ) 

if • S / «. 

mnltaply both aide, of (12.2) by n, and an. over i, obtain 


n.n, 


-- - 




u 


n • E 


0 


(12.3a) 




FIG. 3 
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or 


0 • (12.3b) 


^ 0^1 


- 


^ 0^2 




,^2 


e„e 


0 3 


If we define 


= 1- 2, 3) , (12.4) 


then ( 12 . 3 ) becomes 


Vl - Vl - 72 


72 - 72 


= 0 


(12.5)* 


This is the characteristic equation which relates the velocity of 
phase propagation, 7, in the direction n to the velocities 7^ , V^, and 73 . 
In general it has two positive roots in 72 , denoted by 7,2 and 7,2; showing 
that there exist two modes of propagation; i.e., the medium is doubly 
refracting (birefringence). Each mode has a field associated with it, 

H)j-, where j = 1, 2. These fields are obtained from (12.2), 

(12.1), (11.18a) after substituting the values 72 and 72 obtained from 
(12.5). 


(DJ, = 


(E), 


-1 

_ ’h 

[ 

"3 


- 


V\ - Kf 

f "ii'i 

”2^ 

r2 

2_ 


vn - *'•? 

V2- 


Kf - KJ 


n ' E 


M (12.6a) 


(n • E^.) (12.6b) 


(H), 


72 

* 3 


"2'‘3 




72 - v 2 y2 ^ y2 

/3 S' ^2 S 




72 




72 - 7,2 723 - 72 


” 1^2 


n 


n 


/I - v^. 72 - 72 


This can also be obtained directly from (11,26). 


(12.6c) 
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These equations show that since the vector components are in phase, 
all the field vectors are linearly polarized. It can also be shown that 
^ and Dg^ are mutually orthogonal; this is also true for and H 2 • 
This follows immediately from the scalar product of and and the 

definition of If?: ^ ^ 


D 


e 


1 





(l'? - - V,l) 


(Vl - K,2)(k2 - V.p 


+ 


(Vl - V,\){V\ - K|) 



(12.7a) 


which becomes, by virtue of a decomposition in partial fractions; 



(12.7b) 

the positive and negative terms of which separately total zero according 
to our definition of 1^2 as the roots of (12.5). That the same is true 
of and Hg must be immediately obvious from Fig. 3^ , since the vector 
n is common to both modes. 


13.. ELECTROMAGNETIC FIELDS IN THE BIREFRINGENT PLASMA 

The analysis for a plasma is not as simple as for a non-conducting 
crystal; we have already indicated that the relation between the effective 
displacement vector and the electric field E is given by: 


D 


e 



(13.1) 
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Canonical Transfolrmation to a Mathematical System— Since we have 
chosen one of the coordinate axes to be in the direction of the impressed 
magnetic field, we shall see that the structure of the effective dielectric 
tensor is somewhat simplified. The reason for this becomes evident if 
we seek the eigenvectors of the matrix (;6I + iQ). 

First we must solve its characteristic equation 

J 3 - K ifl 0 

I ()S - \)i; + iol = - in yfi - A. 0 =0 (13.2) 

0 o' yS - A 

which yields the possible eigen-values 

\ = /3 + n.- Xj = yS - D; X3 = /3 . (13.3) 

When these values are substituted into the equation 

(ySI + iQ)r = Xr , (13.4) 

we find the corresponding normalized eigenvectors to be 

©I - (2)"'^(ej - ®2 + ie^); ®3 ' » 

(13.5) 

where is the unit vector in the x^-direction in our original Cartesian 
system of coordinates. 

Thus we have defined the matrix A, 

/II 0 \ 

A = (2)“'^ -i i 0 (13.6) 

\ 0 0 /F/ 

which gives the transformation from our original, or physical system, into 
a new mathematical system (barred) as follows: 

F = ^ (13.7a) 
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V/here F = is a vector expressed in the physical system, and 

F = is the same vector expressed in the mathematical system. 

Furthermore, it is clear from the relation 

A*^A = I ; (13.7b) 

that A represents a unitary transformation where (') denotes transposed 
matrix, and (*) denotes complex conjugate; 

We see by (13.5) that the third eigenvector* is parallel to the 
uniform magnetic field BqJ therefore, our choice of this axis was indeed 
a judicious one, and under the transformation A, this axis is invariant. 
However, the mathematical system has two non-real axes, and x^\ this 
simply means that in the mathematical system components transverse to the 
magnetic field are described by means of the complex x^, x^ - plane 
rather than the customary real plane. It should be noted that scalar 
products are not affected by the transformation, so that the exponential 
factor of (11.17) remains the same for both physical and mathematical 
systems. 

Since the set of orthogonal transformations is just a subgroup of 
the set of unitary transformations, and d is real, we may express the 
divergence condition (11.18c) in the real system as 

o • D. = n* • D, = 0 , (13.8) 

and since a unitary transformation preserves the complex inner product 
we also have 

n* • = n* • = 0 . (13.9) 

If we transform (11.15) to the barred system by (13.7a) we find: 

(in matrix notation) 


AD, = > (13.10a) 

and when both sides are multiplied by A* \ 

D, = eo(A*'e,A)E = (13.10b) 

where we can identify the quantity in parenthesis as the transformed 
dielectric tensor, e,. 
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Principal Dielectric Constants of the Plasma—To 

really is, we must return to our original definition 
tensor. But first let us define some quantities for 
discussion to followi 


see what this tensor 
of the dielectric 
convenience in the 



c 



(13.11) 


where co 

c 

resonant 

electric 


IS the plasma frequency; as will be shown later, this is the 
frequency for a free electron under the influence of an impressed 


a = 

the ratio of plasma and applied frequencies; 

S = -a(y6I + iO)-i 

From equations (11.10) and (11.16) we see that 


(13.12) 


(13.13) 


and 


(I + S) 


= A*'(I+S)A = I + S 


(13.14) 


(13.15) 


The matrix S is most easily found by first considering the transformation 
of Its inverse. From (13.13) it is clear that 


-oS"^ = /5I + iO 

and transforming the above equation to diagonalize Q, 

-aA*'(S“i)A = -a(S)-i = A*'(/3I + iO)A 

When we carry out the indicated matrix multipli 


(13.16a) 


(13.16fa) 


cation, we find 


+ n 0 0 

0 - n 0 1 = a(S)-i 

0 0/3 


(13.16c) 


6i 



Once we have a diagonalized matrix, inversion is simple: 




S = -a 


yS + fl 
0 


0 

1 




0 


yS - n 

0 


A 


1 

7! 


(13.17a) 


To find S we just make the inverse transformation from the mathematical 
back to the physical system; 


S = ASA*' 


'y82 -i/Sl 

il3a 


V 0 0 yS^ - 0^; 


and substituting this result into (13.14) yields 


(13.17b) 


€. = I - 


/32 -£ySn 

iyfin J3^ 


- n2) I Q Q 02 . 


and 


/ g 

' ^ ' yS + n 


e. = I + S 


0 


\ 


1 - 


/3-D. 

0 


0 

0 

1 - 


\ 


7 l 


(13.17c) 


(13.17d) 


Now; by analogy with a crystal we can define the principal dielectric 
constants for a plasma, 



a 

= 1 -, 

yS + n ’ 

(13.18a) 


a 



” ^ yS - n ' 

(13.18b) 

__ 

a 


^‘3 

° ^ ~ J 

(13.18c) 
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Dispersion Equation for the Plasna— We are now in a position to 
derive a dispersion equation for propagation of electromagnetic waves 
in a plasma, in a way that is formally identical to the method used in 
the non-conducting crystal. If we take k as defined by (11.28), and 
transform (11.29) to the mathematical system by means of (13.7a), then 


n(n • E) = E - 


0' "e 


(13.19a) 


and substituting for E from (13.10b), 


n(n • E) = 




•(13.19b) 


we need not transform n • E since it is a scalar, and generally not equal 
to zero. If we express (13.19b) in component form we may write: 


D. 




- 


E ’ 


(13.20a) 


if n • E IS zero, then the dispersion relation for are trivial. 
Generally, n • E is not zero, then if we multiply (13.20a) by nj and sum 
on i, we see from (13.9) that the right side is zero; so we have the 
corresponding dispersion relation for a plasma, 


n*n^ 


n^n 


2'‘2 


^^3 




= 0 


(13.20b)* 




The formal similarity to (12.3b) is readily apparent. 

If we transform back to our physical system by means of (13.7a) we 
have n = A*'n, or 




"i) 


vl - 72 


In agreement with (11.26). 




nl) 


Vl - 


Vl - 72 


= 0 


(13.21)* 


(>6 



in which we have defined 


- (13.22) 

by analogy with (12.4). 

Tlie Electromagnetic Field in the Plasma— This dispersion equation 
(13.21) relates the (complex) velocity of phase propagation V in the 
direction n = (Wj, n^, n^) to the constant complex velocities,, V^, 

(i - 1, 2, 3). It is quadratic in having two roots, V,^ and V,^, which 
implies the existence of two modes of propagation. In other words, the 
plasma medium £s "doubly refracting.” The fields associated with each 
mode, (D^ , E, H)^. , (j = 1, 2) will first be expressed in the mathematical 
system, and can be derived from (11.29)-, (13.10), and (11.18) in exactly 
the same way as we obtained (12.6) in the crystal case. Thus we find 
expressions for the electric fields in the mathematical system which are 
formally identical with (12^6a) and (12.6b). When we substitute in 
place of the components of D then 



(13.23b) 

In the case of a plasma, we also wish to determine J, the current density, 
and from (11.12) J = icoS^ - icuegE, so 
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The expression, for the magnetic field is somewhat more complicated: 
from (11,18a) we have 


nx(E)^. 




(13.24a) 


and substituting by (13.7a) 

AhxA( 1)^. = K^.^oA(H). 


(13.24b) 


multiplying both sides by A"‘ and performing the indicated operations 


find (H). to be 


we 


(H), 


nj (uj + in^) / Vl 


'3 


/2 






VI - k;, 




/ n 

y\ \1 

W - V 

y\ - y.y_ 


i{n • E.) 


(13.24c) 


If we now desire to express the field quantities in the physical 
system, we find upon transforming the effective displacement vector by A: 


n • E. 

(Oj.. = 




^0 


/Hi+ in^ 

^ ”l - i"2\ 

/«! - in^ 

riy + irtjX 

2n^ 



\>1 


772 _ "ra 


The other field quantities are most easily found by 

• E;) + > 

E; = = K.nxD,. 


(13.25) 

(11.29') 
(11.18a') 
( 11 . 12 ') 


ic^[(l - * E)n] . 
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Thus, for a given frequency, &)., direction of propagation, n, and angle, 

6 = arc cos (n • E)/|E| , which the electric field makes with n, we have 
completely specified the directions, relative magnitudes, and mode of 
propagation of the electromagnetic fields. The exact magnitude of any 
quantity depends upon the physical boundary conditions, and need not 
concern us here. 

14. THE APPLETON-HARTREE FORMULA 

The Appleton-Hartree dispersion relation for the two modes of propa¬ 
gation in a plasma under the influence of a uniform, external magnetic 
field is customarily given in the following way: the (complex) index of 
refraction is 

= 1 - *(1 - xz - iyQ. cos (9)-l (j = 1 , 2) (14.1a) 

where are the roots of 

+ 2iGQ +1=0 (14.lb) 

and 

G = g<l - iz - x)-l (14.1c) 

g = (l/2)y sin 6 tan 6 , (14.Id) 

where 0 is the angle between n and the external magnetic field B,. 

The parameters x, z, and y are just the customary notation* for the 
physical parameters of the problem: 

x = a; y = Q; I - iz = ^ . (14.2) 

If we denote the roots of (14.1b) by Qj and Qj then 

Q2 + 2iGQ +1 = (Q - Qj) (Q - Qj) , (14.3a) 

therefore, 

Q 1 Q 2 = 1 : and <?! + Qa “ "^xG . (14.3b) 


* Used 


by workers in 


Ionospheric 


Physics. 
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It is interesting to show that we can obtain the same results from 
the dispersion equation (13.21). I£ we set k = con/F and express n in 
spherical polar coordinates, 

n = (sin 6 cos 0- , sin 6 sin 4> , cos 6) (14.4) 

then (13.21) can be written 


sin^ 6 sin^ 6 2 cos^ d 

-- +- +- 

^ ± _ I j_^ 

el ^ e 2 ^ e 3 


(14.5) 


or in the usual quadratic form 


^ 2e^3 cos^ 0 ]- - sin^ & 


^.3^.1 ^.2) <9)3 + 


3=0. (14.6) 


corresponding quadratic in whose roots are given by (14.1a) is 


- Ml) (W2 - MV = 0 


(14.7) 


which yields, after multiplying by (1 - iz - iyQ^ cos e)(l - iz - iyQ^cosS) 
and making use of (14.3b) 


M^[(l " iz)^ 2y(l “ iz)G cos 5 " cos^ 0]- 


2<V [(1 iz)^ + yG!(x 2 + 212 ) cos 9 - x{l - iz) - y^ cos^ 6]' 

+ [(1 - 12)2 + 2yG[x - (1 - i 2 )] cos e - 2x[l - iz) - y2 cos^ 0 + *2] ■ = Q . 

(14.8) 

If we now substitute for y, z, and G, and multiply the left side of 

(14.8) by 2(;e - a)/yS(/S2 - ) we get 


to 



M*, 


2[/S(/3 - a) - n2] 


X 2^- a) cos2 6 


sin'^ 6 + 


- 2M^< 


/32 - n2 

2(/3 - a)2 - 2n2 


/5 


an2 


/ 3 ^ - ^(^2 _ 


sin^ 5 


'I ^ j\ A' - n2 


cos^ 6 >+ 2| 




(^ - a)2 - n2- 

;fl2 - n2 


and (13.18) shows that this is identical with (14.6). 


(14.9) 


along 
g - 0 


Ordinary and Extraordinary Modes of Propagation- If propagation 
the direction of the field. , (longitudinal) then 5 = 0 or tt 
. and Q =» ±i. Therefore, from (14.1), in our notation. 


is 




Ml 

= l-a(/3 + r2)"^ ; 

(14.10a) 


Ml . 

1 - 

a()3-n)-» - 7^2 . 

(14.10b) 

If the 

as cos 

propagation is transverse 
9 approaches zero, 

to the magnetic field, them 

in the limit 


Qj cos & ^ 0 

> 

Qj cos & » -iQ./(^ - a) 

(14.11) 

and 

3 

s 

»! ■ 1 - «/.8 1 

(14.12a) 


Ml • 1 - a^/3 - 

n2 

.y> _ 2*.i?.. 

. (14.12b) 


^ - 



In (14.12a) is the complex refractive index for the ordinary wave of 
transverse propagation, which is unaffected, by the magnetic field. The 
index, is for the extraordinary wave of transverse propagation. 
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15, POLARIZATION OF LIGHT IN THE PLASMA 


Let las consider a second system oi coordinates as shown in Fig. 4; 
here we take n, and ^ as our unit base vectors. They are all mutually 
orthogonal, and we define them in the following way: 

f = nxCg/sin 6 
C = fxn 

where n is unit propagation vector of (14.4), Since ^ is perpendicular 
to n, and it follows that these three vectors are coplanar, as 
shown in the figure. 

We now define a new quantity, 


(15. la) 
(15. lb) 


Q' = V% » t^5.2) 

known as the (complex) polarization of the field. We have seen (Fig, 4)* 
that H lies entirely in the f$-plane, so that if we determine Q' we can 
interpret it in terms of the elliptic locus of the variable magnetic vector* 
Because E • H * 0, we have 


0/ = ' (15.3) 

which gives us the elliptic locus of the transverse part of the electric 
vector as well. 

To find Q* explicitly we note that 

H = ? nxD^ , (11.18a' ) 

.(for convenience we shall drop the subscript 7 = 1,2 but it should be 
understood in the equations which follow). Performing the indicated 
vector operations, we then find 


" 1^,2 - 


<3 


Q' 


(15.4) 




FIG. 4 
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If v»e now find Q' in terras of and 6^^ by means of (13.25), (13.22), 
(11.25); and (13.21): 

(cos 0)(e ,2 “ 3 ) 

iQ' = —^^(15.5) 

and if we substitute for from (14.1a) and for e^. from (13.18) 

(cos d)i/3 - a - iQ 0. cos 6) ^ 

s ' ■' ■ • \15 . 6 ) 

iQ{/3 - a) cos 6 - 6 + cos^ 9) 

Recalling that equation (14.1b) can also be written 

Q = - 2iG - 1/Q , (15.7) 

and substituting in place of the Q which appears in the denominator of 
(15.6), we find that 

Q' = Q . (15.8) 

If we separate the polarization, Q, into real and imaginary parts, then 

Q = = U + iV . (15.9) 

The Polarization Ellipse— Since we are actually concerned with the 
real parts of the magnetic field in the ^^-plane as defined above, 

= cos cot ; - q cos (co-t + 8) (15.10) 

(neglecting a real multiplicative constant), so that the locus traced out 
by the tip of the vector H = ^.qcos {co*t + 8) + f cos cot, is an ellipse 
whose equation is found by expanding cos (co-t + 8) and substituting for 
cos cot = 

Hi - 2H^H^q cos s- + H^q^' = q^ sin^S- . (15.11) 
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This is recognisable as a simple quadratic form which becomes, in matrix 
notation: 


H'AH = 5 . 


(15.12) 


where H is the magnetic sector in coLutnn notation, is its transpose, and 


“"q COs 


-q cos q 


, a positive definite form. (15.13) 


If we solve its characteristic equation |A - A.l| =* 0 we find its eigen¬ 
values to be; 

\ i (72 + 1 ) + 1 + 2 (C /2 - ^ {15.14a: 


^ 7 + 1-) "7^9* + 1 + 2(C/2 - 


(15. 14b) 


Since A is real and symmetric we know that the eigenvalues indicate an 
orthogonal transformation which diagonalizes A, but preserves the value 
of (15-12). This takes the form 


\I1\ + \Bl = sin* S 


(15.13f) 


which clearly gives an ellipse, whose axes are in the ratio. 


fl* = 


1 + 2172 + (,24- ( 14 - ^ 2 ) [1 + 2(t/* - V*) h q*l 


^2 


(15.14c) 


Furthermore, if we also consider the eqnation 


4H = IH 


(15.15) 


f/j ” cos- = 


(15.16) 
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or 

tan ^ « (15.17) 

where ^ is the angle the axis appropriate to k makes with the projection 
of B on the ^^-plane. The sense of description of the ellipse is right- 
handed with respect to the direction of propagation if V is greater than 
zero and left-handed if V is less than zero. Those waves which propagate 
such that H^/H^ = called characteristic waves. 

From the foregoing considerations it can be seen that the polari¬ 
zation is circular for longitudinal propagation and linear for transverse 
propagation. If we take M = [i “ ixf where /x is the usual refractive 
index and ^ the absorption coefficient, explicit expressions 

can be derived for /x and x* Their behavior can be explored in detail by 
varying a, and (1. 

Representation and Interpretation of Transformed Fields— Let us now 

return to a consideration of the relations for the transformed electric 
field E. Still taking k ■ (a)'/V)n, we find E by solving the indicated 
equations of (13.19a) after making the substitution for from (13.10). 
The resulting system of equations is 


[M^ (l + cos 20) - 2e^^]E^ - M^sin^ee^^^E^ - /2 Af2sin 0 cos de^^E^ » 0 

+ [M^ {l + cos20) _ 2e^23^2 ~ Af^sin 6 cos 6e“^^E^ = 0 


“A/^sin 6 cos de'‘^^E - M^sin 6 cos 6e^^E„ + /T [Af^:s-in*0 - € ]E » 0 

<L 2 e 3 3 

(15.18) 


which yield 


E, 


- e,j)e‘'^cos e sin 6 {M^ - €^j)e‘'^cos 6 sin 6 


/2 E, 


2M*cos^6 - cos^0) + 

(15.19) 
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These can also be written in terms of the physical components E by trans¬ 
forming back to the original system. 

Since the real part of any complex: quantity, Z, can be expressed by 


Re(^) 

= 

(1/2) {Z + 

Z*), 

we 

f ind 






Re 

:(^l) 

i i 

Re (£ 2 ) = ( 2 )"^ 

{E j h- 

e;) 

(15.20) 

Now let 

us conside 

sr th 

e behavior of the E-ve 

:Ct or' 

s projection onto the 

fX-pl 

ane 

i by examining 

its 

representation in 

the c 

omplex E^E 

j-platte. 


In 

general, when 

k is 

completely unspec 

if ied 

, one may 

assume that: 

o> can 

be 

complex. 

The 

refere, if a>< » Ot + iji 

t 








p -iaJt . p 

■' 01 ® ' 

^02® 

i(t> t 

p 

(15.21) 

there 

fore 











= 

l^oil' ®*p ^ 

(ttt + 

ri)]- ; 

(15.22a) 







iTj) 







S 1 

-^02! ®’'P ^“7'* " ^ 

(a t + 

r*)] . 

(15.22b) 

where 

y 

is the pha 

se angle 

of the complex 

-term 

. Thus we 

see that in 


general the field component perpendicular to the externa 11 y applied 
uniform magnetic field can be analysied into two opposite rotating 
fields of equal angular velocity and damping. 

From Eqs. (13.21), (13.23) and (13.24) we can draw some important 
COnclusions : 

(a) the plasma in a uniform magnetic field is always 
doubly refracting, since there exist two possible 
values of the phase velocity of plane waves, each 
value corresponding to a mode of propagation; 

(b) the fields associated with each mode of propagation 
can be resolved into a linearly polarized component 
parallel to the uniform magnetic field and two 
oppositely rotating circularly polarized components 
whose plane of rotation is perpendicular to the 


+ Mote; 


If k = (<i>'y)Ti, then ii> leust be real, to .void contradicting conaewitoion l.wi. 
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direction of the applied magnetic field. In general, 
these circularly polarized components are not equal in 
amplitude, although they may degenerate into one 
linearly polarized component under special conditions; 

(c) the two fields associated with the different modes of 
propagation are completely independent (no coupling 
in the case of the uniform plasma); 

(d) if we fix then we define a cone which makes a 

fixed angle 6 with the uniform magnetic field. This 
cone contains all directions of propagation n which 
are at angle d to the field. Since = l,^the 
dispersion relation (13.21) shows that Kj a>id ^2 
constant. Thus, for a given mode of propagation the 
components parallel to the magnetic field must 
remain unchanged, but the two circularly polarized 
components change in phase, traversing 

the rim of the cone. 



16. PLASMA OSCILLATIONS 

In this section we will explore the possible types of oscillations 
of an electron plasma of a given density and collision frequency in the 
presence of a uniform magnetic field. 
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A pure oscillatory field is characterized by the fact that its 
partial derivative with respect to time is independent of position. 
Clearly, this is equivalent to saying that the components of k are all 
zero; implying, of course, that k also vanishes. We vill consider the 
nature of such fields in three special cases: (a ) ^2 = ^3 = Oj 
(b) = 0; (c) = ^2 = 0- The condition, k = 0, implies that in 

Eq, (11.22) all terms ink vanish, and 

t^E = 71 = 0 , (16.L) 

thus, we have that ia situation (a), = 0; in (b), ' 0: i’" (c)i 

^c3 ~ V/e will now examine separately the consequences of these three 

situations. 

In case (a), if one makes use of (13.18a), this implies; 


+ (2 * a 


(16.2) 


or, inserting (11.4), (13.12), and H = e I Bg I / (moi) = ci>y/iai ia (16.2) and 
solving for 



(16,3) 


If we set co =a-^ iy, then y must be positive according to the energy 
conservation principle, and we shall require d to he positive also, so 
that our sinusoidal dependence is represented by a right-handed rotation 
in the complex plane, Therefore, we shall use the alternative, 


co< = 



(16.4) 


If V is much less than or in absolute magnitude (o)<|y < 0 for 
electrons), then we can approximate (16.4) by 
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The nature of the oscillation carried out by is obtained by considering 
the real physical components corresponding to 

h - . ( 16 . 6 a) 

E„ E, ‘ 0 . (16.6b) 

2 3 

We find from (15.20) that 

Re (£i) + i Re (fij) = (2)-'/»£l, (16.7a) 

Re (£ 3 ) = 0 , (16.7b) 

which shows that the real electric vector rotates in a positive (right- 
handed) sense about the direction of with angular velocity CL^ and 
damping constant given by (16.5). The other field quantities, , etc., 
do the same. 

The next type of oscillation (b) yields 




a 


7 



= ^ - n , 

(16.8) 



■ iv) + loji* + — {o>g + iv)^J 

, (16.9) 

+(7]“^ ’ +, 

(16.10a) 



(16.10b) 


Re (fij) + i Re (S^) = (2)"^* E*^ 


(16.11a) 


= 0 


(16.11b) 


Re (£ 3 ) 



So, if we write 


and 


■ ( 16 . 12 ) 

i; - , (16.13) 


= £^3 = 0 » (16. L 4) 

we see that iiL- this case the field rotates about the direction of 
in the negative (Left-handed) sense, with angular velocity and damping 
cons tant . 

The last case (c) implies OC = jS , 


CDi = 



(16.L5) 


a 


a. w co> 

3 c 


^•3 


7 


V 

h 


(16.16) 


Note: In this case the oscillation is linear in tlie direction of with 

a circular frequency (Jg and damping constant 

Zeeman Effect— It is clear from the above analysis tliat there exists 
three types of oscillation of an electron plasma; the effect of collisions 
is not to alter the oscillatory character of the electromagnetic field 
but to damp- the oscillations and reduce the natural frequencies. One 
may also note that in the case of no collisions, v = 0, and a very weak 
field Bjj, so that cu-j « 

(16.17a) 

( 16.17b) 

(16.17c) 



ai 



and we can see that the plasma frequency, is changed by ±(l/2)o.„, 
depending upon the direction of rotation of the circularly polarized 
components. This result is in complete agreement with the classical 

Zeeman effect. 

17. A GENERALIZED DISPERSION EQUATION FOR PROPAGATION 
OF WAVES IN AN ELECTRON PLASMA 

We have previously derived the general relation for electromagnetic 
waves in a plasma: 


(k • E)k = (k • k)E - (11.22) 

where we have assumed space-time dependence of the field quantities to 
be expressed by the factor exp (ico«t - ik • r). We also derived an ex¬ 
pression (11.16) for the effective dielectric tensor of the plasma, 
and the matrix 

A = (2)-^ -i i 

\0 0 

which transforms e. into the diagonal matrix : 

7^ = . (13.10b) 

We shall now obtain the dispersion relation valid for any k, real or 
complex. To this end, it is most convenient to use (11.26) directly. 

This expression can be recognized as the determinant of the matrix sum; 

^ ^ ^ this case I is the identity matrix, the dielectric 

tensor in the physical system, M is defined exactly as in (11.25) (where 
by we mean + ^2^2 ® matrix is defined: 

(i = row , j = column) . (17.1) 

Since the determinant of a matrix product is the product of the separate 
determinants, we can transform the determinant so that, 



0 (13.5) 

/T/ 
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|K - I + h |4*'KA - A*'I4 + 


( 17 . 2 ) 


or 


where 


|K - I + AT^e^ 


hT'KA - K = 


k • k 


fc2 ^ L 2 

R 1 -r R 2 


k 


rfe j - ik^ 


yr 


k. 


'k ^ +- 

K /2 . 


( 17 . 3 ) 


(fe 1 + ifej) ^ /'fel + xfe 2^ 


V vT 1 


{k^ - ik^)^ kl + - xfe 


V ^ 


fei 


( 17 . 4 ) 


We now, for convenience, introdnce the fcllowing notation: 

77. = fe .(k - k)-^ ; O' •’ 


( 17 . 5 ) 


which may be considered as a generalized (complex) direction cosine 
In this case our determinant becomes: 


-- —2 

- V 1 V 2 ■ '^3 '^1 

Af^ 


V 1 V 3 


^2 


^,2 - -2 - 

- Vl'nz - V 3 '^2^3 


0 . ( 17 . 6 ) 


VzVi 




.3- 

-2t7iT72 
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Aigebraically, this ecjfuation reads: 


— "“7 ^ ^ ^2) + 277^7726,16,2] 


+ t(277i772 + 7]2) + 7)17726^2 + 7?2£^ 3 )]- = Q . 

( 17 . 7 ) 

This can also be cast into a form analogous to the well-known Fresnel 
equation of crystal optics; 


^1^)2 


^1^2 


Z2 

^3 


1 ^-^iVi + vi] ( 1 277^772 H- 77 ^3^ f 27 ]i 77 2 + 77I' 

^e2 


Jf 2 J 

or, in the physical system, since 




e3 


( 17 . 8 ) 




7?1 + iVi _ 1)2 ■ ^ V 2 

9 ’ ^2 “ R “ ’ '7j 


and 


we see that 


2t7i7]2 + 7]2 = 


v\ ^ 772+772 


k k 
k •• k 


= % 
( 17 . 9 ) 

(17.10) 


^ ( 7 ) (^! + vj) 




_1 

#2 


'cl 


ilf2 


c2 


1 

il/2 


= <3 


■« 3 ) 


(17.11) 


If we define a (complex) velocity, V = co/|k|, then (17.11) corresponds 
exactly to (13.21). 


1 8 - FARADAY ROTATION 

When linearly polarized light propagates through an electron plasma 
in a magnetic field there is a rotation of the plane of polarization; 
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viz., that plane which contains the , E, and n vectors (see Fig. 3). 

This effect arises from the magnetic term v x Bq in the Lorentz force 
equation, and becomes more pronounced as the temperature of the plasma 
increases or the magnetic field gets stronger. Making use of the theo¬ 
retical development in Sections 11, 13, 14, and 15, we are now able, to 
make a precise calculation of this effect. 

We have already shown that there are only two possible modes of 
propagation in the unbounded plasma, the ordinary and the extraordinary 
wave. In general, any electromagnetic radiation propagating through the 
plasma can do so only in the form of a linear superposition of these two 
modes. We are at liberty, however, to express this superposition in 
either the physical or mathematical system, whichever is most convenient. 
Thus, 

E = £ {E). = 2 (Ey, (j = 1,2). (18.1) 

f j ^ 

A similar representation holds for all the other vector quantities. 

We shall first examine the consequences of this representation in 
two elementary cases: (a) longitudinal propagation, and (b) transverse 
propagation. Assuming that k = (cc>./K)n, we shall make use of the Appleton- 
Ilartree formulas (14.1a, b, c, d). 

In Section 15 we demonstrated that 

Q = = - E^/H^ , (18,2) 

which gives us the direction of the E-vector projected upon the plane 
perpendicular to the direction of propagation. Since this projection, 
is just the intersection of the 4^-plane with the plane of polari¬ 
zation, we know the orientation of the latter when we know Q, 

Circular Polarization^It must be remembered that thus far we have 
employed the complex representation of the field quantities as a con¬ 
venient way of solving the differential equations and expressing the 
phase differences between real sinusoidal quantities. V/e must be careful 
to distinguish between this mode of representation and the one in which 
r = r + iy; i.e., a vector’s direction and magnitude are expressed by 
considering its x- and y-components as the real and imaginary part of a 
complex number and mapping it onto the complex plane. 
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Let us recall the result of (15.20) which says that when the real 
projection of the electric vector on the ^^-plane is represented as a 
complex number we have, in either mode 

= ReiE^) + iReiE^) = (2)-5^(Ii +'I* ) (15.20) 

Restating this more completely, according to (18.1): 

Ej^ = ReiE^) + iReiE^) = (2)-^^ £[(1^ )^. + (£*)^.] 

(18.3) 

That is, the components of any field quantity perpendicular to Bq may be 
decomposed into right- and left-circularly polarized components in each 
mode. The exact values of the components in the decomposition depends 
upon boundary conditions, such as direction of propagation, n, initial 
values of the field, and so forth. This will be demonstrated in the 
cases treated below. 

Longitudinal Propagation. This is the case shown in Fig. 5, 


A 



FIG. 5 


for which - i, and Qg ” (see Eq. 14.10). The corresponding modjes 
of propagation are = 7^2- 

We are at liberty to choose the ^-axis as the -direction, and the 
^-axis as the Xg-direction. Therefore, 


Q = 
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which implies that in the fiivst mode 

(^1 ■ ^^2^ = (^ 2 ^ = 0 (18.4a) 

and in the second mode 

(E^ + 1^2)2 = (^1)2 = ^ (If?. 4 b) 

We can interpret these results in view of (15.20) to mean that for 
longitudinal propagation the right-circularly polarized component of the 

ordinary wave, (^ 2 ^ 1 * left-circularly polarized component of the 

extraordinary, wave both vanish. 

Suppose that we have a linearly polarized longitudinal wave in the 
plasma at X 3 = 0 , then according to (18.1) and (18.4): 


Ej^ = fie(£j) + iReiE^) = (2)“^[(£^)^ + (18.5) 

Q. i{ctit-k . z) 

oince tne lactor e •' must occur in every term in either the 

physical or mathematical system we may take: 


(2)-^(£i)^ 


Be 




( 2)"^(£*)2 


C*e~' 




(18.6) 

where B and C are complex quantities; 

B = ; C = ce‘’'2 (18.7) 

Atxj = 0 we require a linearly polarized wave, which we may choose to be 
Ej^ = cos oJt, A real. Therefore, at any time t, and*, = 0 

b cos (cut + 7 ^) + C cos {cot + y^) = A cos cot (18.8a) 

b sin (cut - 7 j) - C sin (cut - 7 ^) = 0 (18.8b) 

Equating coefficients of sin cut, cos cut in (18.8) we find that 

Vl - y2 ~ y’’ b = c = A/{2 cos 7 ); 7=0 


(18.9) 
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where 


fe? 


1 = 4 = 


(18.10) 


(18.11) 


Thus, at *j = of 


E 


\ = (A/2){C' exp i[a>t - dRe{k^)] + D' exp - i[c^t - 


dReik,)]} 


where 


C = exp [dJ«i(fej)] ; D' = exp [dlmOfe^)] 

(note: Im(k^) < 0; Imik^) < 0 for damped wave) 


(18.12) 

(18.13) 


To add two complex numbers of different magnitude and phase we use the 
following relations: 


(C'e^^' +D'e‘^') = (a/2)e'(^'+‘^'/2)[c/ei(e'-^'/2) +^-g-i(5'-<^'/2)] (is.14a) 


where 


= (A/2)e‘<^'*^'/2),iV-[c'2 + 2C'D‘ cos (0' -0')]'^ 

(18.14b) 


'P = tan' 


C - D ' 0' - d>' 

C + D‘ I 2 


(18.14c) 


Making use of E„. 18.14 in our erpr.eeion for E (18.12) »e here 

0' + 4>' d ^ 

I = — [flcCfej) -i?e(fe^)] 


(18.15a) 


+ 4^' d ^ 

I ° + /Je(fe2)] 


(18.15b) 


To find fej and most easily we may rewrite Eqs. (14.10): 


1.2 


1 - - ° ^ (/3 ± Q - a)(^* t n) 

± ^ ~ ^(/3 ± n) (/?♦ ± n) 


(18.16a) 
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or since /3 = 1 - iv/c^ 


1,2 


(1 ± f2)(l ± fl - a) + - aiv/o^ 

(1 ± fcd^ 


(18.16b) 


and in complex notation: 


^ 1,2 “ 


i<^± 


(18.17a) 


where 


[(1 ± n)2 + v^/c^n-Hla ± n){i ± n - a) + 

(18.17b) 

-1 “av/o) 

1 ^ —_____- 


= tan" 


(1 ± Cl) (1 ±0“ a) + 


(18.17c) 


^.2 = f 


(18.18) 


Substituting (18.18) into (18.15): 


-^(5' .<^') . 

2 ^ 


/4l cos - /T^ cos (^j 


- id' + <!>') 


= cot ” 


(i**) * (t'^-) 


(18.19a) 


(18.19b) 


Let us now examine Eq. (18.14b) more closely and discuss the origin and 
significance of its different factors. Making the appropriate substitutions 
for 6' , cf)' , and i/;, (18.14b) represents the Ej. mapped onto the complex £i£ 2 ' 

plane. If we fix t and compare at Xj = 0 to £ at Xj = d we can see that 
the plane of polarization, as previously defined in this section, has 
rotated through an angle equal to 1/2 (9' + 0 ') +0 and the magnitude of 
has changed due to the factor in the brackets. 

Collision Effects— If we look at the expression in brackets in 
Eq. (18.14a), neglecting exp-[ i (^ * + 0* )/ 2 ] for the moment, we see that in 
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the plane = d, the £j. ■■*'ector traces an ellipse whose parametric 
equations are 


where 


„ A _ 

' Y (C' + D') cos [cot - dReik)] (18.20a) 

^ A _ 

° ~2 “ dRe[k)] (18.20b) 


Re{k) 


1 

2 


[Re(k^) + i{e(fe 2 )] 


(18.21) 


if C' > D' the direction of rotation of the £-vector with time t will be 
positive, if C < D , it will be negative. The major and minor axes of 
the ellipse will be A/2 (C' +])') and A/2 Ic' -D'|, respectively. 

It IS clear that this effect is due to the unequal damping for the 
ordinary and extraordinary modes. In the special case where there is no 
damping (v = 0). or eqUal damping (C' = Z)') then = 0 and the wave 
remains linearly polarized. 

It is interesting to note that both and E^ propagate with the 
same phase velocity 7 = co/Re{k), the effective wave number, RTIJ) , being 
the average of the ordinary and extraordinary wave numbers. 


Magnetic Effects— The effect of ««/!?) ig 
ellipse of Eq. (18.20) by an amount (0' + 4>')/2. It 
Faraday discovered, and in the case of no magnetic 
= k^, and 1/2 (6' + <j>') = 0. 


just to rotate the 
is this rotation which 
field then Q = 0, 


Thus, the over-all effect is that the radiation propagates as an 
elliptically polarized wave of phase velocity V = co/^) and that there 
IS an additional rotation due to the magnetic field. This may be visual¬ 
ized (see Fig. 6) as a precession of the ellipse, which, at the same 
time IS shrinking and changing its eccentricity due to damping. 

If we consider a wave propagating in the 5 = tt direction, aniiparallel 

to the field we find that ^? = 7 : = 7 . . . 

1 c 2 * ^2 the Situation is 

now reversed: is now the wave-number of the left-circular component, 

*2 the wave-number of the right-circular component. 
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Thus 


£j_ = U/2)[e 


i(.at-k X,) -i{cot-k*x,). 


(18.22) 


and if we observe the wave in the plane = -d, 

E± = (A/2) exp|^ LRe(k^) - Re(k^)]^ 

{(!)' + C) cos [<yf + dRe(k)] + i(D' - C') sin [cot + dfl7(T)3} 
= (A/2) exp|Y [fteOtj) -fie(fe^)]| 


{(/)' + C) cos [cot + dRe(k)] - i(C' - D') sin [cot + dETTIJ]} 

(18.23) 

Thus we see that rotations due to collisions depend on the direction of 
propagation, whereas the Faraday rotation is additive. Thus, if the wave 
were reflected back and forth through a plasma the Faraday rotation would 
keep increasing with the total distance traversed, whereas the effects of 
collisions on the plane of polarization would cancel each other. 

Power TransMissiou-To calculate the transmitted power over some 
distance, d, we evaluate the average of the electric field squared: 


° j + D'^ + 2C'D 


cos [2cot - 2dRe(k)]}d(cot) (18.24) 


— [277(C'2 + 


— (C'2 + D'2) 
4 


(18.25) 


Thus the transmission ratio 


— (C'2 + i)'2' 
4 


Y (C'2 + Z)'2) 


(18.26) 
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Special Cases — 


/p = ■^ = 8.97 X 10® (18.27) 

IS the plasma frequency where N is the density of free electrons per cm®. 
Let us consider an important case; the terrestrial atmosphere at 
100 kilometers above the earth. Using the formula 

V = 3.5 X 10® * (18.28) 

{P = total pressure in mtn. Hg, T = temperature in degrees Kelvin) 

we find v a 10® sec At 100 kilometers N 10® electrons/cm®; then 
= 20 X 10^ sec A.t latitude 45®N the earth’s magnetic field has 
been found to be = 5 x 10 ® webers/m^ or 0.6 gauss. Thus we may take 
the cyclotron frequency to be co^ = 10^ sec"”®. 

Taking these values as our guide, let us investigate the effect of 
the magnetic field upon a linearly-polarized oscillation, e‘"*, propagating 
through an electron plasma, when 

V « ojj « cOp (18.29) 


I) 0)2 «^2 


^12 ° 1 ~ ± H) = - [l ± n + iv/co] (18.30) 

± 2D. 


+a 


± 2 n 


(D + l)e tan 


In the limit of very low u) « 


(o_2 


M? „ = 


p ±i-v/cor 


1,2 


OXU)« 


vfo> 

1 t fi 


4> 


± 


(18.31) 


(18.32) 


* Nicolet, Collisioii Frequency of Electrons in the Terrestrial Atmosphere. Phjsics of Fluids, 2, 95 (1959) 
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Finding k^, k^, from (18.11) 


= -i(ct)/Vf.) — ^ e( iv/2(u)/( 1*0) 


“Ln^.2D ^ 


(18.33a) 


*2 = (WVq) ^ /(l-O) 

Ln 2 - 20 . 


(18.33b) 


where we have chosen the signs so that the 
negative. 


imaginary part of each k is 


Let us now calculate these effects over a distance, d = 27 tVJco, i.e. 
one wavelength m vacuo, for two cases co = 10^ sec"!, and 2 x iQ® sec'l. 


CO - 10 ^ sec~^ 


= 2 X io« sec~‘ 


= 10“2 radians 


<^+ = 8.3 X 10 ' 


^ 0^1 “ 277^630 sin 


„ “ 630 cos — 
2 2 


“ “12.5 X 10~^ radians 

^0^1 “ 277(576 sin — - 576 cos — 

V 2 2 


. , / 4>- (^_ 

^ 0^2 ” 2771630 cos — + 630 sin — 

' 2 2 


^ 0^2 = 2771 720 cos — + 720 sin — 
' 2 2 


= 188 km 


“ 0.94 km. 


Faraday Rotation; 


7 (^ + cf>): 277(313.4) radians 


(358.8)277 radians 


Collision Effecti 


« (fc ^) 




; 5-2-77( 63 0 ) 


e-2v(3-. 15) 


5 - 277 ( 576 ) _ 


5-277 (4.5) _ 
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Comparing the two cases it can be seen that the plane o f pol arization 
rotates several hundred tines in one wave length, however, both frequencies 
are completely damped out long before they have travelled that far. due to 
collisions. The effect can be seen to increase with frequency. So, if we 
had examined the first case at a distance of about 1 kilometer from the 
source we would have found a rotation through about 1}^ revolutions, and 
although C would be very nearly zero, D' would be around 0.91 so that 
the extraordinary wave (in both cases) suffers much less damping, and 

would have about 80fo of its power transmitted through the plasma in one 
hilometer. 



(18.34) 

(18.35) 

(18.36) 

(18.37) 


Note that the sign of ^ only affects the phase of and as A goes to 
zero the absoLut e value of is a maximum. Thus we would expect a strong 
resonance effect upon the extraordinary wave at w = , We calculate the 

results for thiis case: 



= 27r(14.1 sin v/4fOg - 14. li cos 

^0*2 

= 27r(211 sin 77/4 “ 

211 X cos 77 / 4 ) 

(6 + (p) 

= 27r(71) radians; 

C' = « 0 

D' 

_ 88 a .0 > 

- e , « 

190 meters 
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Once again we have a very strong damping effect; however, in this case 
the extraordinary wave is most quickly absorbed. The Faraday rotation ii 
now very pronounced: approximately 135® per meter. 

Ill) CO = w + A, |a| « CO 


1 . 2 


2A ± co^ — iv 


% + 2(A ±±co„) 
If we examine the case co = co , then A = 0 


(18.38) 




1.2 ~ 




= ±(— 




Yz 


277 ^—] 


(18.39) 


(18.40a) 




-27rif—^ 


(18.40b) 






7 (^ + 0 ) 


27r(0.22 cos v/2cOg - 0.22i sin v/2co^) 
277(0.22 sin v/2cog - 0.22i cos v/2co„) 


277(-0.11) radi ans 


(18.41a) 

(18.41b) 


C = g-O.OOT^ p/ ^ e-1.4 

= 0.993 


0.25 


(18.42) 


effect decrees.,, rt e.y .1,. fc. J P * 

be IZ »*ns„issio. t„ 
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As the frequency increases 
become smaller and smaller as M 

beyond the plasma frequency 
- 1. 

these effects 

Transverse Propagation— In 

from (14.1b, c, d) we have 

this case 6 

= 7t/ 2 ( see Fig . 

7) . arid 

Q = 

iG i i/G^ 

1 

(18.43) 

Gce) = 

n sin 0 t an 

6 

(18.44) 

2 jB - a 


Lim G(0) = 

9-'(.tt/2) 

00 


(18.45) 


ther efore 

lim ()(&) = lim I "iG ± ( G + — + ... 

G-<o L V 2G 

^ 1 ( 7 ] = 0 ; = -ioo (18.47) 

Tlius we see that in mode No. 1 

— = 0 or = 0; = e, 3 (18.48) 

and in node No. 2 , 

— = 0 or = £, = 0; ^1 = «,, (18.49) 

Thus, if one starts with a linearly polarized wave at the plane *2 = 0 
it will splat into two linear components, the one parallel and one 
perpendicular to travelling with velocities Vq// 1 ^, and 
respectively, in the ^^2 “rect ion. 

As defined previously in Section 14 we shall consider the first wave, 
(£ 3 )^, to be the ordinary wave, and the second, CE^)^, to be the extra¬ 
ordinary wave. These distinctions are largely semantic, and for the sake 


(18.46) 
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FIG. 7 


of convenience, since the wave velocities will change depending upon 

V, B„, nnd iV. Thus the comparison to crystal optics, where the extra- 
or inary wave is usually faster is not complete. However, there is a 
close phenomenological analogy to the effect of a uniaxial crystal upon 
xght propagating through it transverse to its optic axis. That is, any 
xght which enters is split into a component parallel and a component 
perpendicular to the optic axis, the two components propagating with 
different velocities. This can give rise to many useful polarization 
evices such as quarter-wave plates, half-wave plates, etc. 

This .„.ld e., i„ 

PP magnetic field aa a polariier for electromagnetic radiation and 
an a apectrn. ...Igter, ai.ce ia a function of frequency, c. 

19. FARADAY ROTATION: GENERAL CASE 

effectlV^ ‘=°nsider the more general case of rotational and collisional 
effe ts for a wave propagating through the plasma at an angle, to the 
uniform magnetic field, B, (see Fig. 8). 


First let us recall the definition of Q, the polarizat 


<?^ + 2iGQ + 1 


0 ; 


ion, in detail: 


(19.1a) 
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1 fl sin^ 5 

(19.1b) 

Lr 

2 (/8 “ a) cos 6 

<3i.2 

= -iG ± i/G^ + 1 

(19.1c) 


= 1 

(19.Id) 


We will now try to represent a linearly-polarized oscillation, E = 
in the plane n • r = 0 as a superposition of traveling waves in the two 
modes, the ordinary and the extraordinary, propagating in the n-direction. 
To do so we therefore assume 


E = + (£j)2]C+ [(%>! + (19.2) 

Eq. (19.2) is simplified if we make use of the polarization relation, (15.3) 
(E^)j = ij = 1, 2) (19.3) 

And if we set (Ej = AjC ^ ^ then (19.2) becomes 

(19.4) 

We can now determine and A^ from the condition that in the plane 

n • r = 0 

E = £o(cos + sin <?!>^)e‘"‘ = + A^) - {QyA^ + (19.5) 

Cancelling e‘“* on both sides and equating real and imaginary parts, we 
obtain the following system of four simultaneous equations in the unknowns 
'^ 1 ' ' '^2 ’ ^2 ■ 


2£q cos cj > = + Aj + ^4^ + 

0 = A^ + Aj - (A* + A*) 


(19.6a) 

(19.6b) 
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- 2^0 ^ = Pl^l + ^ 2^2 ^ 

0 = (?,-4, + <?2^2 - (djXf + Q*AI ) 


<19.6c) 

(19.6d) 


The solutions are 


A, = E. 


A. = £„ 


[q^ cos qb +■ sin 4^ 


\ <32 - Ql 

Qj cosi^-H sin 4^ 


Qi -Q2 

Substituting these results in (19.4) we have 
f Q, cos Ip + sin 4 


(19.7a) 


(19.7b) 


E = 


-E, 


i(a>t-fc^ii*r) /<?! 6^'+ sinq6\ 

I e2-»i r \ 


i(a)t-fc;n*r ) 
e < 


/cos qb^ sin qb\ 


foos 4 +52 sin 4 \ i 

I 

I-* 

€ ^ + 

1 )‘ 


^Note: we have made use of = 1 in the f-c oipoaen t.) 

If we write out the damping terms more explicitly: 


(19.8) 


then 

E = 

+£■, 


C - exp [n - r lin(fej)]; J)‘ = erp[a • r i»i(fe2)] (19.^) 

/^2 (^ + sin <^\ 


^ 2 - 3 , I 

( Qj CO s + s in 

^ -<32 


^ - 


C - 


(cos 

sin <^\ 


^2 - <3l ) 


, i Ew*-ff e( * >Xi' j] 


^cos <^ +- 1^2 sin 

<?. -«, 


C' e 


)n*r] 

9 e ^ 


(19. 10) 


Although conceptually simple, any attempt to compose E into a complex 
number E = Re(E^) + iRe(£^) as was done in the longitudiaal case would 
be extremely tedious. However, the rotations and amplitude ehtanges in 
any specific case may be calculated from (19,10) above, by first 
determining Q^. and 4^.. 
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CHAPTER 111 


A RESUME OF THE HYDRODYNAMICAL EQUATIONS 
AJND SHOCK CONDITIONS FOR CASES 


In th.is chapter we give a coherent and self contained treatment of 
classical hydrody-namics in which we shall derive the fundamental equations. 
We then apply the results to derive the shock* conditions for gases. The 
purpose in giving* this exposition is multifold. First, we want the over¬ 
all treatment of propagation to be as self contained as possible. That is, 
we do not want the reader to have to refer to so many outside references 
that he will lose the trend of thought already established in the preceding 
chapters. Second, since hydrodynamic methods and views are utilized so 
frequently in the various models of ionized gas mixtures we feel that the 
separate exposition will be an aid in the understanding of such mixtures. 
Third, in the chapters which follow, the understanding of the phenomenon 
of propagation of magnet ohydrodynamic waves is clearly based on the concepts 
and equations of hydrodynamics. The idea of shock waves, either ordinary 
or magnetohydrodynarnic, and the study of the propagation of discontinuities 
which arise in ionized gases presupposes the hydrodynamic equations. 

Finally, the study of transport phenomena which result from an approach 
via the Boltzmann equation has its interpretation macroscopically speaking, 
in the language of hydrodynamics. 

We could expound further and give many more reasons for the inclusion 
of the exposition, but the ones given above should suffice for our main 
purposes . Consequently, we shall start from simple first principles and 
derive accordingly the basic working equations. 

2 0. BASIC CONSIDERATIONS AND NOMENTCLATURE. 

VISCOUS AND COMPRESSIBLE FLUIDS 

The study of hydrodynamics can essentially proceed from two distinct 
points of view, both of which, are useful according to the nature of the 
problem under consideration. The first view is due to Lagrange and is 
therefore called the Lagrangian or particle description of fluid flow. 

By a fluid we mean either a liquid or gas or mixitures of either. In the 
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Lagrangian view we consider a fluid to consist of particles having a 
separate identity and postulate its description according to the labeling 
of the particles. That is, each particle is labeled by the formula 

a:. = X - x.ia,t) , (i = 1,2,3) . (20.1) 

The set of numbers x identifies each particle. The numbers are the 

coordinates of the particle at time t = Q, or they can represent arbitrary 
functions of these initial coordinates. The velocity of the particle is 
defined by 


V . 

I 


2x . 

I 

“T— , with the (X. held fixed, (i 
2t ^ * 


1 , 2 , 3 ) 


( 20 . 2 ) 


Ihe determination of and hence x^ constitutes the complete description 
of the fluid at any time t. 

The other point of view is attributed to Euler, and is called the 
Eulerian or field description of the fluid. In this view the labeling 
of the individual particles is discarded. 

The Eulerian description starts with the fact that at each point x. 
in the fluid and at time t, there exists in the fluid a definite velopity 
which is a function of position and time. That is, the velocity is defined 
(in a rectangular cartesian reference frame) by 


= • v.ix^^x 


2.^3 


,o 


(i 


1 , 2 , 3 ) 


( 20 . 3 ) 


dx . 

I 

dt 


( 20 . 4 ) 


The acceleration is defined (following a definite particle) by, 


dv . 

I 


a . 

I 


dt 


'bv ^ Bv ^ dx j 

dx . dt * 


= 1 , 2 , 3 ) , 


( 20 . 5 ) 


repeated indices implies summation over that index as in the previous 
chapters. This derivative is called the comoving-time derivative; it is 
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the rate of change moving with the fluid. Equation (20.5) can also be 
written in standard vector language as 

. 

a = ^ + (V • V)T (20. 6 ) 

and we shall us e a mixied vector and tensor description wherever i_ t appears 
useful to emphasize an equation or for other conveniences. A fluid 
particle in the Eulerian description is therefore not a point in the 
mathematical sense, but rather a small (differential element) volume of 
matter to which is assigned a definite velocity at same point inside this 
volume element. For aur purposes in any of the descriptions, a fluid is 
considered to be a continuous medium. 

2 1. BASIC DYMAVflCAL ASSUMPTIONS 

For the present development it will be more convenieut to utilize 
a Lagrangian description of the fluid. This means, more precisely, that 
the motion of the fluid is represented by equations af the form 

Xi = , r 2 »^ 3 , t) f (i = 1,2,5) > (21, 1) 

where the x. and x. are coordinates of the sane rectangular cartesian 
system and t is the time- A particle, which is initially at the point 
X will at the time t be located at the point a: ^ in accordance with 
eqs. (21.1). We shall suppos e that the function s x .( j:, t) have a unique 
inverse for any value of t; and far this it is sufficient that the t) 

are continuous functions aud that the partials of x. with respect to the 
X and t are continuous through the third order, 

The velocity components v t) which are defined by ’lx: ^j'bt 

are then continuous in and t and have continuous derivatives through 
the second order with respect to x: ^ and t. Let V demote a finite volume 
of the fluid and let 2 denote its bounding surface. From the assumptions 
made about the functions if V is initially a continuum then it 

will remain a cent in. uum under the motions of the flui d par ti cles which 
comprise V and 2. In what follows we assume that all vo lume s together 
with their boundaries are of the above stated type- The basic dynamical 
assumptions are: 
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(A) The rate of change of the monientuni of the fluid in V 
parallel to any fixed direction is equal to the 
component parallel to this direction of the total 
external forces which act on 

(B) The rate of change of the angular momentum of the 
fluid in V about any fixed line is equal to the moment 
of the external forces acting on V about this line. 

These assumptions are clearly nothing more than Newton's second law. 

The law of conservation of mass is also assumed and this states that 
the mass of the moving fluid volume V remains constant in time. This is 
expressed mathematically by the formula, 

— f prfK = 0 , (21.2) 

di "t 

V 

where p is the density, i.e., mass per unit volume at points of the fluid. 
In a compressible fluid for which p is not constant, we must assume besides 
the above assumption (21.2) an equation of state. This is ordinarily a 
relation between the density and the pressure acting on the fluid. The 
concept o£ pressure will be defined subsequently. 

Let denote the components of the external or applied force per 
unit mass acting in These components are parallel to the axes of the 

rectangular coordinate system x to which the position of the fluid par¬ 
ticles are referred. v/e denote by the components of a surface force 
per unit area over the surface S. The momentum per unit volume is defined 
by p'v or The moment of the force about any axis, say will be 

denoted by M or = (rxF)^. A more convenient expression for M ^ in 

terms of the and F. is obtained by introducing the permutation symbol 
e^.j^ which is defined by the two conditions; = 1 , and is skew- 

symmetric. Thus, 6213 = “1, €ii 2 = ^tc., if any two indices are alike, 

it vanishes. Therefore, with these designations, the dynamical assumptions 
(A) and (B) take the following respective forms. 


A 

dt 


pv .dV 

y 


T.dl + 


pF,dV 


(21.S) 
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(r^) 




[ e a .TjoI£ + 
J ij ^ j k 

I 




(i - 1,2.3) 


(21.4) 


We shall aow suppose that no applied forces act on the fluid, that 
is, F = 0. In what follows, we also assume that all functions o£ and 
t are continuous together with their partial derivatives for all values 
of a;, and t considered. The summation convention is also retained, unless 
otherwise stated. 


22. VARIABLE BOUNDARIES AND D IFFEBENTIAriON OF INTEGRALS 

Before we can carry through the time differentiations indicated in 
eqs • (21.3) and (21.4) ve must understand clearly the meaning of such an 
operation. To this end consider a volume K(t) in the space defined by 
the which nay var/ vith the time and also let S denote the surface 

of V(t), Now if is the component of the velocity of the surface Z 
along the outward drawn normal to 2 and if f(x,t) is any function of 
r = t\ieTi the change in the integral j^f(x,t)dVvfith. 

respect to the time t consists of two parts: first, the change in f{x,t) 
for fixed x; second, the change due to the fact that the surface 2 is 
changing. The first change is SyBf(x,t)/dt dV and the second is J^fn^dZ 
and hence we can write, 


— 
d t 


I 


fix.OdV 


■B/ 

— dV + 


J 

I 


( 22 . 1 ) 


I£, in the special case, the change in V is determined by the motion of 
the fluid particles themselves, that is, the surface 2 is composed of the 
fluid particles, we can then write u = w .n . = v • n, where n is the out- 
ward drawn unit normal vector to 2. 

2 3. THE EQUATION OF CONTINUITY 

The formula given by eq. ( 22.1> i s now applied to eq. (21.2) by putting 
f ^ p and from which we obtain. 



Bp 

— .dV 

2t 


P ▼ 


dL 


0 , 


and using Green’s theorem to transform the surface integral into a volume 
integral, we have 


c 

J 


+ div (pv) d\ 


(23.1) 


It follovirs from the continuity of the integrand and the arbitrariness of 
V that, 


Bp 

— + div Cpv) 
o t 


(23.2) 


which is the equation o£ continuity, and is the equivalent of eq. (21.2). 
Let us go back to the general expression (22.1) with = v • n and use 
the equation of continuity, then by Green’s theorem we first obtain, 


f y • n dZ 


div (/v) dV 


y 


grad / • T dV + 


T 


f div (y) dV 


and if p = p{t) alone, we find, since 'ip/'dt = dpfdx. 


J / V • n cfl = J grad f • v dV - 


p dt 


Therefore, 


dt 


fdV = 


dt 


r f'^ 

J p dt 


Now if we replace f by pf, we have, 


A 

dt 


pfiV - 

V 


dV , 


(23.3) 
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which is the equation satisfied in a fluid when the change in the volume 
V is produced by the motion of the fluid particles. 


24. THE STRESS VECTOR AND SFRESS TENSOR 

In. eq. (21.3) we have introduced the stress vector (T.) which 
represents the force per unit area or as we say, the stress aver the 
surface Z. By examining the equilibrium of a sma.ll regular tetrahedron 
three of whose faces are perpendicular to the coordinate axes, it can be 
shown that the stress vector is of the form., 

T. = , (i = 1,2,3) , (24.1) 


where the r are functions of position aad time. There are in general 
nine nonvanishing such functions. The functions are called the 

components of the stress tensor. For indices, i J , are called the 

shear components and for i = ; , say etc., are called the normal 

components. The shear components are clearl y par al lei to the surface 
aad the normal componeats are perpendicular to the surface. 

From equation (23. 3) 1 equations (21.3) and (21.4) take the forms 
respectively, by using Green's theorem again , 



d t 


dV 


T ..n.dl 

J ' 

1 


'bx . 


d\ 


aa d 

Y 

For notational convenience we shall indicate partial derivatives by 
the rule. 


[ 


e .. . X -T, ,n = 

I) k j k Z I 


bx 


( e. ’iX T dV 

^ I j k ] kl ■' 


I 


B't. 
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After carrying out the differentiations indicated in the last equation 


= 0 , (24.2) 


= 0 . (24.3) 

deduce 

= 1,2,3) , (24.4) 

which represents the equilbrium between the inertial forces and the 
stresses acting on the surfaces in the fluid, in the absence of body 
forces. From eq. (24.3) we infer that ^ = 0, which implies the symmetry 

of the Consequently, there are in general six independent functions 

Sometimes we use the symbol div (r) = (t.. .) to denote the divergence 

of the tensor r s (r^/). From the foregoing, both eqs. (21.3) and (21.4) 
can be replaced by the single equation (24.4). If we had taken into 
consideration the body forces acting on the fluid, we would have to add 
this force to the right side of eq. (24.4). 

25. THE DISTORTION TENSOR 

In order to introduce the notion of a distortion tensor we must 
consider first the displacement of a fluid particle. Consider a particle 
which is initially at the position defined by x and after a small tinne 
interval dt is displaced to point x Then to a first order approximation 
we can write 


we have for both equations respectively, 


^ dVi 

C -T . . .] dV 


( *1 1 


y 

1 dV + 

1 


From (24,2) and the arbitrariness of 7, we 


dv . 


^ i = V .(x, . (25.1) 

In general, in the neighborhood of the point x, the displacement can he 
decomposed into a stretching and a rotational motion about x. The latter 
part constitutes a rigid motion and so contributes nothing to the deformatior 
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or distortion of the fluid- The distortion, or rather the rate of distor¬ 
tion, is defined by tlie set of nine functions 


e 


i J 





V . 

j ^ 




(i,j = 1.2,3) 


(25.2) 


These functions define the strain rate tensor or briefly the strain tensor. 
They are clearly symnietric in the indices, and as in tie case of the stress 
tensor, they are six independlent functions of position and time, For i j, 
we call them shear components and for i = j , the normal strains. The rate 
of dilatation of the fluid is defined by 


9 


n 1 


-f e 


22 


"3 3 


(25.3) 


0 r in terms of v, 


9 = V= div V" 


(25.4) 


which clearly characterizes the dilatation of the fluid. Thi e disto rt ion 
tensor designated by l> is now defined by 



I J 



(25.5) 


It can. be shown that the necessary and safficieat condition for the dis¬ 
placement to be witbou t disto rtiori is that Z).^ = 0 for all i . These 
statements apply to the first order approximation assumed in defining 
(25.1). The di stortio n tenso r is therefore considered to give a tneastire 
of the “rate of distortion, *’ due to the flow, of any configixra tion of 
the fluid in the immediate neighborhood of the point x. 

26. PRESSURE ANTD VI SCOSITY TENSOR 

The pressure p which is a scalar fuaction is defined in terms of the 
normal compoaents of the stress tensor T. That is, 

1 / 'V i i 

p = ■ 7 (^11 ^ '^2 2 ^ 33 ) ^ ' ( 26 . 1 ) 
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the minus sign indicating that the pressure has a sense opposite to that 
of the tension. The viscosity tensor with components designated by cr^j 
is also defined in terms of the stress tensor by 

^ ij ^ • (26.2) 

These concepts permit us to define in a quantitative way the notion of 
an ideal or perfect fluid. A fluid is ideal if and only if the viscosity 
tensor vanishes, that is, cr s q, for all In this case then 

and therefore the stress vector becomes ^ I which 

states that the surface force T is normal to every surface element. For 
ideal fluids then, it follows that the shearing force vanishes over 
arbitrary surface elements. The converse of this statement implies the 
vanishing of the viscosity tensor cr.y. Alternatively, an ideal fluid 
can also be defined as one for which the shear force vanishes over any 
surface element independently of its orientation. 

27. THE RELATION BETWEEN THE DISTORTION AND VISCOSITY TENSORS 

As in the theory of elasticity of solid bodies, where Hooke’s Law 
is used to define a relation between the stress and strain tensors, we 
seek an analogue of this for fluids, We assume that the components of 
the viscosity tensor are linear homogeneous functions (independent of 
the time) of the components of the distortion tensor. This assumption 
takes the following form, 

^ ij “ ^ i j k ^ h i * $ j i ^ f ^ " I>2,3) (27,1) 

where is a four index, function of position. It is a tensor* of the 

fourth order, that is, since both cr^y and D^j are tensors then so is 
Cijki- This symbol is symmetric in both the i,j and k, I pairs of indices 
as is clear from the symmetry of cr.^. and 

I 

28. HOMOGENEOUS AND ISOTROPIC FLUIDS 

If we assume further that the fluid is homogeneous then we can 
simplify eqs, (27.1). By a homogeneous fluid we mean that the set of 

** The rigorous tensor concept or definition is reserved for a later chapter. Etch though we have used the 
word frequently till now, the understanding of the ideas involved should not be nullified because of a 
lack of precise definition of this term. 
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£ uncti on s C ^ j are ia variant ( i.e., unchanged) when th e coo rdinate system 
in whicli the C.jj^ ^ are originally defined undergoes an arbitrary transla¬ 
tion of axes. Consider then the translation 

Xi = , (i = ^,2,3) , (28.L) 

to obtain the invariant relation 

- c) . (28.2) 

Because the . are arbitrary, it follows from the equality of the first 
and last members of (28.2) that must be independent of the coordinates. 

Con'versely, if theC.^j^^ are constants relative to a rectangular cartesian 
reference frame, the fluid is homogeneous. Therefore, homogeneity of a 
fluid means that the coefficients are constants in a rectangular 

cartesian system. 

A fluid is isotropic if the value of the C.j^ ^ at any point remains 
unchanged under a rotation of axes about this point. Ry def initi on , any 
tensor which has this property is called an isotropic tensor. The most 
general symmetric isotropic tensor of the type can be represented 

in the form* 


^ijki " ^ jk^ ii^ (28.3) 

relative to rectangular coordinates and where X and are scalars. If 
the fluid is both homogeneous and isotropic, X and /x are constants. If 

we put as represented by eq. (28.3) into eq. (27. 1) we obtain, 

• (28,4) 

By using further eqs, (2 5.2) and (26.2), eq. (23.4) becomes, 

2 

T. . = - pS . . - /X0S, . + Lc(v . . f V . .) (28.5) 


« 

R. anil B. S. Jeffreya. Mathematical Pliyaics, pp 87-'a9i Canbrid^e Unir. Presa (1950) 
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which represents the most general expression for the stress tensor in a 
fluid which is both homogeneous and isotropic and for which eq. (27 1) 
holds. In eq. (28.5) the constant /j. is called the viscosity constant of 
the fluid. The constants X and fJ. clearly characterize the fluid. If 
we set t = J and sura in accordance with the summation convention we find 
from (28.5) that + 3p = 0, which is consistent with the definition 
of pressure as we have defined it in the foregoing. 

29. THE NAVIER-STOKES EQUATIONS 

Let us return to the equations of equilibrium (24.4) and first cal¬ 
culate the div (T) with t given by eq. (28.5). This yields 


r. . . 




r . . . 

^ j ^ j 




(29.1) 


which upon substitution into eq. (24.4) gives 


p.v. 


j j 


2v. 



(» = 1,2,3) , 


(29.2) 

in which the viscosity constant is assumed to be non-negative. This 
system of equations (29.2) therefore describes the motion of a homogeneous 
isotropic and viscous fluid. They are called the Stokes-Navier or 
Navier-Stokes equations after the men who first derived them. These 
equations supplemented by the equation of continuity and an equation of 
state provide the theoretical means of solving a class of problems of 
fluid motion. In certain applications it is often necessary to make 
more simplifying assumptions and thus find solutions to a smaller class 
of problems. This is accomplished by either assuming the density to be 
constant or the viscosity to be zero or both. Another assumption which 
IS useful IS to take the velocity vector equal to the gradient of a 
scalar function, i.e. , the velocity admits a potential. A further re¬ 
striction is to consider only the so-called steady problems in which we 
consider fluid motion.s for which the velocity, pressure and density are 
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independent of time. For example, the equations for the steady motion of 
a compressible fluid, i. e, , a gas, with no viscosity, are given by 

P, i ^ = 0 ; (pv j.), = 0 . C29.3) 

Now take p ~ constant and assume v = grad then we obtain 

1 , 

p,, f Y . = 0 , ^ - 0 . (29,4) 

These e(juations which were known a long time ago are considered to be the 
partial differential equations of classical hydrodynamics. The first 
group of equations of (29,4) is immediately integrable and therefore are 
used to define the pressure p when the density and velocity are known. 

It can be seen from eqs. (29,4) that in the preceding case the problem 
of determining the fluid motion is therefore equivalent to finding a 
solution of Laplace's equation V2(^ = 0 with (j) subject to the boundary 
conditions of the problem under consideration. 

3 0. PERFECT OR IDEAL GASES—THE EQUATION OF ENERGY 

We shall consider in the following, the thermodynamic principles 
which enter into the discussion of the motion of gases, Let us calculate 
the work done per unit time on a moving volume V of the fluid by the forces 
acting on its surface X. The work done by these stresses is obtained from 
the formula, 

V! = J T • V = J TijVri. dl = J (r ^ jV . dY 
IS ^ 

“ i i j - ( 30 . 1 ) 

V V 

By utilizing the eqs. (24.4), (28.5) and (23.3), the equation above becomes 

d r I r r 

^ " It 2/tx(D.p2 dV , (30,2) 

V y y 

for convenience we shall put 

^ = 2/a(D..)2 . (30.3) 
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Equation (30.2) is tie enersy equation ind tie function xp is the 
ui.cos.ty dissipation l„nc,i„„. yte physical interpretation of each 
ter. on the r.ght side of (30.2) is a. follors. The first integral gives 
rate of increase of the kinetic energy of the moving volume T, the 
second integral repre.onts the rate of .nrk dene by the pr.ssnte in 
changing the volume of T and the third integral gives the rate at .hich 
eorh 1 . don. on the volume against the viscous forces. The latter is 
• ork that 1 . lo.t as mechanical energy and consequently east appear as 
disordered motion (i.e., heat) developed in V. 

We turn now to an ideal gas which by definition is one which satisfies 
the equation 



(30.4) 


.here • i. the .cl.e.l.r .eight, T the absolute temperature and h the 

universal er absolute tousteut, it is the same tor all gases. Je denote 
as IS customary by C anH r f-v,^ -if , ,ie aenote, 

y y p nd C^, the specific heats respectively, of the gas 

at constant preasure and rolame. Elementary physios teaches us th.t 
bet.een the qu.ntiti.s C,, C,, B a.d . there aiist. the folle.ing rel.ti.n, 


£ 

m 


- Cy) 


(30.5) 


where J denotes the mechanical equivalent of heat. For an ideal gas it 

IS assumed that both C and C ar* .. t, S it 

are constants. Putting y = C JC 

tie. (30.4) snd (30.5) .re re.ritten i» the form, ' ' 


- 1 ) 


(30.6) 


P - pJC,{y - 1) , j} = 

31. THE THERMAL CONDUCTIVITY 

Thermodynamic arguments show that ^ 

of an ideal one ■ ■ L internal energy per unit mass 

d ; u ’’ ^>>c is deter- 

r”tK ’ (■■>*"' »£ ccecfy- The tnt.l energy of . gas 

1. th, sum of Its kinetic snd internal energies. If f i. thf. ta 
energy, we write total 


o ^j •^CpT’ + constant 


(31.1) 
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With thi s expression, we traasform eq. (Stf. 2) into 


^ f ( dT f r 

^ J ‘ j,j -^ \ dV (31. 2) 

y y V 

where we have also used (30.3). The constant appearing in. (31.1) does 
aot enter in eq. (31,2) as a consequence of the continuit/ equation. 

If VI is rate at which heat is conducted into themov'ing volume V 
through its surface 2, we can determine the value of VI' qait e simply. V/e 
assume that the rate of conduction of heat into V through an element of 
surface area dl is given according to Fourier' s law \>y Jk[ dT/dn)(i1., Here, 
k is the thermal conductivity of the gas, a constant, and n measures the 
distance in tjie direction of the outward dram nomal n of I. Therefore, 

V/ ~ Jk j grad T • n = Jk J div (gradT) dV 

1 y 


= Jk j dV . (31.3) 

V 

The total energy of the gas is ff' + If' and is equal to the rate of change 
of the total energy of the volume T. Hence, we can write 


dt 


pE (£V 

Y 


w + r 


(31.4) 


From eqs. (31.2) and (31.3) together with eq. (31.4) there results, 

( <dT r f f 

/o — dv +■ pi; . dv - \xpdv-jk v^T rfv = a , 

y Y V y 

and from the arbitrariness of V, we obtain 
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This equation governs the distribution of temperature in an ideal gas. 
It follows from eqs. (30.4) and (30.5) that 

HT 

JC,T . JC,T-- . : 

differentiating this expression with respect to t and substituting the 
result into the left side of eq. (31.5) and using the equation of con- 
tinuity gives 


dT dp 


(31.6) 


This equation is an alternative form for eq. (31.5). If we set the 

viscosity and the thermal conductivity fe equal to zero, both eqs. (31.5) 
and (31,6) become 


dT 


is. 

dt dt 


(31.7) 


32. ENTROPY CONSIDERATIONS 

The preceding discussion shows that the rate of increase of the heat 
content of the moving volume is given by the formula 


Q 


j Jk grad T • n oil + ( xj; dV 
S V 



V2r dF r i/f 
V 


dV 


The integrand on the right side, {JkV^T 
giving the rate of increase of heat per 
But this integrand is equal to the left 
dividing the left member of (31.5) by p 
rate of increase of heat per unit mass. 


<^) is therefore interpreted as 
unit volume at points in the gas. 
hand side of eq. (31.5). By 
we derive an expression for the 
We have then 
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s 


JCy. log 



+ constant 


(32.2) 


where the constant is an absolute constant, that is, independent of posi¬ 
tion and time. The product T{d£/dt) is the rate of increase of heat per 
unit mass. The function .S is the entropy per unit mass or the entropy of 
the gas. For any particular gas, the entropy is defined to within an 
additive constant. Eq. (32.2) is solved for p to obtain 



(32.3) 


where C is an absolute constant for any gas. If the thermal conductivity 
and viscosity both vanish, then eq. (31,5) shows that dS/dt = 0. There¬ 
fore in an ideal gas with vanishing conductivity and viscosity, the entropy 
IS constant along the path of a particle. If, in particular, the motion 
is steady, the entropy is constant along each stream line (which are curves 
whose tangents at all points have the same direction as v). From this it 
follows that C exp (S/JC^) in eq. (32.2) is constant along each stream 
line even though this function can vary from stream line to stream line. 

If the motion is such that C exp {S/JC^) is constant throughout the gas then 
the gas is said to satisfy the adiabatic condition or that the flow is adiabatic. 
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An alternative formulation of the entropy condition proceeds as follows. 
If A = = 0 so that dS/dt = 0, we then differentiate eq. (32.3) totally 

with respect to t; and use the equation of continuity (23.2) together with 
the equations of motion (29.2) with /i = 0 and obtain the result 

B/O i 

Ti ~ ~ = 0 • (32.4) 

Conversely, from this equation, the equation of continuity, and the equa¬ 
tions of motion with /i = 0, we can derive dS/dt = 0 in eq. (32.3). Therefore 
in an ideal gas with h = = 0, the condition dS/dt = 0 is completely con¬ 

tained in eq. (32.4). If, further, the motion is a steady one, the condition 
dS/dt = 0 is derived from 


pvi.v.v. -ypv. . = 0 . (32.5) 

3 3. THE EQUATIONS FOR IDEAL GASES 

A complete description of the motion of an ideal gas is obtained from 
the equation of continuity (23.2), the equations of motion (29.2) and j 

eq. (31.5) for the temperature distribution in the gas. Besides these ! 

equations, there is an equation of state (30.4), which was at first intro- | 

duced as the defining condition of the ideal gas. If we eliminate the ( 

temperature between eqs. (30.4) and (31.5), we obtain, instead of eq. (31.5), S 
a differential equation in the variables p, p, and f . and the relation i 

(30.4) will then appear as an extra equation defining the temperature T. | 

For the steady motion of an ideal gas with p = k = 0, we have 

div (pv) = 0 , (33.1) : 

(gtad p) . -i- PV. .V . = 0 , (i = 1,2,3) , (33.2) S 

= 0 . (33.3) I 

The preceding section has shown that eq. (33.3) is equivalent to dS/dt = 0 
and is therefore equivalent to eq. (31.5) with h = p, = 0 or to either 
equation of (31.7). 
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34. BERNOULLI’S EQUAFION 


If we multiply 


eq. (33.2) by and sum on i, «ie find 


^ i 

dt 2 ^ dt 


(V .V i) 


0 , 


now divide by p and use eq. (32.3) in which. S = constant along the stream 
lines; therefore 


y i’ , 1 

y - ^ ' constant , 


(34.1) 


where the constant depends on the stream line. Eq. (34.1) is called the 
Bernoulli equation and is valid for the ste ady mot ion of an ideal gas for 
which k = p. = ^. If the velocity admits a potential, ec[s. (33. 2) take 
the form 


— (grad p) . +-^(grad v^). = 0 


(i = 1,2,3) . (34.2) 


For adiabatic flow, two considerations arise. The pressure p in the above 
equations can be eliminated by using eq. (32.3) and int egratin g the re¬ 
sulting equation. This leads to an equation of the form (34.1) in which 
the constant on the right side is independent of the stream line. In this 
case we call it a “strong" Bernoulli equation. IVhen the constant does 
depend on the stream line we call it a “weak” eqguation. 

35. SHOCK WAVES IN AK IDEAL GAS~THE CONCEPT OF SINGULAE SURFACES 

In order to understand the concept of a shock wave, it is useful at 
first to define the notion of a singular surface. Therefore, let £'(t) 
denote a moving surface which is such that each point of S'(t) for fixed t 
lies in a surface element which has a well defined normal. Also, let 
/(*, t) denote a function which is discontinuous in the variables x. at 
all points of 2'(t). For those points x s (*^) which do not lie on I' 
at any time are assume that f(x,t) is continuousLy differentiable in all 
variables; it is assumed that /(*, t) and its derivatives exist and are 
continuous on each side of 2 . The surface 1,' (t ) is said to be singular 
relative to the function f(x,t). 
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Let, now, Y be any moving volume in the fluid which is divided by 
the surface 2' above into two volumes designated by and Vj. Let Z 
be the surface of V\ and Zj denote the portions of Z which form parts 

of the boundaries of and Vj respectively. The remaining part of the 

boundary of and Y^ is completed by the surface Z'. We assume that 
the change in the volume V is produced by the moving fluid particles 
themselves. Hence, the normal component of the velocity of V at points 
of its surface 2 is v • n where n is the outward drawn unit normal vector 
to Z. If denotes the normal velocity of Z'(t) along the outward drawn 
normal to Z' considered as part of the boundary of then will be 

the corresponding normal velocity when Z' is considered as a part of the 
boundary of V^. We have then 



/(X,t) dY 


d 

dt 


dY + 



fix,t) dV 


(35.1) 


hut each term on the right side is evaluated according to formula (22.1), 
that is, 


A 

dt 


dY 


d 

dt 


/(*,*) dY 


I cfK + I / V . n dZ + 


> (35.2) 


I 


-A dY 


/ V • n dZ 


, (35.3: 


Z' 


where /j is the value of f on the side of Z' bordering 
value of / on the side Z' bordering V^, The use of Z as 
as the area of integration in the above integrals as well 
responding integrals in the following equations, refers, 
the part of the surface Z bounding the volumes Y^ and V 
and (35.3) when substituted into eq. (35.1) gives 


and 

a designation 
as in the cor- 
of course, to 
Eqs. (35.2) 


d r 
dt 

K 


fix^t) dV 


y 

~ dV 

2t 


f r • n dZ 


+ j (/l - /2)“ <(2 

Z' 
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(35.4) 



Let us assume now that 2' is a singular surface relative to the function 
P, the pressure. We assume that the density p and the v elocL ty T are 
continuous and differentiable functions for point s jc whi ch do not lie 
on moreover we shall also assume that p an d v and their derivatives 

are continuous on each side of The moving- volume K, which is 

divided into the volumes and V must satisfy all of the integral 
conditions previously imposed and which have resulted in the differential 
equations for the motion of the gas under th e ass-umption s of complete 
continuit-y. Let us state these integral conditions in the following order. 

The Law of Cons erwation of Mass, eq. (21.2). 

The Assumptions (A) and (B) of section 21. 

The Assumption contained in eq. (51,4) from which we derived 
the differential equation, goveruing the temperature 
distribution in the ideal gas. 

If we now let the volume V shrink down to zero volume we ohtain the 
relations, cal led “ shock conditions,” between the values of the quantities 
p, p audw;, on tlw two sides of the snrface 2'( t) . A surface I'(t ), which 
is singular relative to the pressure p, ov er which the se shock conditions 
are satisfied is called a “shock wave." IVe shall treat the s iuple situation 
in which the viscosity and thermal conductivity vanish and hence derive 
the shock conditions for ideal gases. 

35. THE FIRST SHOCK CONDITION 

We refer to the side of 2' which borders as the side 1 and to 
the side bordering Vj as side 2 of 2'. From eqs, (21, 2) aud (35.4.) and 
with / = p(r,t ) we have 



dV + 



n d2 + 




0 . 
( 36 . 1 ) 


where and p^ are the values of the density along the sidles 1 and 2 
of 2' . Now fix t, and let Y shrink to sero in such a way that in the 
linnit it goes into a finite part 2|| of the surface 2!*, Now the volume 
integral in eq. (35.1) is of higher order than the surface integrals, 
i.e., it tends to zero more rapidly than the surface integrals, hence 
it can be neglected with respect to the surface integrals. Thus under 
the conditions of differentiability and continuity assumed, we can write 


12S 



r div (py) dV 
V, 


p y 


n + I pj (V • n)j tE ; (36.2) 

I' 


by letting V shrink into the area IJ, the left side of (36.2) approaches 
zero and hence the limit in question is obtained, that is. 


J p V • II dS - - J pj (V • n)j rfS , 




(36.3) 


and in a similar way, 


J p V • B dS - J P^ (▼ • 11)2 d 2 , 


2 ; 


(36.4) 


where (v • ii)^ and (t • 11)2 denote the normal components of the fluid 
velocities on the sides 1 and 2 along the normal direction from the 
side 1 to the side 2, We obtain, therefore, 

I [p, (T ■ dz - J [pj (V . b)2 - (u„)2 P2] dl ^ 0 . 


^0 


(36.5) 


Because this condition holds independently of the extent of the surface 
of integration 2', we have the "first shock condition, ” namely 


pjfv • n)^ - (uj^] = Pj[(v • n), - (UJ2] 


(36.6) 


over the surface Z'(t). This shock condition originates entirely fr 
the principle of the conservation of mass. 


om 


The second shock condition is obtained according to assumption (A) 
which is expressed mathematically by eq. (21.3). For our case we put 
F = 0 and also take the viscosity, p = 0, therefore the stress vector 
takes the form, T. = -pn. and eq. (21.3) reduces to 


^ j pu. dF + f pn. dZ = 0 , (i = 1,2,3) . 


(36.7) 
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As in the derivation of the first shock condition we let V tend to zere 
in the same way; we see that 


/ 


pn . dl 


; 


2 ; 


(^2 ' " i 


(36.8) 


where rt . in the limit integral are the components of the unit normal 
directed from the side 1 to the side 2 of 2'. By applying ecj. (35.4) 
with / = pv the first term in eq. (36-7) becomes 




dV + 


pi'jC'*' * II) oE + 


/3t! .(r • n) cE +1 l>i(Vi)i - ^ 

, i' 


an<i in the limit, this expression yields 


/ /’i(»'i)i ■ (V '11)1] dS - I P^{v .)2 [u^ - (V • n). 


dH 


2 ; 


I' 


(36.9) 


Now substituting the expressions (56.8) and (36.9) for the two terms 
comprising the left member of (36.7)i making use of the first shock con¬ 
dition (36.6), we finally obtain the‘"second shock condition" 


(Pj = Pi • n)i3 [(Vi)2 - (V i)i] 

_=Pi^„ - (V • b)j 3 , (i = 1,2,3) . 

(36.10) 


In what follows we shall use the symbol A to denote the change in a 
quantity in crossing the surface 2'. 

By examining assumption (B) which is expressed rnathematically by 
(21,4) it can be shown that no new relations are obtained other than 
eqs. (36,6) and (36.10). remind ourselves that these “shock conditions" 

are derived on the basis of vanishing viscosity. 

We note that in (36.LO) the product ” (v • ii)^] can not vanish 

at any point of S'. For if it did, the left side of (36.10) vanishes 
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implying that = 0. But this would contradict the condition for 

t e surface 2' to be a shock wave. The fact that the product 

- (V • »),] does not vanish, and hence that - (v • a)J does 

not vanish by the first shock condition, will be used presently. 

Let us niultiply eq. (36.10) by n. and sum on x, to obtain 


- (V • ii)^](Au.)n. = (A^) 


and defining 


P2 ~ Pi 


(36.11) 


(Av.)n,. s (Av)^ , 

express both (Av,) and (Ap) in terms of (A.)„. therefore 


(36.12) 


(36.11) becomes 


Pi[«„ - (V • n)j](Au)^ . 


(36.13) 


Conversely, eqs. (36.13) and (36.12) imply eq. (36.10), and therefore 

eq. (36.13) IS equivalent to the “second shock condition." It follows 

r«. .q. (36.13) .ad the coaditio. (Ap) f 0 that (Aa)^ c.a no. aaai.h at 

poa.., of a akaok Z'. Iharaf.t, by tain, ,hi. taa„u, ... 

aq. (36.12) lapliaa that tot .11 of th. qaaatitia. (iv). (1.123) 

can he equal to zero at any noint nf y i .f ^u* r 

any point ol 2. if this surface is a shock wave. 

Using eqs. (36.6) and (36.10) again, we deduce 


[“n ~ (y • ii)j](Ap)n. 


= 1.2,3) , (36.14) 


“ (T • ii)j]2(A/j) 


(36. 15) 


fro. rtich aqa. (36.6) «.d (36.10) c.a be r.oovarad. Th«a. eqa, (36.14) 
and (36.15), which express (Ati.) and (Ad) in tfarine f tA \ 

tb, f.rat and a.co.d ah.cl. tonditiona. *11 .bea. a.at.n.n.a i„ tie 
tteqoing .xpre„ oo.ditioaa n.,„.l to Z’. b„t f,„. tie. ,e oa. infer aom. 

eq. (36.10) by a unit vector tangent to cjov « j 

6 , say and sum on i, we obtain 

[A(u.a.)] = 0 , 


(36.16) 



which expresses the fact tshat the tangential cninponent s of the flaid 
velocity are continuous across a skock wave, 

37. THE RANKINE-HUGONE or RELATION 

In this section we assame that both the viscosity and the thermal 
conductivity vanish. It follows that the quantity W defiaed in eq. (31,1) 
now vanishes. Also, the stress tensor becomes if as a consequence 

of vanishing viscosity. Substituting for IE in eq. C31.4>, this equation 
beconnes 


d 

dt 


pE dV 


pv .n . cH = O 


(37. 1) 


But from eq. ( 35.4) with f = pE, the fi rst term can he wri tten 




ipE) + J p£( V - B) cC + I {(pE) ^ - (yo£)2>u^ dS . (37. 2) 


We now put thi s expre ssion for the first term i n eq. (37.1) and then let 
V approach zero as in the preceding section; making use of the first 
shock: condition, etj. (36.S), leads to the condition 


[£ih(p Y • n)] = Pi^^n 


(37. 3) 


From eqs, (30.4) and (30,5) we obtain JC yT - JC “ p/>o and substi- 
tutimg this into eq;. (31,L) for E, we can write eq, (3 7.3) as 

CA(pr • n)] + - (V • n) j - - (v • a) j] j^^JCp,T + 


Now using eqs. (36.6), C36.13) and {36.15) it can be shown that 


[ACp V - n)] = - (v • n)j](v 


= U. - (▼ • n)-](AO , - 


(37.4) 


“Is P )n r 

Pi 

- (V • ll)jl 


(37. 5) 


L2$ 



Upon substituting these expressions for [A(p t • n)] and [A(p/p)] i„to 
(37,4), we obtain 


This relation 
eqs. (30.4) - 


A JC r + - V 
\ 2 



“„(Ai;) 


n 


(37.6) 


is one of the forms of the “third 
(30,6) and the conditions (36.14), 


shock condition.” From 
(36.15) it follows that 


[A(JCpr)] 



1 

J [A(v2)] 





(Ap) 


(37.7) 


Substituting these relations in eq 
be written 


(37.6), the resulting equations can 


_ (y + DP; - (y - 1 )P^ 
Pi (y + 1)^1 - (y - 1)P^ 


This form of the third shock condition” is called the Rankine-Hugoniot 
r.l.txon, .„d i, ,.lid fox id,.l j., i„ .nd ther.. 

co„duct.,i,v W. this fox. of the thixd oKock c.oditi.o 

oes no. oon...„ the ,.,o ..fooity e,„ 

coniined to steady shock waves. 


An equivalent form of eq, (37.8) is the following 


P2_ (y + l)pg + (y - l)p^ 

(y ■ 1)P2 + (7 + l)Pi 


which results from eq. (37.8). 
latter equation becomes 


By setting x = and y = Pj/Pj, the 


(y + l)y + (7 - 1) 
(7 - l)y + (7 + 1) 


(y 1) ^ 4 -y 

(7 - 1) (7 - l)2y + (y2 - 1) 

(37.10) 
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From this form, we see that the maximum value of x occurs for y = oo, since 
r > 1, The maximum value of x is (y + l)/(y - i). xhe smallest value of 
* is when y = 0 and is (y - l)/(y + i). Therefore, 


y “ 1 < <7+1 

fT7 ° * = ^7^ • (37.11) 


38. THE COMBINED SHOCK CONDITIONS 

We have deduced the three shock conditions which are completely ex 
pressed by eqs. (36.14), (36.15) and (37.8). By purely algebraic manip. 
ulations, these conditions can be cast in the respective forms. 


(Au.) 


- (V • ii) j2 -ypj}n; 

(7 + l)Pi~ (v • n)j] 


(» = 1,2,3) (38.1) 


(Ap) 


- (V • n)^3^ - yp^} 

7 + 1 


(38.2) 


(Ap) 


2Pi<Pi [u„ - (V • P) - ypj) 

27Pi + (7 - l)Pi [u„ - (V • n)j]2 


(38.3) 


which express the values of u., p and p on side 2 of the wave surface 1' 
directly in terms of the values v p and p on side 1 of 2', the unit 
normal B to 2' (directed from side 1 to side 2) and the velocity of 
propagation u^ of the wave surface. For a stationary wave front we have 
“n “ the preceding relations reduce to 


2[pj(v • n)2 - ypj]n. 
- (7 + l)Pi(v • n)j 


= 1,2,3) , (38.4) 


(Ap) 


2Pi[pj(v • n)2 - ypj] 

—— 


2p,[p (v • n)2 - yp,] 

(Ap) = -i-L_ 

27Pi + (7 - l)Pi(v • n)2 


(38.5) 


(38.6) 
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It follows from the remarks made following eq, (36.10), that the 
denominator of eq. (38.1) can not vanish at points of a shock wave. The 
numerator of eq, (38.2) can not vanish either, for if it did, then we 
would have (Ap) = 0, which would contradict the condition that 2' is a 
shock wave. Also, the denominator of eq. (38.3) can not vanish since 
if it were to vanish then (Ap) = oo which is impossible according to the 
assumptions made following eq. ( 35 . 4 ). 


39. THE DENSITY AND ENTHROPY CHANGES IN PASSAGE THROUGH A 
SHOCK WAVE 

The thermodynamic condition dS/dt = 0 for continuous flow without 
thermal conductivity leads to the requirement that the entropy per unit 
mass 5 associated with a moving particle does not decrease in the passage 
with a moving particle through a shock wave (considered as representative 
of the rapid variations in a flow which is actually continuous). Hence, 
if a particle moves from side 1 to side 2 of a shock wave 2 ^ we have of 
necessity = 5^ which implies p^/p^ = Pi/p{ which results from eq. (32.2) 
for S. Therefore, 


Pi 


> 



(39.1) 


now put X = P2/P1 aJid use the Rankine-Hugoniot relation (37.8) for the 
left side of ( 39 . 1 ) which becomes 


(y + l)x - (y - 1) > 

(y + 1 ) - (7 - 1 )* * 

Define the function y by the equation 


(39.2) 


(y + l)a: - (y - 1 ) 
(y + 1 ) - (y - 1 );^ 


(39.3) 


Then for a: = 1 , y = 0; also both dy/dx and d'^yfdx^ vanish for a: = 1, 
while 


d^y 1 

—- = - (y - l)(2y - 1)(3 - y) 

dx^ ^ 
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If we take y - 1.4 we see that d^y/dx^ > 0 for :«: = 1 so that y has a 
point of inflection at jc = 1 . A graph of y shows that the condition 
(39.2) is satisfied only for values of x for which y = 0. Hence we must 
have P^IPi = 1* If p<i = p^ the relation (36.15) gives (Ap) = 0 which 
contradicts the hypothesis that 2' is a shock wave. It follows that 
p 2 ^ Pi' But X > I means that y > 0 and hence the inequality sign holds 
in (39.2). This implies > 5^. Therefore, when a fluid particle 
traverses a shock surface the density and the entropy per unit mass as¬ 
sociated with the particle are increased. 

If a gas increases in density when it passes through a shock wave, 
the wave is called a compression wave- Hence shock waves, as here defined 
and treated, are compression waves in view of the above thermodynamic 
condition. 
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CHAPTER IV 


THE HOMOGENEOUS IONIC PLASMA IN A MAGNETIC FIELD 


In this chapter we shall be concerned with the derivation of the basic 
equations governing the propagation of waves in an ionic plasma. We shall 
be concerned with a low density plasma which is assumed to be unbounded in 
extent and homogeneous. The plasma constituents are positive and negative 
ions including electrons, and neutrals pervaded by a uniform externally applied 
magnetic field constant in time, and over-all electrically neutral. In 
contrast to the electron plasma treated in Chapter II, the motion of the 
ions now contributes to the convection current density. Besides this con¬ 
tribution we also take into account the temperature effects of the different 
species of particles. This temperature effect enters through the relation 
with the pressure through the gas laws. Thus we are generalizing our de¬ 
scription of the plasma by generalizing the equations of motion of the 
particles. This means that we are introducing a macroscopic hydrodynamic 
treatment together with Maxwell’s equations in order to examine the kind 
of waves that such a medium can support. 

Our present state of knowledge of the motion of fluids acted upon by 
forces of nonelectrorpagnetic origin indicates that for gases and liquids 
the motion can be described by the macroscopic equations of hydrodynamics 
except at very low pressures. The fluid is accordingly treated as a con¬ 
tinuum and the Eulerian or Lagrangian description can be used. In a very 
dilute gas where the mean free path of the molecules between interactions 
is of the same order of magnitude as the characteristic length of the system 
the continuum theory is no longer valid and must be replaced by kinetic 
theory methods. Even for not very dilute plasmas a microscopic gas kinetic 
approach is preferable. Here, one uses the Boltzmann equation together with 
Maxwell's equations to investigate the various general modes of oscillation. 

The mathematical difficulties that arise in using this approach are numerous 
and therefore one uses the simpler hydrodynamic description. 

The fusing of the two subjects, hydrodynamics and electrodynamics in a 
systematic way is attributed to Alfv6n and is presently known as magneto¬ 
hydrodynamics or hydromagnetics. Besides Alfv6n, there have been many 
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detailed theoretical and experimental investigations of this important and 
interesting field of endeavor, notably by Lundquist, Piddington, Elsasser, 
Herlofson, Walen, Hartmann, et al, The continuum or hydrodynamic approach 
to the motion of conduction currents in a magnetic field has also been used 
in the magneto-ionic theory by Bailey and others. A systematic comprehensive 
investigation of the modes of oscillation in magneto-elastic media has been 
given by Banos and co-workers. The continuum theory is considered to be 
valid for systems in which the characteristic interaction length and time 
are small on a macroscopic scale and if the radius of curvature of the gyra¬ 
tion particles is large on this scale. Although the hydrodynamic approach is 
simpler than the more rigorous gas kinetic one, it is not without difficulty. 
This difficulty stems from the fact that the hydrodynamic equations are basi¬ 
cally non-linear even though the electrodynamic equations are linear. The 
coupling of the two systems of equations, hydrodynamic and electrodynamic 
by means of the Lorentz force causes the non linear aspects to be carried 
over into the resulting magneto-hydrodynamic equations. The new phenomena 
which arise are very interesting. Hydrodynamics yields for example, longi¬ 
tudinal fields, while electrodynamics yields transverse fields, so we can 
expect a coupling of the two fields, and hence the possibility of energy 
transfer between the longitudinal and transverse oscillations. This is of 
interest in astrophysical applications and for technology itself. 

Because of the non-linear nature of the basic equations and its inherent 
difficulties we are led to study these fundamental equations by first lin¬ 
earizing them. The linearization is achieved by a perturbation procedure 
which is so common in the treatment of many non-linear problems. A further 
simplification obtains when we restrict ourselves to plane wave perturba¬ 
tions in unbounded homogeneous media. Although it is often argued that such 
simplifications are not close to physical reality, nevertheless it provides 
valuable insights and guides to the solution of non-linear problems. The 
linearized theory has been quite successful for example in explaining ion¬ 
ospheric phenomena and it is interesting to point out here that the exist¬ 
ence of Alfven type waves can be demonstrated from the linear theory. This 
type of wave also shows the significance of the presence of an externally 
applied magnetic field on an electrically conducting incompressible fluid. 

As is well known an incompressible fluid when described only by hydrodynam¬ 
ics shows that energy propagation at a velocity exceeding the average fluid 
velocity is not possible. But such a conducting fluid in the presence of 
the magnetic field now permits a new mode of energy propagation, called an 
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Alfven wave, after Alfven, who investigated this phenomena for astro- 
physical applications. 

In the present chapter we treat first the derivation of the linearized 
equations taking into account pressure gradients and hence temperature 
effects. Here the process is assumed to be adiabatic rather than isothermal, 
the difference amounting to an order of magnitude effect, which is not serious 
considering the other simplifying assumptions.* By assuming plane wave per¬ 
turbations, we arrive at a dispersion equation whose structure is quite com¬ 
plex but which reveals the coupling of the electron and ion mot ions. This dis¬ 
persion equation contains as a special case that of ionospheric physics, i.e., the 
Appleton-Hartree formula among other things. In this derivation we neglect 
damping by collisions since the salient features of the modes of oscillation 
are obtained without this assumption. By further specialization we study 
the various modes and their coupling. We include Astrom's basic work on 
waves in an ionized gas as a special case of the above development. It is 
interesting to point out here that in the case in which the impressed wave 
frequency is well below the gyrofrequency of all the ions and for an incom¬ 
pressible fluid we obtain the Alfven waves from the magneto-ionic theory 
alone. This result is due to Astrom and shows clearly the effect of an 
applied magnetic field in yielding new modes of energy propagation as men¬ 
tioned before. 

Following this we derive anew the equations which describe the currents 
and forces in weakly ionized media where the reference background neutral 
particles are in motion. The average velocities and forces are operative 
as in the simple magneto-ionic theory, but the forces have their origin in 
the macroscopic electromagnetic effects on the charges and from the colli¬ 
sions between the free charges and neutral particles. In this treatment 
which is due to Hines, the friction like forces due to collisions between 
the charged particles and the neutral background is of the action and re¬ 
action type, that is, equal in magnitude but opposite in direction.^ 


* Sae ion example, L. Oster, "Linearized Theory of Plasma Osci11ationsV Rev. Modern Physics. 
Vol. 32, No.1 , pp. 141-168, January 1960, 

^ C. 0. Hines, “Generalized Magneto-Hydrodynamic Formulas.** Proc, Cambridge Philosophical 
Society, 49, 299, (1953). See also same author, “Heavy-ion Effects in Audio-Frequency 
Radio Propagation,’* Jour. Atmos, and Terrest. Physics, 1957, Vol. 11, pp. 36-42. Pergamon 
Press Ltd., London, * 
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Because of the mobile background, which is lacking in the usual magneto¬ 
ionic treatments, the resulting formulae are magneto-hydrodynamic in as¬ 
pect. In all of the foregoing treatments we have gone into considerable 
detail so that the reader can follow the reasonings almost step by step. 
This is accomplished by using a mixed vector-matrix formalism which lends 
itself well to discussion and analysis. In this way it is possible to 
study a great variety of special circumstances in a unified manner. 

Finally we sketch the comprehensive work of Banos and co-workers 
whose investigations are closely related to those above and a brief treat¬ 
ment on the reflection and refraction of hydromagnetic waves concludes 
the chapter. 
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40. THE BASIC EQUATIONS 


The equations which describe the phenomena are a momentum balance or 
equation of motion, an equation of continuity, and the electromagnetic 
(Maxwell’s) field equations. We write this system of equations for a 
typical constituent of a tenuous plasma as follows, neglecting inter¬ 
particle collisions: 


BV 


V) V + -7- VP 
Nut 

. (f)[E.yuH , 

(40. 1) 




(V • JW) + —• 
Bt 

» 0 , 

(40. 2) 




VxE + — 
Bt 

= 0 , 

(40. 3) 




VxH - 

Tt' • 

(40.4) 

V . D, = 

0 

(40.5) 


(Note; e « total charge on a particle) 

We shall linearize the above system by a perturbation technique. Denoting 
steady-state values by subscript zero, and perturbation quantities by 
lower case letters, we may write; 


N B Aq + n ; 


Vo + V ; B = Bo + b ; - B ; 


where N is the number density of particles, V is their average velocity, 
and B is the total magnetic field. After substituting these quantities 
into the above equations we find for the momentum equation, (40,1) 

^ (Vo + V) + [(Vo + V) • yi(Vo + y) + ^ " T® + ▼) *(Ho + b)] . 

(40.6) 

We neglect the terms involving products of the perturbation quantities, 

S" I y ’ '^yj etc. , and note that the term [l/(JVj + n)ro Vp]is approximately 
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(,1/N^ni) VP, ignoring the terms of order n/N^^ in the series expansion of 
the denominator. The resulting equations now read, 

B 1 

— V + (¥- • Vjv + — VP 
Bt ^ 0 

■ 

VxE + ^ = 0 (40.9) 

V, . , BD, 

VA . J + . _ (40.10) 

'7 • = 0 (40.11) 

If we assume the processes within the plasma to take place adiabat- 
ically, and that the perfect gas laws are obeyed, we then find that 
VP = ykT^.n where P is the partial pressure of the constituent, as in the 
momentum equation, y is the ratio of its specific heats, T its temperature, 
and k is Boltzmann’s constant. We shall represent this in terms of the 
speed of sound in the constituent as a medium; i.e., = ykT/m. If we 

assume the traveling-wave solution and take Vq = 0 (medium initially at 
rest), Eq. (40.7) becomes 


= - {E + + (V„xH,)5 

in 

(40.7) 

Bn , 

V + Vo • Vn + — = 0 (40.8) 


l(DV ~ I 


X'" ■ ( 7 )®■'*«(i) 


(40.12) 


This can be put into the equivalent matrix form, 


( icol - 6^2) V = i It + f E 
N f. \ mJ 


(40.13) 


where Q is as defined in Chapter 2. From eq. (40.8) 


k • N^y = con 


(40.14) 


140 



(k ; k)E - (k • E)k = 
k • = 0 


(40.15) 

(40.16) 


where Eq. (40.15) combines both (40.9) and(40,10), Let us now denote each 
constituent bysul)script r, then Eqs. (40. 13) and (40.14) combine to give, 


= i(/*(k • T^)k +- E . 

in 


(40,17) 


We introduce th.e following notations: 

Jr current density of the rfch constituent, 


Q = 


er^o / 0 1 0\ 

1 0 0 1 , the gyronagnetic tensor of the rth 
0 0 0/ constituent. 


m^co 


N 






, and is just the speed of sound inthe rth constituent. 


Multiply Eq. (40.17) by ) and use the above definitions to obtain 

^1 
.2 


[I iSl,3j, = - io^caeoE + — (J,. • k)k (40.18) 

V(ith = (l/iw)J + CjE, Eq. (40.15) takes the form, 

[(k • k) - + (k ■ E)k . (40.19) 

The scalar product, of both sides of this equation with k yields the relation, 

eoffl(E • k) = ij • k , (40.20) 

and therefore Eq. (40.19) can be rewritten in the form, 


-] 0€,E 

( K/ 


i(J • l)k 


(40.21) 
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where 


and 


^ k • k 


NU = -T 
•^0 


We now substitute ^gE from Eq. (40.19) into Eq. (4C.18) and obtain, 


(I + = - ia^ 




J + - (J • k)k 






y^c^ 


u\ 

+ — (J, • k)k 

C 02 


(40.22) 


or, 


0)2(602 - fe2v2) [I + XQ^]J^ = a)«0)2j - CoJV^J • k)k + (/J(o)2 -* *2^2) (j^ • k)k 


(40.23) 


In this last equation if we replace J by its equivalent 2J^ we find 


0)2(o)2 - k'^v^ [I + = Oj2oj2^^ - ■ lOk + l/J(o)2 - fe2V'2)(J^ . k)k 


(40.24) 


or 


o)2[(o)2 - kivl) - o;2]I J + [cJ^Vl - - fe*V'2)](J^ •'k)k 

+ io.2(^2 - fe2vpQ^^ ,, ^2 5: [^2J^ _ y2(J^ . k)k] . 

sfr 

(40.25) 


I£ we write this relation in tensor notatidn, putting K s 
for p different constituents, then we have 

{o)2[(o)2 - k^Vl) - 0)2;s . . + [0)2V2 - U2(fJZ - / 52 ,/ 2 )]^. , + i^2(,,;2 - ife2».2)Q^^ 

-0)2 2^ (o)2S.. - . = 0, (i = 1,2,3), (r = 1,2. p) . 

(40. 26) 
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This represents a complete system of linear homogeneous equations for 
the 3p unknowns( ^ j ^ _ ... _ J'p.j)- The vanishing 

determinant is the necessary and sufficient condition for non-trivial 
solutions, and provides an additional relation between co and k; the so- 
called dispersion relation. The structure of the matrix of this system 
of equations, multiplying through by “1, becomes 



where the M . 

I 


and Aj are each 3 ^ J matrices given by; 


(40.27) 


.. = co^ik^Vl - cd2 + «2)8 - [Ulik^l - w2) + cclVl^k.k. 

+ iw2(h2v2 - _ (40.28) 

^r.ij = - V^b.k.) , (40.29) 


We see from Eq, (40.2 7) that the matrices represent the coupling of 
the constituents to each other. The vanishing of the determinant of M 
contains the Appleton-Hartree equations as a special case (in the absence 
of collisions). The system described by M contains classical ionosphere 
physics of homogeneous media. This is easily seen from Eqs. (40.7) to 
(40. 11) by considering only the effects of one constituent, the electrons, 
by neglecting the effects of electron pressure, and by assuming the medium 
to be incompressible, i.e., div v = 0. Consequently, = 0, * 0, 

(r = 1,2, ...,p) and M reduces to for arbitrary orientation of the mag¬ 
netic field. If the uniform magnetic field is chosen to be parallel with 
the xj-axis then we can identify |M| with the expression in Eq. (11.25) 
of Chapter II. 

In each we observe the factors (k^V^ - + co^), [£/J(/e^Vj “ cd^) 

+ , {k^V^ - (o^) , and it suggests that we seek the meaning of these 

factors^ To do so, we choose k along the direction, hence =: = 0; 

further, let us consider only two constituents, electrons and positive ions. 
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We will also, in this case, choose the orientation of the uniform magnetic 
field to be in the plane, then Bq = (B^, Bgj., 0), with a longitudinal 

and transverse component. The dispersion equation is a 6 ^ 6 determinant, 
which, cancelling the factor columns 1 and 4, and in 

columns 2, 3, 5 and 6, is given by: 


0 = 


M 




^0)2.1 M, 


(40.30a) 


where I is the usual identity matrix, and 


/co2 - - fe2t/2 




M, = 


and 




0 

0)2 - 0)2 - fe2y2 
e 0 



in, - k^vi) 

0)2 - 0)2 - fe2y2 



(40 

- a;2 - k^U^. 

1 1 

0 

" i, 

0 

0)2 - a>^ - k^Vl 

in ._^(o)2 - fe2j)2) 


- 

0)2 - 0)2. - k^Vl. 


where subscript e stands for electron, subscript i for ion, and 


/ 


(40.30c) 


eB 


O.L 


n«, i 


Qi.L 


m a) 


eB 


0 , L 


.Cl) 


eB 


0 , r 


Clt.T 


Qi.T 


m Ct) 


eB 


0 , T 


m .CO 


(40.31) 
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The det ermia an t (40.30) consists of four distinct groups; the upper 
left hand group involves only the electrons, the lover right hand group 
involves only the ions, and the remaining groups provide the coupling 
between the electron and ion motions. The and matrices are the 
physically significant ones and contain two vave pairs which correspond 
to a longitudinal vave resulting from 


<1)2 - 

e 




and two wave pairs, 


CO 


2 - 0)2 - 

I I 


- (i)2 - k^Vl ) 

« 0 

< 0)2 - 0)2 - k^Vl 

i 0 ; 


(40,32) 


(40.33) 


corresponding to a transverse type of oscillation. It is not surprising 
to associate the pair (40.32) with a longitudinal type of oscillation 
§ince it contains the factors 1/2 and U^.. These thermal speeds are 
associated with the speeds of propagation of sound and we already know 
that sound oscillations are of a longitudinal nature. The other pair, 

( 40.33), contains , the phase velocity of an electromagnetic wave 
which is clearly of a transverse nature. The coupling of the two types 
of oscillations, longitudinal and transverse, is effected by the off- 
diagonal terms, some of which are zero due to the special choice of 
orientation of the uniform magnetic field. The non-vanishing off- 
diagonal terms contain the magnetic field and the factor 0)2 - k^V^, 

The principal consequence of the uniform magnetic field is to couple 
the characteristic phase velocities and frequencies of both types of 
waves, i.e., the longitudinal and transverse waves. Themagnetic field 
also causes the multiple refraction of the waves, that is, the splitting 
of the two transverse waves. We note in the matrix, (40.30), that the 
coupling elements take the form of light waves, which are represented by 


Cd2 - k^vl = 0 


(40.34) 
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and clearly hoth (40.39) and (40.40) converge to (40.41) as oo^ - 0. The 
Zeeman effect is already inherent in both Eqs. (40.39) and (40.40 ): there 
is a spectral shift on both sides o£ ai to a) + cl>j^ and w - . This effect 
has been discussed already in Chapter 2. 

^ Conditions for Propagation— Wave propagation is possible only when 
> 0. For the “ordinary ray,” this occurs when. 


CO > 


and for the “ extraordinary wa.ve** when, 


(40 .42 ) 


CO > 


Tl-Kl'-if-, 


(40.43) 


In both cases we exclude the negative square root. The effect of the mag¬ 
netic field is to cause a shift of the lowest frequency able to propagate 
t rough the plasma as compared with the unshifted case defined by (40.41). 

extraordinary wave there exists another range of frequencies for 
which wave propagation is permissible. This results from the fact that 

for a. = the refractive index becomes positive again, consequently for 
all frequencies such that 


CO < CO, 


(40.44) 


propagation 

propagation 


IS possible, which is already a well known fact in radio-wave 
It IS obvious that as increases the band defined by 



(40.45) 


gets narrower and terminates for 
but there is no way of obtaining 
If the magnetic field vanishes, 
out and all frequencies co^ > co^ 


a “forbidden line” at cOj^ , 
a continuous frequency range of propagation, 
the forbidden region of Eg. (40-45) cancels 
will propagate. Eqs. (40.39) and (40.40) 



also sho«^ that in both cases the phase "velocity is greater than Vjj. How¬ 
ever , the phase velocities in the range of frequencies defined by cu « 
is always less than 1/^ since Jf > 1. At the boundaries of the transmission 
region defined by <i; = 0 and o) = the phase velocity goes to zero, and 
at w a <1)^/2 the phase velocity is a naximuin ■whose valtie is 


—\ - 

k^j 4ft)^ 


(40:46) 


Let us now examine the relations between the field components E, h 
and yr. From the curl relation (40. 9 ) we find 




( 40.47a) 


k 


(40.47b) 


which are the only two relations between h and E. On the other hand, the 
fisld is related to the v field through (40 .41) and this yields 



e 

O) 


( 40,48a) 


e 

- E 


m 


2 


0? O) 

e 

i ———— 
- k^V] 


( 40.48b) 



Ci^ CO 
e 

i — ' ■ -- 

- kW\ 


(40.48c) 


These field relations n-ust he compatible with the dispersion relations. 
Ve see from (40.48) that there exists only one relat ion f or the longitu¬ 
dinal components and £j , regardless of the existence of a magnetic field. 
But for the transve rse components and and Bj andVj this is not the 

case. The r elations embod ied in (40.48) contain the wave number k and 
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therefore also the refractive index. By utilizing Eqs. ( 40. 39) and (40.40) 
ve obtain the explicit relations between and v^, and and Uj. The 
two modes of oscillation which result correspond to the ordinary and extra¬ 
ordinary waves, which according to our preceding analysis do not exist at 

all frequencies. 

Pure Transverse Magnetic Field, « 0 —From Eq. (40-35 ) one of the 
transverse modes separates out and gives the ordinary wave defined by 

0)2 “ - fe 2y2 - Q ^ ^40 49 j 


By solving this equation for the phase velocity in the form 



vw 


0)2 “ 0)2 
e 


(40 .50 ) 


we see that there is no pressure dependence for the transverse waves (i.e,, 
does not appear) as there was in the case of a purely longitudinal 
magnetic field. The relation between, h, E and v is, 


h 


3 





0 ) 


!)v, 


{40 .51 ) 


-E^ = -icau . (40.52 ) 

n, 

The remaining factor in the dispersion relation (40-35 ) is, 

(coi - coi - fe 2 (/ 2 )(aj 2 - 0)2 - fc 2 V 2 ) - ^ 2(^2 - A 2 V/ 2 ) = g . (40.53 ) 

For the pure transverse magnetic field the frequencies and phase velocities 
of the longitudinal pair (Vj, E and one of the transverse waves (*^ 3 ) 

■^31 are coupled together. This suggests the possibility of an energy 

transfer between the longitudinal and transverse oscillations. 

If in Eq. (40-53 ) we define 
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y 


(40 .54 ) 



thea we can write 



Tlie Tclat ion (40 .53) holds for the longitudinal mode ( , S j) as wel 1 as 

for “the transverse mode (i;^, K h^). Coa sequent ly thtesetwo solutions 
are -the same for both kinds of osci 11 atioas. 

Now if [/2 << then the second factor in B is small compared with 
the first factor and we can write in this case; 


B « ^ Jl + ^2 - ^2) 


(40. 56 ) 


and, since we are interested in a >2 « then 


i- S2 » 
4 




(40-57 ) 


is always Tali d. Using the above relations we can expand the square root 
terra of y and obtain, 


1 

1 


(ci)\ ( 

2 2 I 


Bt - B± B-i 




2 

2 


IccJ® 1 

n>2 


(40.58 ) 


Fox the oscillation corresponding t o the negative alternative we obtam 


r 


“ — (^CO^ i CO^ - ( 1 ) 2 ) 

o « r •' 


(40- 59 ) 


LSI 



which yields for the phase velocity, 




Cd 


2 


Cd 


2 - 


Cdi 


(40 .60 ) 


This value of the phase velocity corresponds closely to the phase velocity 
for longitudinal oscillations with zero magnetic field. But, here, this 
velocity applies to both waves. The waves propagate for co such that 

a;2 > aj2 -I- ct)2 5 ^2 (4,() ) 


For cOj, 0, the coupling between longitudinal and transverse vector 
components vanishes. 

If we now consider the positive alternative in (40*58) we find, for 
the phase velocity. 



1/2 


6)2 

H- 0)^ 

- 6)2)" 

6)20)2 - 

(a)2 - 
' e 

0)2) ^ 


(40.62) 


By an analysis similar to that for the pure longitudinal case we obtain 
the transmission behavior of the plasma. Propagation is possible when 
the expression in brackets, [ ], is positive, i.e., 

0)2 < < 0)2 < 0)2 ( 40 . 63 ) 

and for 

0)2 > 0)2 ( 40 . 64 ) 


where ^ 2 determined from, 


^ 1.2 " 




( 40 . 65 ) 


As cdj, -* 0, the critical frequency becomes 0)2, as it should. In the region 
of CO determined by (40.63) all phase velocities between cx) (o) = <o> 2 ) and 
zero (o) = o)^) exist with 

co/k - for oj = o)^ . (40.66) 

152 



In the region defined by (4 0.64) the phase velocity' varies from ^ (c<j = 
to Kq (6) -* cn) , Note that 


/\CeJ = 



(40.67) 


is the width of the frequency interval which is not allowed, 


an d that 


lira AtJ 6)2 (40.68) 

6 )^-® * 

The relations between the vector components ain /"ield Eq; . (40.48) 
for the longitudinal terns (u^, -^j); th e amp li tud e relations areidentical 
for both solutions, (4O‘50) and (40.62). However, these solutions give 
different r elati on s between Vg, and E^\ and h 3 are niia f feet ed 

by the magnetic field. If we consider only terms apto order in 

(40- 55), we can find the relations between and £* 3 dfor tbe two sol ut ions. 

In both cases we begin with Eq. (40.48) ; 


(w2 - k^l) 


(4 0'69) 


and from E(i. (40.54), = yV^/V^, and substituting in the above, and 

solving for v^: 


V 


3 



(40.70) 


If we now replace O' by its solutions in the two cases, ve find that for 
y = -B: 


V 






6 ) 2 ) 


3 




(40. 71) 



and in the second case; 


(a^ - 0)^) 

(ieE^/mco) - 

io)l - 0)^) 


(40.72) 


V 


3 


From the foregoing we can conclude that thiere exfsts troinsverse waves 
in the plasma which propagate with a phase velocity almost equal to the 
speed of sounds and with non-negligible amplitudes. ^/e note that as 

0, both solutions of (40. 70) tend toward the ordinary case of trans¬ 
verse waves. 
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41. ELECTROMAGNETIC WAVES IN THE PLASMA. 

In the previous section we formulated the basis of an extended 
magneto-ionic theory which takes into consideration the effects of pressure 
gradients on the propagation characteristics of the plasma. le specialized 
the theory to a single species, namely the electrons, in order to obtain 
the salient features of these effects. This was done by “freezing” the 
non motions, the resulting dispersion relation contained the effects of 
the temperature of the electrons through the term , the Newtonian sound 
velocity. The appearance of this tern is in sharp contrast with the 
dispersion relation obtained for the electron plasma in Chapter 2. The 
existence of waves other than the usua 1 “ radi o waves ” occurs as we have 
already demonstrated. 

In this section we will show how A1 fvfen’ s “ magneto hydrodynamic waves” 
arise by using only the simple magneto ionic theory but considering the 
ionic motions, i. e. we do not " freeze” the ions. Alfven’s theory is 
contained in the dispersion equation, as long as the damping process is 
neglected, and could he developed hy setting » U? = 0 in accordance 
with the concept of complete incompressibility. By neglecting the displace- 
nnent current as compared with the conduction current, the usual magneto 
hydrodynamical equations result. We shall no t f ol lo w Alf ven ’ s development, 
but rather proceed from the general equations for the constituents of the 
plasma as have already been set down in Section 40. We shall again neglect 
the damping processes since here too, we wish to obtain only the salient 
£*eatures . 

If we take the applied uniform magnetic field in the direction of the 
positive JCg-axis, thea Eq. (40. 18) rith = 0 serves as our starting point, 
This equation is repeated here for convenience, but now the 6 field is the 
total field; i.e., the uniform field plus the alternating field, the form 
of the resulting equal inn remains the sane. 

<I + = - ia^coe^E (41.1) 

Here, = (e with# the tensor utilizing the total field in its 

definition. We invert the matrix I + i£l^, which is non-singular, and 
write; 


J, = — + iQ^)'^€uE 

L5S 


(41.2) 



As in the case of the electron plasma, we set 


S, = a,(I + , (41.3) 

we recall in the case of the electron plasma we inverted the matrix 
(fSl + id), with the /S term arising from collisions, [see Eq. (13.13)]. 

For no collisions /3 = 1, and we can therefore carry over the results of 
the inversion of this matrix directly. But first we require an expression 
for the total convection current J and for the effective displacement 
vector D . 


J = = io;(^JeoE = iaSe„E 


(41. 4) 


where, 


2S = S , 


(41.5) 


with the sum taken over oil types of charged particles. Since, 


we obtain. 


D, = {l/io))J + CpE 


D, = {2S^+I)€„E = (S + De^E 


(41.6) 


(41. 7) 


From Chapter 2, Eq. (13.17b), it follows that 


(1 - n?) 


and 


1 - n 2 

a n 


-iS 


" 1 - nj 
0 


1 0 

in, 1 0 

0 0 1-fi? 


iS - 

»■ 1 - n 2 


a 


-1 


'■ 1 - n? 
0 


-Sa 


(41.8) 


(41.9) 
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The refere 


D. = e, (S + I)E = , 

where the ef£ec tive di el ect ri c tenso r e , is given by, 





a fl. 


il 


^ 1 -a? 


a. 


1 - 2 . 


"1-112 

0 


1 - la. 


(41.10) 


(41.11) 


It will prove convenient to define the following new quantities, 
which are suggested by the development in Chapter II. 


11 = 1-2 


12 


- E 


ap.. 


"■ 1 - II? " 1 - 1)2 


= 1 - E 


a^(l i- fi,) 


" 1 -f22 


1-2' 


r 1 - (1 


(41.12a) 


"2 = ^11 - if.12 


33 " 1 


1 - I 


1 + Q 


(41.12b) 

(41.12c) 


It s honld also be noted that 


11 22 

12 “ ^*2 1 


(41. 13) 
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we shall also set where co^^is the gyrofrequency of the rth 

species. In terms of the plasma frequency and co^ ^ expanding summation 
terms in partial fraction the new quantities become, 


COZ 


= 1-2 


1 + 2 


r Cl>(0) CO^ ^ 




1 

+ - 

Ct) 


(41.14a) 




e, = 1-2 


r C0(0) ^ ) 


CO 

1 + 2 - 
r CO 


2 r— 




(41. 14b) 



Since, 


2 

r CO 


0): 


= 2 


r 


^ ^ 0^0 


(41.14c) 


(41.15) 


the last sums in the expressions for 6 ^, 6^ vanish for a neutral medium.. 
From the expression 

(k • k)E - (k • E)k = 1^0^yo, (41.16) 


together with 


k 



and (41.10), we get 


n • n = 1 


I 



(41.17) 


(41.18) 


without any real loss of generality we can assume that n lies in the 
plane, so that n = (0, n^, ^ 3 )- The angle between Bq and n is denoted by 
Equation (41.18) written in tensor notation becomes 
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" iri.E.)n^ = 0, (i = 1, 2, 3) , (41.18) 

where 



or, 

^oij ~ = 0 , (i = 1, 2, 3), (41.19) 

which for non-trivial solutions must have its determinant vanish. By the 
choice of orientation of n, we have = sin (9, = cos 9, and since 

^«13 ^c23 ^ ^c 3 i ^<32 write the determinant as follows, 




A = 


1 - —6 


e 1 1 




'« 12 




^1 1 - sin^ 9 - —6 


■e 2 1 




e 2 2 


“ sin 9 cos 6 


- sin 9 cos 9 1 - cos^ 6 - 


’e33 


Since 

« 1 2 


« 12 ’ ^ 


« 22 ’ 


(41.20) 


1 - - € 


Cll 




cl 2 




'c 12 


COS^ 6 “ - € 

m2 


ell 


“ sin 5 cos 9 


sin 0 cos 6 sin^ 9 "■ — 


■e 33 


, (41.21) 
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V/e now multiply the first row of A by i and add it to the second row, 
and utilize the definitions ( 41 . 12 ) to obtaiu, 




'ell 




•e I 2 


i i - cos^ 6 -- sin 0 cos & 

m2 ^2 


■' sin d cos 0 


sin^ ff - 


1 - 


ell 


A/2 / L\ 


cos“ 0 -] (sin2 & 

mV \ m2 


WV 


sia^ 6 cos^ 6 


- i 1 


_ M /W 

\ M* 


12^3 ^el2 sin* 6 


(41 .22) 


The complete expansion gives, [replacing (e* 11^3/''^*) cos* d by 
(e.liej/tf^Xl - sin* 0)], 


A 


^3 , ^1 ^ 1^3 

cos* 8 -sin* d + - + 

|j^4 


il/* 


•e 1 


3 




11^3 S ^ S1 
■ + ■— 

M* 


(e 


e\ 1 


ie,ij) sin* 9 


^1^3 


(e 


e 11 




•'el 2 ' 

W* 


Sin* 


(41.23) 


We can eliminate all of the terms by cancellation after putting 

(Cj sin* 0/W*) = - [(€^jj ■*■‘^,12)/^^] and if we replace 

i»y [(^1 +€2)72], A can be expressed in terms of e^, e^, e^, sin* 6 , cos* 6 . 
It is desirable to express A in the form 
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fi^l, ^2 >^ 3 ’^ ^ g(^ 1 , ^2' 


( 41 . 24 ) 


where f and g are two distinct algebraic fiznctions of the parameters shown. 
By using the identity sin^ 6 + cos^ ^ = 1 we acconplisb this representation, 
hen ce 


^ ^ 2 ^1^ 2^3 ^ 3 


-COS^ 6 


^ ^ \ +- 

J4 


'2 5^(ei+€2). 4e2< 


JJ/* kf^ 

which takes the final form. 


Jf2 




s la 


2 ^ 



j/-i 


Jlf2 

IW^ €j 

\lf2 ^ 3 / 


cos ^ 0 


^3 / ^ r 1 ^ 2/1 


(41:25) 


Since €^€2^2 5/ 0, tbe vanishing o£ ^ implies the following form of the 
dispersion equation^ 


t an^ 0 



(41.26) 


Loi^itudinal PropAgatLoii ^As in tine case of an electron plasma ve 
shall first- consider the nature of the propagation aloagB^j. Propagation 
along the magnetic field implies 9 = 0, so t he numerator 0 f Eq. (41.26) 
must vanish. This yie Ids the two solutions , 



(41.27) 


161 



the field corresponding to the first solution is most easily obtained 
using the expression for the determinant given by (41.22) . That is for 
e ^ 0, we find, 


or, 




(^1 " ^ el 2^2 ° ® 


*^el2 ~ 12^5 


hence, 

cc (1, i, 0) , (41 .28) 

and in a similar way, the field corresponding to the second solution is 

o: (1, -i, 0) . (41.29) 

The wave associated with the first solution is therefore a left handed 
circularly polarized purely transverse wave; for the second solution it 
is a right circularly polarized purely trans\rerse wave. One should note 
the close similarity to the case of the electron plasma treated in 
Chapter 2. 

Transyerse Propagation— For this situation, we find two wawes of the 
same frequency are possible, whose phase velocities are obtained from the 
roots of the denominator of (41.26). Since B = 77/2 in this case, 


(41.30) 
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'The wave associated with i s a plane-po lariz ed purely transvers e wave 
independent of the magnetic field. This can be deduced b>r utilizing the 
determinant (41.22) and the definition of £ 3 . The electric vector is 
along the magnetic field- This wave is analogous to the one for an 
electron plasma, if we were to define the plasma frequency' in this case by 


— 


= So? 


(41. 31) 


then the same form for the phase velocLty results, (see Chapter 2 , 

Eq. (14.12a). Clearly, if oi > propagatioa is possible but for 
< 01^ , no propagation is possible. From the de f in it ion o f €3 and 
( 41. 31 ), the phase velocity F satisfies the inequality Vj > , i.e., 

it is greater than the speed of light in a reference mediiiin. The wave 
associated with has one component of the el ect ri c -vec to r along the 
magnetic field and the other component in perpendicular to it but is 
linearly polarized, [see Chapter 2, Eq. (14.12b)] 

Ifa(ord) is arbitrary, Eq. (41.26) is a quadratic in(F/l/|,)2 aad 
has two real roots. Special cases can alvaya be ejcamined to ascertaia 
the propagation properties associated with them. Eq. (41.26) Lends itself 
well to such an eKamination. For example, all possibilities can be 
examined graphically by con sidering Eq. (41. 20 in a three dimensional 
space defined by t he variables, , 0 stTii 01 . In snch a space there 

exists two uniquely defiaed surfaces which are continuous everywhere 
excerpt at points on the lines 6 = 0 , and^ = 7 r/ 2 . V(e shall not pursue 
tbe detials further here. 
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42. MAGNETOHYDRODYNAMIC WAVES—LOW FREQUENCY PHENOMENA 


In this section we shall examine some of the consequences of the 
formulas derived in the previous section for frequencies 6; which are much 
smaller than the gyrofrequencies of the ionic constituents. For a neutral 
medium we may expand the expressions for 6^ and in Eq. (41.14) in a 
power series in o). By retaining only terms up to the first order in co we 
obtainy (convergent for ^ 


1 + ) - + a / - + 

X—I 1^3 






1 + 


y ^Or'^r ^ y ^Or'"r ^ 

^^ - 03 






^3 = ^ 


-I4 


r 


€ +• € 


1 + 


V ^Or'^r 




Let us define 


(42.1 a) 


(42. Lb) 


(42.Ic) 


(42 .Id) 


L - P, (42.2) 

r 

the mass density of the ionic constituents, and also use (41.31). Even 
with the approximations for in (42.1) the dispersion equation 

(41.26) (which is valid for all co), has as before two solutions which are 
still called the ordinary and extraordinary waves. 
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To th.e order of appro ximation used, the first solution is given by 


or, 


— = 1 


= 1 + 






1 + 


P^l 

BH 


(42.3a) 


-i = -i 4^ 

Vl V] £H 


(42. 3b) 


which implies tha.t if \[ 2 » 1/2 tb. en we nay neglect unity with 

respect to pV’J/.B/f in C 42,. 3 ) and we therefore obtain for the speed of 
propagation 


y 


1 



(42.4) 


a result first obtained by Alfre-n from different consider ati oa s. The 
direction of this mode o f propagation is al ong the magaetic field Lines 
since the right side of (42,3) is approximately equal to €j. Physically, 
we can interpret as the relativistic rest eaergy density of the 
medium and 1/2 Bff as the magnetic field energy density. The second form 
of (42.3) can then be interpreted by saying that the term 1/V^ has its 
origin in the displacement current vhile the terra p/BE has its origin in 
the conduction (or coavectioa) current. The expressioa (42.4) then re¬ 
results from tie neglect of the displacement current with respect to the 
conduction current. This approximation is the one used by Alfven in his 
derivation- Because the phase yelocity is independent of the wave normal, 
we call the wave associated with the ** ordinary wave. *’ From (41. 22) we 
find the electric field streagth corresponding to to be 

E( j ) = (£0 , 0) . (42. 5) 

This result can also be obtained from the following reasoning: at low 
frequencies, the rate of rotation of a linearly polarised wave is small, 
and we may therefore study tb e propa gation of such a linearly polarized 
wave. The and componeuts tend to zero as —* 0, and only the 
component is nonvanishing. 
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The vector ,is perpendicular to both and n. For the value 
of obtained in (42.3), Eq. (41.18) is satisfied, therefore the effec¬ 
tive displacement vector is given by. 


D 



[E - n • E n] 


(42.6) 


Using (42.3) and (42.5), Eq. (42.6) yields 


(D.), 



(42.7) 


Note that in this case we have an effective scalar dielectric constant, 
(1 + The current density vector, J, is calculated from (42.6) 
and gives 


(J)l 



(42.8) 


Which shows that the current is parallel to (E)j^, but out of phase by 90® 
and the effective conductivity is ico/o/B^ . 

The electric field energy according to (42.5) and (42.7) is, 


1 

2 


D 


2 ° 2 ^ 


(42.9) 


the field i.e., the AG-field according to Maxwell's equations is 

= (nxE)/Kj. (42.10) 

and the velocity field is (for any particle), v = [O, - {E^/B), O] . It 
should be noted that the plasma as a whole, regardless of particle mass 
or charge has this velocity perpendicular to the EB-plane. 

Since n is perpendicular to E we find, 

— E • D* = -e„E^+-pv^ = -(B -H ) (42.11) 

2 2 ® 2 2 AC AC 
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The energy is therefore slxared eq[ually between the electric field energy 
and magnetic energy. The electric field energy is also the sixm of tli e 
field energy 1/2 and the kinetic energy 1/2 - If tjhe propagation 

proceeds in the direction of the magnetic field lines then the right hand 
side of (42. 11) is the total AC component of the energy, while for any 
other direction of propagation it gives only the ave rage value o f that 
energy taken over a magnetic tube of force. 

For the wave discussed in the foregoing it is clear that the medium 
behaves as though it were isotropic with a di el ect ri c con. st ant e More¬ 
over, one can easily show that for this wave the div ergen ce of the velocity 
field is different from zero except along the magnetic field, For afinite 
compressible medium this causes a pressure wa.ve and a t ra.nsi ti on betveen a 
magne to-hydrodynami c and longitudinal sound vave i s obtained. In an in¬ 
compressible medium the pressure at all points is such that the divergence 
of the veLocity field vanishes. This causes the apparent isotropy of the 
medium for the ordinary wave to vanish. 

General Low->Frequency Solmtioiis—If we neglect terras of order 
and smaller in the low-frequency appro ximatio n we can der ire sol uti on s 
for the phas e-veL oc ity fran the dispersion relation (41.26). Let us first 
multiply this equiation by in the numerator and denominator of the 

right side: 


tan^ 6 = - 

(€3 - ) e j - 

Within our low-frequency approximation it is true that: 

-+• ^2 = 2(1 + 

and 

€^^2 = Cl -^/ O/E 0^2)2 

Thus we can express the numerator of Eq. (42. 12) as 

€jCl +/ole^B^ - W2] ^ 


+ ej 
2 I 


(42.L2) 


(42. L 3) 


(42.L4) 
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and the denominator as 


(£3 - W2)(l + p/e^B^Xi + />/e„B2 - M^) 
thus Eq. (42.12) becomes; 

(M2 - e 3 )(l + pfe^B^) tan2 6 = £3 (1 + p/e^B^ - yw2) (42.15) 

and we can solve for therefore, for the phase-velocity, V'. 


€A1/V\ + pjBH) sec2 8 

1/V2 = - (42.16) 

£3 + (1+)p/eQB2) tan^ B 

since, 


e 


3 



we multiply both numerator and denominator of (42.16) by o)^ and in the 
resulting expression we drop all terms involving and higher. This 
yields, 


1 






1 

CO 6 


as the second solution, which defines the extraordinary wave. Consequently 
if we measure the phase velocity along the magnetic field lines where 6=0 
we obtain the uniform value [(l/V^) -i- (p/BH) ^ which implies that the energy 
is propagated only along the magnetic field lines. 

For those values of B for which we may neglect 1/F^ compared wi th 
we find 


V 


2 



cos 6 


(42. 17) 
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The electric field £or this vave is coplanar with the wave normal and the 
tnagnetic field, and v/e obtain 

(£>2 = (0, ^2, 0> (42. 18) 

in the case of tb.e ordiaar y wav-e, thiis wave originates as a circularly 
polarized wav-e (opposite im polarization to tb. e ordinary wave) and degen¬ 
erates into a linearly polarized wave. The effective displacement -vector 

j- s, 


1 +—1, " tan (42. 19) 

^ 0 ^ 0 / 

I n thi s case (D ^ i s p erpeadi cul ar to a but not parallel to (E) 2 . Further, 
^ coniponen.t along Rq while (E )2 does not. The reason for this 
lies in the expression for which has a pole of order two in oj at co = 0, 
while (E )2 has a coinponent along Bq of order CeJ^, which we neglect in our 
low frequency approjcim ati oa. The current density for this case is, 




(42. 20) 


Therefore, B, n, E, and J are all coplanar. The induced magnetic field 

and the velocity field are perpendicular to tbis plane. IVe find. 


and 


B 


CnxJE) 


AC 


(42.21) 



(42. 22) 


A. calculation of the electric field energy yields as before. 





pv- 


2 


“A.C' I 


(42. 23) 
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In this case the induced magnetic field is always perpendicular to and 
according to (42.19) we always have equipartition between the AC magnetic 
field energy and the electric field energy. For this wave, div v = 0 and 
we therefore identify this wave with that in a liquid of infinite conduc¬ 
tivity. In a finite compressible medium this same property is preserved, 
Summarizing, when the motion of the ions are included in the ordinary 
magneto-ionic theory and frequencies below the ion gyro frequencies are 
considered, new types of waves are apparently introduced- These magneto-' 
hydrodynamic waves arise in a plasma (ionized gas) with infinite compress¬ 
ibility. The connection between these waves and the usual ionospheric 
waves is demonstrated. These waves are no different in principle from the 
high frequency radio waves. For both vanishing and infinite compressibility 
these magneto hydrodynamic waves are possible below the ion gyro frequencies. 
If the compressibility is finite the conditions are more complicated, for 
then, transition waves between electromagnetic (magneto-hydrodynamic) waves 
and sound waves occur as we have shown previously. 

It is worth stating in passing that Alfven discovered these magneto 
hydrodynamic waves by considering an incompressible in finitely-conducting 
liquid in the presence of a uniform magnetic field B^. He used Maxwell’s 
equations 


Combined with, 


and 


Curl E 




Curl H 


J 



J = or (E + TxB) 



JxB - grad p 


(42,24) 


( 42.25) 


(42.26) 


(42.27) 


Because of the incompressibility assumption, the equation of continuity 
takes the form, 


div V =0 
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Alfveri then showed from thesfe ec^uations that waves celii Joe propagated along 
the magnetic lines of foxce and that the phase veloci ty, for infinite con¬ 
ductivity is given by 


F 



where p is the mass density of the conducting liquid. In deriving this re¬ 
sult, th e displ acement cianren t is assumed to be negli gible compared vfi th 
the conduction current. The conduction current is capacitive whi ch stores 
energy as kinetic energy and which plays the same rol e as the electric 
field energy in the vacuum wave. 
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43. FIELDS AND CURRENTS IN WEAKLY IONIZED MEDIA 


In this section we shall examine the consequences of the theory set forth 
in section (40), but with some additional restrictions. We still assume 
that mean velocities and forces are operative as in the simple magneto¬ 
ionic theory. The forces are assumed to have their origin in the macro¬ 
scopic electromagnetic effects on the charges and from the collisions 
between the free charges and the neutral particles which constitute the 
background material- We shall neglect electron-ion and ion-ion interactions, 
and assume a weakly ionized non-viscous medium. 

The friction-like forces due to the collisions between the charged 
particles and the neutral background is of the action and reaction type, 
that is, equal in magnitude but opposite in direction. The effect of 
pressure gradients is neglected but unlike the treatments in the previous 
sections damping is taken into account. The equation of motion for the 
r-th species is now given by, 

Bv 

-T- + (v_ • V)v = — (E + v^xBp) + v^(u - T,) , (43.1) 

ot 

where the second term on the right side indicates that the collision force 
on the r-th species is proportional to the relative velocity of the un¬ 
charged background material, and is the assumed constant collision 
frequency of the r-th species with the neutral background. Following the 
perturbation procedure given previously and the assumption of true harmonic 
variations for the field quantities we are led to the linearized equation, 

e e 

iojv = —+ — v^xBo + V {n - If) (43.2) 
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Here, is directed along the r 3 -axes, and we give the alternative matrix 
form of Eq. (43.2), namely. 


(/3^I + £a^)y^ 



CO n CO 

r 


V U 


(43.3) 
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with f3^ = (l •" i . We note that if u =0, an immobile background, 

then (4S.3) together with Maxvie 11's equations would lead to the Appleton- 
Hartree magneto-ionic re lations • The presence of the term u then provides 
the magneto-hydrodynamic aspects of the formulae. 

The force which the charges exert on the neutral background, that is, 
the frictional reaction is given by 


F = 1 ^ • (43.4) 

Thus, it will also be necessary to introduce the equation of motion of the 
background fluid. 


Di$pei?si.oii. Relation'—It is not too difficult a task to derive a dis¬ 
persion equation for the case treated above. Indeed, we have from (43.3) 
a-fter multiplication o f both sides by, the result 




a “ ia^ooe^l^ 




u 


CO 


(43.5) 


Mow, if p is the density of the background matter, the linearized equation 
of motion is, neglecting its own viscosity, 


9u 

= F , (43.6) 


which for harmonic time variations of u gives. 


’ic^pn = F - 


(43.7) 


This equation together wxtli. (43-4) permits us to find an expression 
for u as , 

2/Vn m 1 /w r 


Or^r^^r 


UL = 


i(op 4- E icop 4 f 


(43.8) 


where, 


f = • 


(43-9) 
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We recall from section (40), that Maxwell’s equations take the form, 


- —WqE = “ + i(J • k)k 


(40.20) 


so that by combining this equation together with Eqs. (43.5) and (43.8) 


we get, 




a *^0r«r^r * \ ®j 

-^- J-- (J . k)k-^-- 

- kX) - kX) "" + / 


a c? a.K? 


- J-(J • k)k +- 




X • f 

-P + I - 

CO , 


(43 .10) 


^Or«r^r = «. 


-/3 + I * 


(43.11) 


hence, (43.10) becomes, 


(c;2 - kX) J. - K * 

s 

+ a^{cJ - kH\)-L 


' k)k + (co* 


+ . k)k 


+ a^(co2 - k^Vl) I 


(43.12) 



or in component form, ns ing suinmation convention on; , we have for 
< i = 1,2,3 ), and for- r = 1,2, . .., ; ^ = 1 ,2, . .. , p, s ^ r 






CJ- 


i2 - 


4’VS) c.,-7,] !, ,J, 




•H i<ij* (</ - 

- VlJ^ .k.k.) + a (£c;2 

0 JS , ; I j' jr N 


“ “r ^ 

17^ r »J ». J 


-'=’''51,17,.<*3.13) 


This is to be considered as a system of equations for tlie nnknoms 

^*^ 1 , 1 * ‘^ 1,21 "^1 ,3 » *^2, 1' '^2,2* • •• * 3 ) » this system is linear and 

homogeneous. The matrix of this system lias the follovfing structure. 


M 




^2 



where each snbmatrir and has components defined by, 


(43 .14) 


^r,ij = - {(o^ - k^rl)a^y^}S.^. 

-k^Vl)n^^. (43.15) 

The vanishing of the determinant of IMg’iVes the dispe rsion eejuation 
associated with the system. 

Current and Force Denaitie® —We shal 1 now calculate the current and 
force densities associated with the sys tem of charges defined above. The 
current deasity due to the r-th species is, from Eg. (43 ,S ), 
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N 6 V 

+ iQ^)-^]E + i ■ [-a, (^,1 + iaj-^u 

r 

(43.16) 

which shows how the motion of the background matter contributes to the 
current density. We recall from chapter 2 that 


Put 


-a 




i/sn^ 0 

^0 0 /32 -nj 


1 . = 




(43.17) 


(43.18) 


then 


J = = i 6 ;€„(ZS^)E + -T u 


(43.19) 


where, 


S = I S, , T = Z T, 


(43.20) 


It is useful to find expressions for the longitudinal and transverse 
components of J. 


Longitudinal Conponeiit J^-«-The Ion, 
simplest to obtain at first. Let IJq = 
direction of . Then, 


udinal component of J is the 
I be the unit vector in the 


£»€„»;sE + -k;T u 


(43.21) 


where bj « (0,0,1) is the transpose of b^. From (43.17) we find easily 
that 
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E = 


IC(J 


r A 


(43.22) 


in a similar manner 




_ i ^ ^Or®r^r 


OJ 


f^r 




(43.23) 


Thepef ore; 


/V. c2 

Or r 


^ I -^ E ^ H" 2 ■ U 

r IL [2^ + iO)} ^ r (]/ + 


^Or^r^r 


(43.24) 


and as o) -♦ 0, 


•K 

^ ‘ Or^r 

E- E + 2 N. e u, 

r m y ^ r Or r 3 


sTnce In th.e unperturbed state E = 0, the net space charge vanishes, hence 
f ^0 r^r ~ ^ conscquenitly 




\ = 2 


^ m V 
r r 


“ ’^L^L 


(43.25) 


wlier e, 


/V 

Or^r 


m V 
r r 


(43.26) 


Transverse Cemponent 


Jp J ~»7 j IJq 


lCi£ 



+ i(UE^2 "7 I ) + — I 

^^3 



sum on j. 


(43.27) 



It is clear that the *3 component is zero and we are left with just 
the and components. Thus, 


iox^S^.E. 






- icoe^ 2 


Or/Sp Clr^r 

- E, - coe„ 1 - £„ 

0 .. o 2 


^ j3i - ^ ° ^ /3i - ni 


“r^r 

aj€. 2 - J?, ” icoe . 2 - 


- n; 


^ /32 - nl 


i WopCpVp^p 

- — 2 - u . “ — 2 


1 _ ^Or^r^r^r 


0 ) 


^ r r ' r r 


i 1 ^Or^r^r^r i ^ 0 r 

- T ,, U , = —2 -- 11.--2 


CO 


2; j 


* j^i - cl\ ^ ' /32 - nj 


(43.28) 


and if we denote by J and J the components of J ^ in the and x^ 
directions respectively, we can write, 


'n 


- icoeo I 


■■ y 82 - n 2 
r 


E - 2 - 

" ^ /32 - n* 

r'f. jf. 


®r^r 1 ■^Or®r^r^r 

U - ^ - ^9-^ - “2 

'■ 52 _ fjZ W r 52 _ Q2 
r ~r r 


(43.29) 
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“r^r 1 ^r®r^r^r 

e cu 2 - £ + — 2 - 

r ^2 _ f^2 a. r ^2 _ n2 

“r r ' r r 


U J - ie^jO) 2 


“A i ^r®r^A 


^ r r 


£, --I -, 

,22 a. r ^2 _ n2 


For convenience of notation, put 


V 

r r 


^3 = ^~r 

3 A 


v 2 + Cc )2 

r c r 


^2 = ^ ^- 

2 A 


e V CO 
Or r r c,r 

A, = 2 -i- 

< A 


( 43.30) 


ire 



then as cd 0, we can write 


/j-l 

o 

II 

+ 4l2«l 


^0'®2 

+ >l,u 



■ A“l 

4 


+ A^u 


C43 .31) 


or in matr ix form , 




J f 


T1 
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\\l^i\ 

1 + 


^3 ^1 




^■^4 A 



By decomposing thie matrices above as follows 

/ Aj Aj 


Aj A^ 


i-A . A, 



(43 .3 2) 


<45 .33) 


we can express J. in the form, 






By noting j)(. “) ■ -(j j) -d 


(43 . 34) 




E 

r m /S 


1 Oj 

using- »e obtain, 

n/Vn .e^aj. 


\-L 0 y J ^ “r^r \-l 0 j 


4- I 


h r® r Z' 0 1 


-1 oyi-i 0 
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and a further simplification obtains by using the fact that since 
= 0 then also | r® r*'r/®r® r forming 

N, e^m /m e = + 2 N.eul /A we finally obtain, 

Orrr'rr t* urrc, r r 


Jl 7 * ” ^ 


TD 


Ej. + Bq 


(-1 (-lo)": 


(43,35) 


This can also be written in the usual vector notation as 


where 


Jj. = (E + nxBo)y + (E + uxB<,)j. xb.o • (43-36) 


and 


TD 


TH 


Nor^r^r 

2 -T— 

r m^A^ 


= 2 


N„ e2 

Or r 


(Transverse direct conductivity)\ 


^Or^r^cr 

2 —;-L ^ (Transverse Hall conductivity), ^43 .3 7) 

r mA^ ' 


r mv^ 


, is the longitudinal conductivity 


For the calculation of the longitudinal and transverse components 
of the force F exerted by the charges on the background material we write, 


F = 2 (v^ - u) 


and substitute for T^.. From Eq. (43.3) to obtain 


F 


^Or’^r^r 


—{/3^i + in,)-i.E 

m 0) 


—'^(^,.1 + iQ,.) u 

OJ 



IDO 



or, 


i iv 

^ ^ E 1^-^ (/3^I + iilj-l + I „ 


F = — 2 T E - I R u 

OJ r r 


F = — TE " Ru 


(43,38) 


Longitudinal Conpoxieiit-^rhe computation o£ proceeds in the same 
way as for the we have, 


h =F-1>. 


CO 


b;iE - b'Ru 


(43.39) 


which yields, 


: e V / 4 \ 

/ = ■ “ 2 (l 4 — — j u 

^ <a r S P Or r r ^ (3J ^ 


^ r“r^ 

F r S “ Id) 2 


V ^ + ico 3 


+ 100 3 


(43.40) 


and as CO-* 0, -» 0, since 2 = 0. For future use we also calculate 

th e mat rix, 
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and as 


CO 


Q, this matrix becomes, 



(43.42) 


Transverse Component F^—For the transverse part of F we write 
be£o re, 


F. = 


1 


(43 .43 ) 


We have already calculated i/oi T ( ) so we must calculate 


^IJUJ 


1. Nf. m V 

f, 0 r r r 


1 + 




0.(^2 - n 2 ) 


li - + 2 yv. n V 

1 _ 0 r p r 


v.n. 




w (^2 - n 2 ) 


jR« .12 . 
^ J J 


1 N n 

^ 0 r r r 




Oj (/32 - 02 ) 


“l + I ^Or"*r^^ 


V B 

1 - 1 - 


^(^ 2 - nr)i 2 


•-U J 


(43.44) 
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Using our abbreviation, ^ q ^ we have, 


ri 


- - 2 - - 2 - £„ 

- 0.2 £2 - Q 2 

~ r r ' r r 


- 2 


1 + 


iv^;e, 


“1 - 2 /, 




[_ <u(^2-a2y r CO(/32 - 02) 


TS 


i ^Or^r^r^r 

E - - 2 - E 

^ 52 _ q 2 W r 02 _ q 2 

~ r r r r 


1 2 


+ I 


l^r^r 




“l " ^ /r 


1 + 


‘^r/3r 


^(/32 - n2) 


As « -* 0, these expressions become respectively, 


0)t 




T1 


A,£l + A,£, - 2 a, u, 


T^^CO 




T2 


A “2 


which can also be written as 


= " ^Ttfio (E + uxB„) ^ + CTJ^ (E H- uxl)(,) ^ xB^ 

We observe that starting from Eq. (43.2) it is possible to cast 
equation in an alternative form. IVe define 


F' =«£■•■ <uxB ~ tcoiiiu , 


(43.45 ) 


(43.46 ) 


(43.47) 

this 


(43.48) 


1B3 



which is the force acting on a charge which moves with velocity u, that la, 
the electromagnetic pins the inertial force. Now write Eq. (43.2) in 
the form, 


miy(r - u) = eE + evxB^ - imwv 


and put 


^ = V - u 


(43.49) 


hence, 


mviy = F' + ewxB^ - 


or, 


+ ico)yf = F' + ewx&Q . {43.50} 

Take the vector product of both sides of this equation with to obtain^ 

jtt(v + ico) = F'xBq + e(wxBQ) xB^ 

= F'xBj + e(Bg - r) - e/J*v (43 .51 ) 

vVe substitute from (43.50) the expression for wxB^j into (43.51) and find* 

[e2(v + ia))i + e2£2] y, = m(v + ico) F' + eF'xB^ + • w) Bj 

(43-52) 

The vector product of this equation with Bj and the sane substitution 
for wxBj from (43-50) finally yields, 


W = V - u = 


F' + 


+ i^) m2[(i. + i^)2 + ,,2] 


F'xB, 


»l3 (V + ico) [{V + ico)2 f 0)2] 


: (F'xBj) *Bj (43.53) 
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This expression can be substituted into Eq. (43.4) for F to obtain equations 
equivalent to (43.40) for and (43.47) for F,.. 


(44) APPROXIMATIONS—(HIGH COLLISION FREQUENCIES) 

Certain simplifications in the previous formulae result when we limit 
the collision frequencies of the species. Following Hines it is easy to 
verify that if 


the expressions 


J 


|co| « v^, 
for , J y, F 



£ and all 

(E + uxBq) 


for allr, (44.1) 

reduce to the simpler form 



(44.2) 


F 



(E + tixBg)xBo 



ico[X Nq 
r 


r®r)“ 


. (44.3) 


If, further, the following relations hold, 


CO 


CO 


« 




we obtain the still simpler formulae 




r 


F » JxB„ 


Now assume that 


OJ » CO 


then eqs. (44.2) and (44.3) above reduce to 


(44.4) 


(44.5) 

(44.6) 


(44.7) 
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/V^O,r«r\ 

F = - i«ol2_— -) “ ico(£ 


(44.9) 


Low Collisioa Frequencies— We now restrict the collision frequencies 
such that 


« \(j^ ± 0 )^ , for all r, 


(44.10) 


and since the frequencies can he of the same order of magnitude as cj, 
only the tranverse components of J and F simplify, 






r m 


^ ) 


r ' c , r 




E jxBq 


icu/Vo, rS^Vr ^D,r®r’^r 




r C02 -w* 




Uj-xBo , 


(44.11) 
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r cci^ -U? 
c , r 


I 


---— Et^O ■ ^O.r'^r^r^^T 

,2 _ ,.,2 \ r 


m,(a)‘ - coM 


If, 


(44.12) 


O) 


« Min.|w^ ^1 for all r , 


(44.13) 


a further simplification results, namely, 




(E + uxBq)^ + ico 


’^O.r™r\ 

Bo / 


jQf. , 


(44.14) 


\r y 


(E uxBg),. xB 


0 > 


(44.15) 



and if, 


|a^| << Min. £or all r 


(44.16) 


we obtain 


K m 

0 ,r r r 


(E +, hkB, ) 


0 J 


(44. 17) 


Pj J^o 


(44.18) 


On the other hand, if 


o)\ » Max. 1^^ ^1 for all 


(44. Ip) 


we can wrrite for the resxiltaat J and F, approcimately , 




^0 r^r^r 


(44. 20) 


Z -;-E- 


(44. 21) 


45. RELATED INVESr IG AT JOINS 

In this sectioa we shall sketch thie important am d conprehens ive in- 
ATestigat ions of Banos and co-'workers . This vork is a systematic theoret¬ 
ical i nve^tig'at ion of the solnble unbounded media and boundary Ta lue 
problems of magnet o-hydrody'namic , magneto-aeon st ic aa d magne to-el ds t ic 
phenomena, rhese phenomena are bound to each other by the common fact that 
they are cone erned virith the mutual interaction between the electromagnetic 
field and a moving conducting medium. The medium can be an elastic solid, 
liquid or an ionized gas. In all of these situations , the fundamental 
problem consists of the siraul taneo us solution of the field equations of 
e lec tr odynami cs and the equations of motion for the mediunm in the presence 
of forces of electromagnetic origin, i. e, , the so-called ponderomot ive 
f orces . 
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These studies are restricted to a purely macroscopic medium defined 
by the constant parameters such that jjue = Kq ^ (vacuum-like medium), 

and an ohmic conductivity cr. The vacuum like medium restriction however 
is easily removed. The entire medium is pervaded by a constant and uni¬ 
form magnetic field and only the linearized class of problems is considered. 
Such a systematic study provides a guide to the solution of the non linear 
problems which are presently under investigation by others but will not be discussed 
here. These non Linear problems arise in plasma dynamics and are important 
from both the theoretical and technological point of view. 

In the discussion to follow we adhere closely to the notation of Bafiios; 
detailed derivations are not given since they can be supplied by the reader 
or can be obtained by reference to the basic papers. 

The fundamental equations are Maxwell* s eqs. , 


curl c + 




(as.i) 


cur 


1 h 


J + 6 




div h = 0 


(45.2) 

(45.3) 


div e — 


(45.4) 


J = 77V + cr(e + rxB) , 

'dr] 


dt 


+ div J 


(45.5) 

(45.6) 


here, e and h are the electric and magnetic intensities of the induced 
field, J is the current density, v is the local macroscopic velocity of 
the medium, B = Bq + /idti. The charge density is denoted by 77 . The in¬ 
terpretation of eqs. (45.1)-(45. 6 ) is clear. 

For any type of medium, liquid, solid or gas, in the absence of 
gravitational forces we denote by 

F = f 
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the ponderonioti Ye force, vfhere 


f = '?7e + 


(45.8) 


and 


F 



div r 


(45. 9) 


vhere f is of electromagnetic origin and F is of mechanical origin, p is 
the mass density, T is the mechanical stress tensor. The relation between 
the Lorentz force density f and t is given by 


f = div r “ — jU.€(exH[) 
ot 


(45.10) 


where //.£(e3cH) represents the e lect romagne t ic itiomentum density, and 


<T,.) = e 


7'’5,j + (‘("A - ■ (*5.11) 


The rate of work done by f per unit volume of the conducting medium 
is given by 


(J - tty) ^ 


■ ’Tv) ^ ^ /1 , 1 „A 

-— (- + — jiH^) - div 

0- Bt \2 2 / 


(exH) 


(45.L2) 


In the case of an ideal conducting fluid with no viscosity or ex¬ 
pansive fription ve can ivri to 


f 



+ Vp 


(45.13) 


where/) is the hydrodynanic pressure. This equation is supplemented by 
an equation of contiiiuxty 


3/0 

— + div (pv) = 0 

3f 


(45.14) 
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It is possible to obtain a single vector equation which is an exact 
magnetohydrodynamic equation in thei fluid velocity. This equation takes 
the form 


9\/ 0 

an 

f if B 

* ‘ i7)r 

- /xe 

[”■- If 

— (vxBj ) - 
a- 

N 

- (TxB)xBg 

^ + cr[W • (vxB)]xB(, 

d ( 



It 

* ‘ 

- V • r fi£ ■— (ex.h)| 

Bt, J 


(45,15) 

which is highly non-linear. If the particle velocity is much smaller than 
the Alfv^n phase velocity, that is v « (/xp)”^, this serves as a 

criterion for the applicability of the small amplitude linear theory. 
Consequently when all second-order terms are neglected there results the 
linearized form of the hydromagnetic or magneto-elastic wave equation, 




° ^ ^ ~ * (’^xBo)]xBo . (45.16) 

Put Bq = with 63 a unit vector, and if all field variables have 

a plane wave structure exp[i(cot ■" K • r)], they satisfy the wave equation 

. 0 . (45.17) 

The propagation vector K can he written as 

K = Kn = ejiTi H- ejffg , (45.18) 

with the unit vector n given by 

sin ^ + Cj cos 0 , ^0 < 0 ^ ^ 


n = e. 


(45.19) 
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where 6 is the angle between n and Bq. If is an arbitrary velocity 
amplitude such that Vq « , the elementary solutions of eq. (45.17) are 

linear combinations of the fundamental wave functions, 

Vi = , Vj = nxVjL = (iixe 2 )vo'A . Vj = . (45.20) 

For real K it is obvious that 

div Vj = div y 2 = 0 , (45.21) 

while 

curl V 3 = 0 . ( 45 . 22 ) 

For an incompressible fluid, i.e,, div T = 0, and Vg only per¬ 

missible solutions and for a compressible fluid V 3 must also appear in the 
linear combination. In an analogous way, for an elastic solid, pure shear 
waves, div t = 0 , can occur and if there exist also shear-compression modes, 
V 3 , the irrotational part must appear in the linear combination. 

For ideal incompressible conducting fluids, (no viscosity) we have for 
harmonic oscillations, 

F « icopv + 3p . (45.23) 

By substituting this form into the linearized equation (45.16) taking 
respectively the aJj- component, the divergence and the x^-component of the 
curl of every vector we obtain the three scalar equations, 
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K 


CO 


1 45.28 ) 

= co(/j.e)^ , (45 .-29) 

cop 

a = - , (45.30 ) 

cxBl 

0)€ 

= — . (45.31) 


Baiios shows for plane waves, that the solution of eq. (45.16) after using 
eq. (45.23) is automatically satisfied for any solenoidal v which satisfies 
both eqs. (45.25) and (45.26),the pressure being given by eq. (45.23). 
Consequently, the fundamental solutions are selected from and of 
eqs. (45.20) with irrotational Tg excluded for the incompressible case. 

The solutions resulting from and V 2 then yield separately to two distinct 
modes of propagation which Banos calls velocity modes and pressure modes. 

Velocity Modes— This mode arises when the fluid velocity is perpen¬ 
dicular to the plane defined by the wave normal and the direction of the 
applied magnetic field, according to eq. (45.20) when t = v^. There is 
no ^ 3 -component of the velocity vector, hence eq. (45.25) is satisfied, 
and eq. (45.24) implies that the pressure vanishes identically. In order 
to satisfy eq. (45.26) for 6 0, replace V by ("iK) and set the expression 

in brackets equal to zero. This leads to the result 

(1 + ib)[Kl + Klil + ia)] 

= - , (45.32) 

(1 + ia){1 + ib) ~ sin^ 6 

for the propagation vector. 

Pressure Modes— This mode arises in an incompressible fluid when the 
fluid velocity vector is in the plane defined by the wave normal and the 
direction of the applied magnetic field and is perpendicular to the direc¬ 
tion of propagation. Here, eq. (45.26) is satisfied and in order to satisfy 
eq. (45.25), for ^ > 0, again we replace V by -iK and set the expression in 
in brackets ofeq. (45.25) equal to zero. V/e obtain now for the propagation 
constant, 
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= KHcos’^ e + ia)~^ + 

a c 


(45.33) 


The pressure is given by eq. (45.24). If 6' = 0, the p-modes degenerate 
into u-modes, and it is not possible to distinguish between two distinct 
directions of polarization for the solenoidal velocity vector. 

Ideal Compressible Fluid (Zero Viscosity, No Expansive Friction, 

Zero Heat Conductivity) —A fluid of this type can sustain shear hydro- 
magnetic waves which are isothermal. If besides, the fluid obeys the 
perfect gas laws then in shear compression the fluid b^baves adiabatically, 
and satisfies the relation 


Po 



(45.34) 


where y is the ratio of specific heats, and are equilibrium values 
of pressure and density respectively. Consequently we can write 


where 


-idF = co^PqY - ^ 



(45.35) 


(45.36) 


is the adiabatic velocity of sound in the medium. If we put eq. (45.35) 
into eq (45.16) we find now the three scalar equations 

^^^3 = ■ ' (45.37) 




, , ,1 


— + + ia(V2 + K^) 

+ ifXV* + K^) 

b-1 ‘ J 

a s 


{(1 + io)(V2 t K^) t Kl - (1 + ib)'^ . Vxx) 


0 , (45.38) 

0 ,, (45.39) 
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where, 


/f, = . (45.40) 

S 

Since eq. (45.39) is the same as eq. (45.26) a compressible fluid also 
sustains the same kind of plane velocity modes as an incompressible fluid. 

Ideal Magneto-Acoustic Modes— For a compressible fluid undergoing an 
adiabatic process we can examine the p-modes as follows. In order to 
satisfy eq. ( 45 . 39 ) the velocity vector must be in the plane defined by 
the wave normal and the applied field. From eq. (45.38) we now obtain a 
quadratic in which has two distinct roots which yield two magneto¬ 
acoustic p-modes. From eq, (45.20) we form 

V = V 3 cos 9 “ Vj sin cp = [n cos cp + ( 62 X 0 ) sin , (45.41) 

where cp is chosen so that we obtain the right linear combination of 
solenoidal V 2 and irrotational Vj. The two eqs. (45.37) and (45.41) lead 
to the relation, 

K^il “ tan 6 tan , (45.42) 

from which we can find ^ i£ K is known for a given mode. In eq. (45.38) 
we replace V by “iK, set the expression in brackets equal to zero and ob¬ 
tain a quadratic in which gives two distinct modes. As o’ co, a * 0, 
the quadratic becomes 

(/f2 - K^)(K^ - - K^) = kHK^ - K^) sin^ 6 . (45.43) 

sac c 

For 0 = 0, we obtain ~ ^ bence in the former case 

we have a pure sound wave and in the latter an ordinary AlfV 6 n p-mode. 

For 5 « 0, we obtain a modified sound wave and a modified Alfv 6 n wave. 

[Vormal Modes— In an ideal compressible fluid with zero heat conduc¬ 
tivity there exists shear modes in which the temperature is constant and 
shear compressible modes which are adiabatic. One of these normal modes 
is a pure shear velocity mode, the remaining normal modes are the shear- 
compression p-modes which are defined by an equation of the form (45.41). 
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These latter two modes are mutuall/ orthogonal and also orthogonal to the 
first normal v-mode. Summarizing these normal modes, we have, 

^ I ^ “ ^1 > defined by eq. (45.32) , (45.44) 

^2 - cos cp + -Vj sin cp , K = i < co ^ (45-.45) 

Vj = “ V 2 sin (p -t Vj cos qp , K = , C g g IC^ , (45.46) 

where (f> is defined by eq. (45.42), and is restricted by 0 ^ 9 S 77/2, after 
se tting K - , 

(^s - ^ 3 ) 

tan d tan cp = - ^ (45. 47 ) 

or by setting JC — K 2 and re|> lacing <p by cp — 7t/2 , 


iKl - s:2) 

tan (9 cot P = - . (45.48) 

It follows that as cp —• 0, V 2 is a modified bydromagaetic wave (41fv4n 
wave) while Yj is a modified acoastic wave. * 

Ideal Elasti.c SojLkJs—I n the following we consider in a summary 
fashion the waves vhich aa ideal unbounded elastic solid can support. 

Here too we assume plane homogeneous waves, a conducting medium, and a 
pervading magnetic field. There are five distinct inodes of propagation. 
These are respectively, a weakly attenuated shear mode whose phase veloc¬ 
ity is modified ani sot ropi ca 1 ly by magnet o-el ast ic interaction; a highly 
attenuated shear mode whos e props gat ion constant is the same as that of 
an electromagnetic wave of the same frequency; a shear compression mode 
whose phase veloc it y .1 ies b etween the phase velocity of shear and com¬ 
pression waves; a s hear-compression mode whose phase velocity exceeds 
that of compression waves and a shear-compres sion mode which is highly 
attenuated but exhibits propagation character istic s o fan elect romagne tic 
wave. As the conductivity of the medium becomes infinitely large, the 

Fox a detailed discussion see A. Banos, Jx.. "Wagneto-nydrodynaraic.Vaves ia Incompressiil e and Cow- 
presaible Fluids/'Proc. Royal Soc. A, Vol. 233. No. 1194, pp, 350-356, December 1955. 
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two highly attenuated normal inodes vanish and there remains three normal 
modes which are mutually orthogonal to each other. 

For a homogeneous and isotropic conducting solid we find the expres¬ 
sion for F in the case of time harmonic magneto-elastic waves to be 


-ioF = wV + piVl - k 2)W • V + pKVV , (45.49) 

where v is the particle velocity, p is the density of the medium, and 


V2 

P 


(k + 2/i) j _ p 

P " P 


(45. 50) 


In these expressions X. and denote the elastic constants of the iostropic 
medium; is the phase velocity of compressional waves and is the phase 
velocity of shear waves.* Now put eq. (45.49) into eq. (45.16) to obtain 
as before, three scalar equations the first of which is the component, 
the divergence, and the - component of the curl of every vector term in 
eq. (45.16) 


+ K\)v, 


- - iff) — (V • T) , (45.51) 


( 


CV2 + Kl)\{Kl - if2) — + (V2 + K]) [Kl -t- ia(V2 + iff )]j> 

5*2 


(45. 52) 


+ iff(V2 + if2)(V2 + i(f)j(V • y) = 0 , 


{(V2 + J(2)[if2 + io(y2 + ifM] + + K^) 


- iffd + i6 )"^Vf9*Ce 3 • C^v)] = 0 


whe re 


CO CO 

K = — , K = — 

p F * V 

P s 


(45. 53) 


(45.54) 


* K and/X are the Latn^ constants, their physical, significance is giren in I. S. Sokolnikoff, "Mathesiaticsl 
Theory of Elasticity,” Chapter III, McGraw-Hill Co-, Second Ed, (1956), See also Chapter VI pp. id!r0-371| 

for the interpretation of V and K - 
p s 
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here^ and denote shear or transverse oscillations, If we set 

identify the velocity of compressional waves V with the veloc 
ity of sound, eqs. (45.51) - (45.53). reduce to eqs. (45.37 ) - U5.39) for a 
compressible fluid undergoing adiabatic processes. Hence the magneto- 
acoustic modes discussed in the foregoing section are special cases of the 

magneto-e 1 astic modes in the limit as the velocity of shear modes tend to 
zer o. 


Shear Modes-^This set of modes which contains no compressional vibra¬ 
tions is included in the class of velocity modes which are generated from 
eqs. (45.20) by selecting from this set the velocity vector v = which 
satisfies eqs. (45.51) and (45.52), is solenoidal and has no JCg-component. 
In order to satisfy eq. (45.53), for <9 > 0; as before we replace V by -iK 
for plane waves and set the bracket equal to zero. This yields a quad¬ 
ratic inif^ which has two roots hence two shear modes.* For infinity con¬ 
ductivity, only one mode obtains, the first normal mode and is a pure 
shear wave defined by 


^ , {0 ^ i K^) , (45.55) 

where, for infinite conductivity and zero displacement current, 


K 




(Kl + Kl cos2 0) 


(45.56) 


This corresponds to a pure shear mode with a phase velocity modified 
anisotropically by magneto-elastic interaction. As K 0, this mode 
behaves like an Alfv6n wave in magneto-hydrodynamics. 

For finite conductivity there are two shear inodes. If a « 1, the 
first normal mode is defined by eq. (45.55) and Kj^ is slightly attenuated, 
the second mode is highly attenuated with propagation constant approxi¬ 
mately equal to -ico/jv, this pure shear mode is a highly attenuated “skin” 
wave. If a » 1, that is a weak magneto-elastic coupling, the first mode 
becomes a shear wave with Kl K] , and the second mode remains a "skin” 
wave. 


* For details see, A. Banos, Jr., "Nornal Modes Characteriiing Magneto-Elastic Plane Waves, " Physical Rev. 
Vol. 102, No. 2, pp. 300-305, October 15, 1956. 
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Sh^ar Compression Modes —The next set of magneto-elastic modes is 
characterized by the simultaneous presence of shear and compressional vi¬ 
brations and are contained in the class of pressure modes for a compressible 
fluid undergoing adiabatic processes. This set is therefore defined by 
eq. (45.41) and which automatically satisfies eq. (45.53) and eq. (45.51) 
gives an equation which defines <P as a function of K, 

K^(K^ - Kn 

tan 6 tan = - (45.57) 

- Kl) 

In order to satisfy eq. (45.52), replace V by “iK and set the bracket equal 
to zero. This yields a cubic in , which gives three distinct shear com- 
pression modes. For infinite conductivity, the cubic degenerates into a 
quadratic in having two distinct roots and hence corresponds to the two 
additional normal modes. One of these modes has a phase velocity between 
that of a shear and compressional wave, the other has its phase velocity 
exceeding that of compressional waves in the medium. For finite conduc¬ 
tivity, the third shear mode is a strongly attenuated **skin** wave whose 
propagation constant is approximately equal to -iojjcr. 

The two remaining normal modes are defined by the velocity vectors 


y2 “ 

Vg cos cp •+ V 3 sin 9 , 

K = 

, (K^ <K, < K^) . 

(45.58) 


“ sin cp + Vj cos cp 

, K 

= liTj , (0 < S if,) , 

(45.59) 

where cp, 

(0 = cp = 77 / 2 ) is found 

from 

eq. (45.57) by setting K = 

ifj or by 


replacing cp wi th q? “ 77/2. 

It can be shown that for finite conductivity, the two normal shear- 
compression modes become weakly attenuated, the third mode is always a 
strongly attenuated *'skin** wave with propagation characteristics the same 
as those of an electromagnetic wave in the medium. 

Further, because the Alfven phase velocity for an elastic conducting 
solid is much smaller than the shear and compressional phase velocities in 
the medium, the magneto-elastic interactions are insignificant,’" 

* A. BaBo«, Jr., loc.cit^ 
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Torsional MagnotO'HydrodynaiiiiG Waves—We now consider briefly the 
theory of torsional magneto-hydrodynamic waves in an incompressible fluid 
with finite viscosity. This problem has been treated by E. Bl^e in a thes 
and constitutes an example of cylindrical waves.* For this case we have 

F = icopv + Vp - copq7^v , (45.60) 

where p is a constant density, p is the hydrodynamic pressure and q = vjui 
with V denoting the kinematic viscosity. Equation (45.16) now yields the 
three scalar equations valid for the case of zero displacement current, 

^ = - iupd + iqV^)v^ . (45.61) 

^ + (iff + iaV=*)(l + = 0, (45.62) 

L?^3 J 

(K^ + iaV^)(l + igV^)+ - [e, • 7xv] = 0 . (45.63) 

L 


For V = 0, this system reduces to eqs. (45.24)-(45.26). When = 0. 

In the present case we find two additional modes due to the presence of 
the finite viscosity, hence a total of five cylindrical modes. From 
eq. (45.63) we obtain two velocity modes and Eqs. (45.61), (45.62) give 
three pressure modes. One of the two velocity modes is a weakly atten¬ 
uated Alfv4n wave resulting from the finite conductivity and viscosity. 

The other velocity mode is a strongly attenuated viscous “skin" wave. One 
of the three pressure modes is a weakly attenuated Alfv6n wave, the other 
two modes are strongly attenuated. 


Cylindrical Velocity Modes— If the applied magnetic field is chosen 
so that Bj = B^ej and all field vectors are assumed to be derivable from 
a scalar function 


(V2 + K^),/, 

^ 2 - 


= A<P(p) exp[i(cot - Kx,)] 


= 0 


y* + , 


(45.64) 


* Magnetoardrody^amic Waraain the Presence of Finite Viscosity,” PH.D. Thesis 

University of California at Los Angeles, January 1957. * 



A is a constant, K is the longitudinal propagation constant, y is the 
transverse wave number, i.€., (Vj + 7^ - 0. We need to calculate K for 

a given value of 7, where R corresponds to the two velocity modes in an 
incompressible fluid. 

Therefore, we assume that v can be represented by 

V = VxCeji//) = ^ 0^63 , (45.65) 

with yjj given by eqs. (45.64) and satisfying the conditions 

V-v = 0 , 1 ^ 3 ' 0, © 3 * Vxv = 7^0 . (45.66) 

Now, V3 “ 0, and eq. (45.61) implies that the excess pressure vanishes 
identically for this mode, but eq. (*45.62) is automatically satisfied. 

In order to satisfy eq. (45-63 ), for 7^ ^ 0, we replace by 

/^2 - y3 + jjj-2 j^2 bracket equal to zero to obtain 

aqK^ + [1 + i(a + qKl)]K^ “ (7^ + “ 0. (45.67) 

This is a quadratic in and has two roots, therefore two distinct inodes. 
Thus, for each mode, the above equation defines a relation between the 
longitudinal and transverse wave numbers which must always be satisfied. 
When the transverse and longitudinal wave numbers are known for each mode, 
the corresponding velocity vector is given by eq. (45.65). 

The solution of eq. (45.67) is 

2aK^ = "(1 + ia + iqKl) ± [(1 + ia^ + iq/f*)* + 4oq(7* + , 

(45.68) 

it follows that if « 1, one root is in the first quadrant of the com¬ 

plex plane, the other is in the second quadrant. The first root is of the 
form = 7^ + and defines K (complex) which corresponds to a propaga¬ 
ting Alfvfen cylindrical mode. The second root can be written in the 
/<'2 ^ y2 ^ defining the complex attenuating/?' which corresponds to 

a strongly attenuated viscous mode. Therefore, in this case we find two 
cylindrical velocity modes; a weakly attenuated AlfvSn wave and a strongly 
attenuated “skin*^ wave resulting from the viscosity of the fluid. 
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Fox a compressible fluid with finite viscosity and heat conductivity 
it can te shown t;hat there exists six modes, two of which are pure shear 
modes, the remaining four modes are shear-compression waves which are 
acooiripanied by density, pressure and temperature fluctuations. The two 
shear modes are isothermal, and one is a weakly attenuated Alfven wave, 
the other is a strongly attenuated viscous mode called a “ vort icity” mode. 
The four she ar-compression modes are not easily discussed in general; in 
the low frequency, small heat conductivity limit they are a modified 
adiabatic. Weakly attenuated sound wave; a weakly attenuated modified 
Alive-n p-w^ave; a strongly attenuated viscous wave; a strongly attenuated 
thermal wave . * 

We want to nmeation here also the comprehensive work of Auer, Hurwitz 
anci Miller.^ These authors give a rather complete treatment of the waves 
that can he excited in a plasma. By considering the dielectric constant 
as a second order tensor which depends also on the frequency, they allow 
foir the effects of the particle motions. They consider a range of fre¬ 
quencies which extends above the ion cyclotron frequency. These authors 
call extraordinary Alfv-^n waves what Banos calls a u-mode and their 
ordinary A-lfv^n waves are the p-modes in Banos* nomenclature. 


46. THE REFLECTION AND REFRACTION OF MAGNETO-HYDRODYNAMIC WAVES 


In this sect ion we shall treat the problem of reflection and refrac¬ 
tion of magneto-hydxodymamic waves at a plane boundary between two semi- 
infinite compressible gaseous media. The two media are assumed to be 
compressible and Rave infinite conductivity. We further assume that a 
uni form magnetic field pervades all space. 


We denote the dfirst medium 
specific heats in. 
governing the displacement ^ of 
ductiArity and zero displacement 


by the other by M 2 , by the ratio of 
The linearized equation of motion 
a particle for the case of infinite con¬ 
current is given by 


curl curl (fxB ^ )3 kBq 


92^ 

—r P-o P 


(46.1) 


* For details see ARanoa, Jr,, ‘‘Magneto-Hydrodynainic Waves in Compressible Fluids vith Finite Viscosity 
and Hfeat Coaductiri. ty. Repo rt No. AFOSR-TN.56-320, AD Mo. 94856. 

Awee, P. L,, Huirwitz, H. Jr., end Miller, R. D. “Collective Oseillations in a Cold Plasma," Physics of 
FJuids, Vo], 1, p. 501 (1958). 
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where, 


3t 


(46.2) 


If we assume an adiabatic process for the gas, such that the pressure 
is related to the density by 



we can write 

Vp = v^p 


(46.3) 


(46.4) 


where and correspond to the equilibrium state of the gas, p and p 
are the perturbations from this state, and 



(46.S) 


is the velocity of sound in the medium. The linearized equation of con¬ 
tinuity in terms of ^ is 


P + ^ • (Po^) = 0 


(46.6) 


Substituting eqs, (46.4) and (46.6) into (46.1) and setting Bq = BqU gives 
^ grad div i ^ curl curl (^xn)xii (46.7) 


where 


y2 


BqH, 

Po 


(46.8) 


is the square of the Alfv6n velocity. To examine plane wave solutions of 
eq. (46.7) we put 


^ = 4 exp[i(cut - K • r)] 


(46.9) 
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where A,K and o) can be complex. By definition, ^ as given by eq. (46.9) 
is real or complex according as K is real or complex. The result of sub¬ 
stituting eq. (46.9) into eq. (46.7) leads to the dispersion equation 

f(co,K) = [a)2-Kf(K • - (Vl^VliKl^co^ ^VlVl\K\HK • n)^] = 0 , 

(46.10) 

which is the necessary and sufficient condition for non-trivial solutions 
A of eq. (46.7). Thus, for each K there exists three possible values for 
^ . If the first factor on the left side of eq, (46.10) is set equal to 
zero, we obtain the Alfv6n wave. The second fact set equal to zero yields 
the modified Alfv6n wave and the modified sound wave. 

Now let and M 2 be separated by a plane interface 77, let and Pg 
be the gas densities of each medium respectively, but let p be the gas 
pressure in both. The field Bq is also assumed to be the same in both 
media, but is not parallel to v. For an incident plane wave in we seek 
the reflected and refracted waves such that the boundary conditions and 
the equation of motion is satisfied in and Afg ■ 

If b is the perturbation from Bq and Cg is the unit normal directed 
from to A/g, it is clear that p and bxeg must be continuous across tt. 
In Fig. 9 is out of the plane of the paper. 

If we assume that more than one reflected and refracted wave can 
occur, it is possible to solve the problem of reflection and refraction 
in terms of an incident wave of the form of eq. (46.9), the boundary con¬ 
ditions and the equation of motion. We denote by subscripts r and t 
respectively the reflected and refracted waves. Thus from the boundary 
conditions and the assumption of a plane wave structure 

exp[i(co^t - • r)] in and exp[i(cOjt - • r)] in Af, find 

that for all t and p. 


and 


CO = 0)^ = co^ 


(46.11) 


= ^,1 = ^3 = ^ r .3 • ( 46 . 12 ) 

These results show that the frequency of the incident, reflected and re¬ 
fracted waves are equal and that the projection of the wave vectors onto 
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FIG. 9 


the interface are also equal and these vectors therefore lie in a plane 
which is perpendicular to ir and is determined by K. Thus we obtain the 
first law of reflection and refraction namely, the planes of reflection, 
refraction and incidence all coincide. 

Now, the dispersion equation. (46.10) which results from the equation 
of motion must be satisfied by all three waves, i.e,, the incident, re¬ 
flected and refracted waves, hence, using eq. (46.11), 



= /(co.K^) = 0 , 

(46.13) 

/("t 

= /(w, K, ) = 0 . 

(46.U) 


From these equations we can find , and K „ which together with 
eqs. (46.12) yield all the components of and K^. Further, by hypothesis 
n ‘ Cj / 0 so that eqs, (46,13) and (46.14) yield six values of 2 
but since the real and imaginary parts of 2 

negative or positive, there exists only three permissible values for K » 
and three permissible values for j- Consequently, if we can specify 
the amplitudes of the reflected and refracted waves, these waves are com¬ 
pletely determined. By using the boundary conditions on p and bxCj and 
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the equations of motion we obtain a nan-homogeneous system of sijc equations 
for the determination of the anpl itude s of the three reflected arad three 
refracted waives. The details in this general case are left for the reader 

Bq INOBMAl TO TT—This case is readily treated. Since n is normal 
we may choose the coordinate sy'stem such that n » <0, 1,0), t hen t he dis¬ 
persion eqs. (46.10), (46.13) and (46,14) read 

_ V2^2]|;^4 _ ^^2 ir 2)(|;2 f jf 2)^2 + 4 ^! 4/i:2>i(2] = () ^ 


(46.L 5) 

and two more equations o f exact ly the same form but replacingftTj by 2 
and From these equations we findC^ and i ^ for tlie th ree r ef lec te d 

and three refracted waves, 


We suppose now that the incideatware is real, hence K is real and 


CO >0, and let o>^ / 2 » eq. (46.LS) we haY< 

^4 - (V2 f 72 )|g| 2^2 ^ {Vy^)^\K\^Kl = 0 


( 46. IS) 


whe re / 0, Mot with K 2 replaced first re¬ 

flected wa-ve is defined hy 


CO* 




1 , 


(46. ir) 


and the two remaining reflected waves are defined h >7 


coi -(rf -f v]) af ^ 


( 46.18) 


Now by equating eq. (46.16^ with (46,13) we obtain 


<^r,2 = • r « 2 , 

( 46.1?) 

yZ Y 2 

. r = 3 . 
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Denoting by 9, and cp^ the angles o£ incidence, reflection and refraction 
respectively, we have 


tan cp 55 


Kl ^ Kl 


Jf? + Kl 


tan (p. 


(46.20) 


tan = 


K\ + Kl 


(46.21) 


From eq. (46.17) for the first reflected wave, 


— , r = 1 . 


tan^ <p^ =« (Kf )- , OJ > 0 , r 


which shows that the reflected wave is a real Alfven wave, with cp / cp^, 
r = 1, which follows from the assumption o)^ i ^2» second reflected 

wave follows from eqs. (46.19), namely 


“/To . r = 2, 


9^ = cp , r = 2 


(46.22) 


which like the first reflected wave is also a real plane wave. The third 
reflected wave is obtained from the second of eqs. (46.19) and yields a 
modified plane wave which is real if 


\K\' i co^iVl + Vl) . 


(46.23) 



and hence 


t an cp 


Kf-tq 


I 


o? <y2 + 


(1^ V - |/f|^ 


(46.24) 


The first reiracted mave is an Alfvfen wave and is defined by 
eq . (46.15) with replaced by 2 , thus 


K 


*. 2 


I t = L , 


(46.25) 


y2 

tan^ (Pj = (Aj + f|) *’ ** ■ , f 


The second and third reflected waves are modified waves defined by 




2V\ _ , 

t j a t, s 


t 


L,2 


Vl^{K\ -iVlvl 



(46.26) 


Ihis expression is real, but tlie waves will be real or imaginary depending 
on the sign of tlie expression, and we must also take into account that the 
real and imaginary parts o f 2 negative. Since the first re¬ 

fracted wave is a- real A.lfv6n vave it is clear that total reflection can 
not occur under the present hypothesis. 
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CHAPTER V 


ENERGY CONSIDERATIONS AND ELECTRODYNAMICS 


In this chapter we treat the basic concepts of electrodynamics and 
energy as it relates to a plasma. The treatment is on the macroscopic 
level and we develop the various forms that the energy equations assume. 
As preparation for the latter we discuss first the energy concepts of 
the electromagnetic field for stationary bodies and then proceed to the 
treatment for moving bodies. The appropriate approach to the study of 
tile electrodynamics of moving bodies is through the ideas and tools of 
relativity theory. Here, it becomes urgent to set down the basic mathe¬ 
matical concepts at the outset. This accomplished, we then develop the 
notions of force, and stress. In particular we construct the stress 
tensor and discuss its structure. From this we give a generalization 
of Poynting’s theorem. The meaning of the effective field which forms 
the basis of the studies in magnetohydrodynamics results from this 
generalization in a natural way. With this ground work we are then able 
to derive the energy balance equations for a conducting fluid and thus 
provide a basis for studying the thermodynamics of such a fluid, fol¬ 
lowing the approach of B. T. Chu.* 

The energy equation for an ionized gas in the presence of a magnetic 
field is derived from the above considerations. For this situation, hoy^- 
ever, it is necessary to introduce‘the concepts of the diffusion flux 
vector and the total heat flux vector in a somewhat formal manner. These 
two vectors are more satisfactorily introduced through a microscopic 
analysis involving the Boltzmann equation whose introduction is deferred 
to a later chapter. On the other hand, it is pointed out how these two 
vectors are linked through the study of irreversible thermodynamics. 

Following this an energy equation for magnetohydrodynamics is de¬ 
rived under the assumption that the total heat flux vectot is given by 
Fourier's classical law. Some comments of a qualitative nature are 
brought to bear on the thermodynamics of a fully ionized gas in a strong 
magnetic field. 


Boa-Teh Chu, Thermodynamics of Electrically Conducting Fluids, pp. 473-484, The Physics of Fluids. Vol. 2 
No. 5, Sept.-Oct., 1959. » 

211 



By utilizing the balance equations for both energy and momentum, the 
latter in a simplified form, we demonstrate how it is possible to construct 
circuit dynamics involving a plasma. Such an approach, must not be con¬ 
sidered as rigorous, but rather should provide a beginning toward con¬ 
structing circuit analogies. Here it is demonstrated how the role of Ohm's 
law and its generalizations for a plasma enter into the considerations. 

The coupling of thermal and electrodynamic variables are also put into 
evidence. Circuit equations for a plasma should have some real techno¬ 
logical value if properly used. 

As a further application of the developments in this and previous 
chapters we give a brief discussion of magnetohydrodynamic shocks and 
derive the shock conditions. 

This is followed by a brief discourse on scaling and dimensional 
considerations in magnetohydrodynamics and the role of the magnetic 
Reynolds number. 

Finally we take up the question of the possibility of obtaining a 
first order theory of the electrodynamics of moving matter without re¬ 
course to relativity theory, This topic is of interest because of its 
role in plasma physics and related problems on the interaction of rapidly 
moving bodies in conducting medium. In particular, the problem of deter¬ 
mining the electrodynamic forces and torques due to the interaction of 
an externally applied magnetic field with a rotating magnetic conducting 
body calls for at least a first order theory. The first order theory is 
then applied to two examples for which a comparison with the results from 
relativity theory can be made. These examples are wave propagation in 
moving non-conducting isotropic matter and electromagnetic energy transport. 

47. ELECTROMAGNETIC FORCE—POYNTING'S THEOREM 

In Chapters II and IV the Lorentz force acting on an electrical 
charge q in conjunction with Maxwell’s equations yield the basic rela¬ 
tions leading to dispersion equations for plane wave fields. In order 
to establish the connections between forces, stresses and energy in a 
plasma, the Lorentz force is also the point of departure for such an investi¬ 
gation. 

For a single charge q, we recall that this force is given by 

F = g(E + = g(E txB) , (4?. 1) 
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where v is the velocity o£ the charge. For a distributed charge with 
density '77^^) and velocity v the Lorentz force is defined by 

f = + 

with, 

J = . 

which is the current density due to the motion of the charge. 

In order to hold a system of charges in dynamical equilibrium there 
nust exist an exchange of energy between the electromagnetic field and 
the external forces which maintain these charges in equilibrium. Let us 
consider the power imparted by the electromagnetic field; it is defined by 

F * V = q(E + vxB) • V = qv * E (47.4) 

for a single charge q, and by 

f • V = J • E (47.5) 

for a distributed charge. For convenience we repeat Maxwell's equations 
here , 


(47.2) 


(47.3) 


curl E = "“ “ 


3E 

curl H = J + ^0 ^ 



div B = 

0 


div D = 


and the redundant equation 

(of continuity) 

div 3 + 

fl 

II 

0 


(47.6) 


213 



It follows from these equations and eq. ( 47. 5 ) that 


J • E = E • curl H - SoE • ^ - H * curl E - ~ ^ (47.7) 

which becomes after usii;ig the identity, 

H • curl E “ E • curl H = div^ (ExH) , (47.B) 

3H 

- J • E = div (ExH) + €jjE + • — . (47.9) 


This equation is Poynting* s theorem. The left side represents the power 
absorbed per unit volume by the field. Following the standard procedure 
in electrodynamics, the Poynting vector s is defined by 

s = ExH (47,10) 

and as we have seen in Chapter I, the quantities • E) and * 

represent the energy densities of the electric and magnetic fields re¬ 
spectively. Consequently, Poynting*s theorem is cast into the form 

1 ^ r 

div s — [e^E • E.+ • H] = - J'E (47.11) 

or by the divergence theorem applied to a stationary volume V, 

I 8 • ndX + .^ I Y [e(,E • E +MoH ’ D]ciK = - { J • E4V .(47.12) 

■^2 V y 

\i'e recall that the electric current density is composed of two parts, a 
polarization component 3P/3t, where P is the polarization vector, and 
a so-called free current density denoted by J^. Thus, in the expression 
J * E we have E • 3P/'3t representing the power imparted by the electro- > 
magnetic field to the medium when P varies with time. The part • E 
is the electromagnetic power transformed into another form of energy 
(heat, etc.). 
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4 8. complex: porNri^G theorem 


If the CO nst it ut iv e relations for a. medium are linea-T, i, e, , 


\ 

D = eE . 

B = /« , 

J - oE , 


(48. 1) 


wh.ere e, /-t, a are f met ions of position only, a time hartnonic steady 
state field can exist and the relation between the field and the free 
sourees axe gi'ven by Maxwell’s equations. But now, vie merely replace 
> Mo by 6, jx r especti ve ly an d J by a Iso '7(e) b s now t aken to me an 

tbe free source charge density, say Tj Since the field sectors are 

complex quantities, we have 


8 - If® (KxB*) + - Be (Exll«**“‘ ) 

2 2 


(48. 2) 


This form show’s that tie first terin on the right side is time iadependent 
and "therefore represents the average value of the Poynting vector over 
one cycle, the second term varies with a. frequency 2o). The field energy 
densities are 


U = — € (E • E*) € Re (E • Ee=i‘"'> 

' 4 4 


t/, = ’ H*) f j A Re (H ■ 


^ (48.3) 


and the dissipated power density is 


E = — o- CE * E*) Re (E 

2 2 


,2i cot 


( 48 - 4> 


Here too, the first teirnis standing oa the right s’ide of these equations 
are real, time independent quantities and so represent the average value 
o£ their respect ive deasi ties. The second term &n the right side of 
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these equations simply represents the double frequency variation of their 
respective energy densities. We define the complex Poynting vector as 


— (ExH*) = s 


(48.5) 


We can develop a theorem for this vector corresponding to what was done 
for the non-time harmonic case. V/e have in fact 

div s = div -(ExBT) = • curl E " E • curl fl^) (48. &) 

2 2 

and since for harmonic time fields, Maxwell’s equations are, 


curl E = ’“ijJicM 


curl H = Jf + ieoE , 


(48.7) 


there results 


divs = --(E • J*) - 2ico(—yuH • E • Ef 

0 j Vi 4 


(48.8) 


Separating out the real and imaginary parts, gives 


Be (div s) =-Re • E) , 

2 ^ 


Im (div s) = -ilm (J* ' E) +(i.eE • Ef -IaxH • H*) 
2 ^ \4 4 J 


(48.9) 


(48.10) 


By integrating both of these expressions over a fixed volume V, as before 
and applying the divergence theorem we find, 


-Re s • nd2 = 


Re I" 7 (J* • E)dP 


(48.11) 


Im s • ndX = 


Im r ^ (J* • E)dV 


+ 2w [ - // H • H* - - € E • E* dV 
J 4 4 
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In order to interpret tkese exp ression s phy sical ly , it is convenient 
to decompose the free current density Jj iato the sum of a conduction 
current = oE and another component which represents a current 
source density. More specifically, we write 

(J! • E) = -i(TE • E* +-^Re [(J* -J^) • E] (45.13) 

and when this is inserted into the expressions (4^.11 ) and (48.. 12 ), we- 
interpret the latter as follows. Equation (48.11 ) asserts ttiat the sum 
of the average power which flows into the v'olume through its boundary 
surface 2 and the average power arising from the sources in the volume 
equals the average power dissipated in the volume, To interpret 
eq- ( 48.12 ) we consider the imaginary part as a reactive power and 
hence this equation says that the sum of the reactive power which flows 
into the volume through 2 and t'he reactive power arising from sources 
inside the volume equals the product o £ 2co by the difference of the 
average magnetic and electric energy stored in the volume. 

The relatioixs presented above hold only for stationary media. If 
we want to develop a gener ali zati on of Poynting's theorem for a material 
medium which is also moving an approach via relativity theory provides a 
modus operand!. In the following’ section we shall set down the essentials 
for a consistent treatment of the electrodynarnics of a material medium 
in motion. Although Minkowski’*' developed a t heory for jast such a purpose, 
his treatment is beset with some conceptual difficulties. Many other 
apparently valid theories have since been dev eloped. 

MOVING BODIES—RELATIVISTIC GOl^SI DERATIONS 

It is not our intention here to give a complete exposition on the 
theory of relativity, special or otherwise. presume the reader has 

a nodding acquaintance with the subject at least with the special theory 
or can easily acquire it by reference to the many clear expositions. 
Consequently, we shall list certain expressions, and interpret them for 
our future use. 


* 

H. Minkovrskip (xottd.ne6.jr PTachricliLteii, Math.-Phys. Klasse 1 (L 908 ) pp. 53-lLl; and Math, \nmlen 68 (1910) 
pp. 472-525. 

^ J. Slepian, Elect. Engf. 69 (1950) pp. 456, 550, 636; Proc. Mat, Acad. Sci. (Washington) 36 (1950) 
pp. 485-497. 
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We consider two inertial rectilinear reference frames denoted by aS 
and S\ The velocity of S* relative to »S is uniform and equal to V, 
that of S relative to S‘ is obviously “V. The reference frame *S' will 
be called the rest frame and all quantities referred to the coordinates 
of S' are denoted by primed quantities, while those for *5 are unprimed. 
V/e shall use a four-vector description and Minkowski coordinates 
X^ where the first three coordinates are spatial, and 

^4 = ^^0^’ ^ time, a reference speed (many authors use C for 

Vq). The reference frames S and S' are related by a proper Lorentz 
transformation, in matrix language, 

x' ^ \x (48.14) 


and A is such that it preserves the form, 

x' * x' = X • X 


(48.15) 


If the relative motion of S and S' is parallel to their respective x'^ 
and axis, the transformation 4 has the form, 


/ 




0 0 


A 


0 

0 



1 0 
0 1 

0 0 



0 

0 



(48.15) 


where 



(48.17) 


Four-vectors transform according to the rule given by eq. (48.14 ), that 
is, if b and b* represent the same four-vector in S and S' respectively, 
they are related by 

b' = Ab . (48.18) 
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Besides tlie transformation of vectors we must also consider entities 
which, depend on two indices, these are second rank tensors (c.g., strain 
tensor, etc. ). Fo qualify as a second rank tensor they must satisfy 
the following rule of transformation, 


e'. . = a. a . e , (suirmation convention) 

T, m j n mn * ' 


( 48 , 19 ) 


where is the element in the ith row and /Jtth column of A, all indices 

range over (1,2,5,4). If r denotes the displ acement vector in four-space, 
dr is defined by 

uf.T = ' ( 48 . 20 ) 


and the four velocity 


of a part ic le *by 


with 



Cdx dx^, dx^, iV^dt) 
dr 




( 48 . 21 ) 



( 48 . 21 ') 


where d'7" i s the proper tine defined by d^T = and vis the ordinary 

three space velocity. The length of v i s given through 

V • V = (iVq)2 . (48.22) 

The divergence of a vector in the Minkowski space is, 


div W 


'_i ^ _L 


2w . 

X 

'dx . 

I 


( 48 . 23 ) 


The equation of continuity of charge in three space is 


^ -j 


?T7 


( 48 . 24 ) 


and can be written in four-space as 
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0 


—— J, + - 

or if we denote by J the 


■^2 “^3 


four-current, 


j = (j, 


B(iF.t) 


iV.TJ = 


we can write 


and eq. ( 48.24) becomes, 

div J = 0 . (48.25) 

Mow suppose that we have a material medium which contains polarizable 
matter. Then the current density in three space is the sura of two parts, 
a free current density and a contribution from the polarized matter, the 
polarization current density. Denoting these respectively by and Jp, 
v/e have the four-current density, 

f = 3f + 3p = (J^, + (Jp, (48.26) 

where and 7]^ denote free and bound charge distributions of electric 
charge. The polarization current is defined in terms of the polarization 
vector P by (see Chapter II, section 8), 

Jp = -^ , (48.27 ) 


and we want to find the polarization four-vector P in order to establish 
the connection between Jp and P. For this we first assert without proof 
that if P is the three space polarization vector, the four-polarization 
vector ^ is given by 


with 



( 48.28 ) 



(48.29) 
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where t is the three-space velocity with which a dipole moves in the 
reference frame *8. In the rest system 5' , y reduces to /3, y = V and if 
the relati\re motion is along the r axis, 

p - -J . (4..30) 

t. e , , the polarized me<liuni is at rest in *S'. To establish the connection 
between J and P we must first introduce the oater o r vec to r pro duct of 
two four-vect ors. This is achieved by analogy with the concept of the 
vector product in three-space. Strictly speaking, in three space, the 
vector product does not produce a vector but rather a second rank skew- 
symmetric tensor. Let a and b be two three-space vectors, the vector 
product "yields the components. 


c.. = a.b. - c.b. , ii,j =1,2,3) , (48.31) 

which is skev-symmet ri c in i and /. The components c can be considered 
as the elements of a 3 ^ 3 matrix, but because there are only three in¬ 
dependent elements It is also treated as a vec tor in three space. For 
the four-vector treatment ve defiae the vector product in the same way 
and write for any two four-vectors a and b, 

(axb).^. s Q,b. - a.b. , (i, j =1,2,3,4> . ( 48.32) 


Here too, because of the skew - syniirietry, there are only six independent 
components and we can consider the result as a six dimensional vector, 
By direct calculation we first have. 


Px V = (P XV ; iVijP: 


(48.53) 


or in matrix form. 




^ 2 '’ 1 - 








^3''z 


0 


0 


(48.34) 
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which reveals the structure more clearly than in eq. ( 48.33). Next, a 
straightforward calculation shows that, 


Jp = div (Pxv) 


■9P 

-Z— + curl 
_ Bt 


(Pxv) 


-iK,V . p 


= (Jp. ’■ (48.35) 

the basic result we have sought. It is now possible to express the four- 
current vector J as the divergence of a certain tensor of rank two, which 
is an electromagnetic field tensor. Another field tensor is constructed 
along with it and is formally similar to the first tensor. This is best 
seen if we rewrite Maxwell’s equations in a symmetric way. The symmetry 
is introduced by assuming a magnetic current density and charge, fictitious 
of course, but nevertheless very suggestive. Instead of writing as above 
J and 7], we now write and V {c) introduce the magnetic four-current 

vector J(„) and charge Maxwell’s equations are rewritten in the form 

of two pairs of equations, 


~Tt ° 


(48.36) 


(48.37) 


In terms of the Minkowski coordinates, we find that these two pairs can 
be put in the following compact form, 


J(.) 

= divG(^) . 

(48.38) 

J<«) 

= diyG(„) , 

(48.39) 


where 



is the skew-symmetric tensor defined by 
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0 

^^3 

% 




0 

k 






-^1 

0 





0^3 

0 

the skew-symm etr ic 

t ensor 

defined by 



0 

-^3 

k 


t , = 


0 










^1 

0 

-iVo^3 




iVG«3 

0 


(48.40) 


(48.41) 


These two tensors can also be written as 

S, = (B ; , 

= (" E ; , i.e., as six-vectors. 


(48.42) 

(48.43) 


That these two tensors are not independent, but are rather related is 
left as an exercise. A further notational compactness can be achieved 
by considering both and as components of a new vector and 

as subtexisors of a riev tensor, but nothing new* is obtained physically. 
These two tensors are called the electromagnetic field tensors. 

49- FORCES AND THE ELECTROMAGNETIC STRESS-TENSOR 

The relation between the ponderomotive force and an electromagnetic 
stress tensor is brought into focus by first examining the idea of the 
momentum four-vector; this is sabs t anti al ly the approach utilized by 
Einstein. If Mq i s the rest mass of a particle, the force four-vector F 
is defined as the time (proper tim"e) derivative of the momentum four- 
vector. The momentum dour-vector is and hence, 

F = , iV^) , (49.1) 

OLT 
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where y has been defined by Eq. ( 48.29 )■ can also write, 

or 

f . IT 77’''“o''’] • <«-2> 

Accordingly, ym^y is the three-space rnomentum and or ym^V^ is the 

three-space energy, and we recognize respectively that the time rate of 
change of is the force F and the time rate of change of is 

the work done per unit time by F. Here F is the ordinary three-space 
force, t is the ordinary time. Since F • v is the work, F^y = d/dt ym^v 
and therefore the four-force can be written as 



(49.3) 


The generalization of the three-space Lorentz force is therefore 


F = yq E + vx/XjjH , — E • V 


(49.4) 


where q is the charge, a relativistic invariant. It follows that this 
Lorentz four-force is related to the field tensor 6*^ ^ ^ by the rule, 


f = fj^^tqy = Ej- y(gr , iqV^) . (49.5) 

The components of F are obtained by carrying out the matrix operation, 
thus, the kth component of F is, 

» (recall the summation convention) . (49,6) 

The generalization to a distributed charge density leads us to define 

/A 

the electric force density f as 
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(49.7) 


f . ( ,-^E -jj ■ [' -if* -j] 

wh-ere jf is the ordLneiry three-space Lorentz force density. B 7 utilizing 
eqs. (48. 38 ) and C 48.40), we can express f above in terras of the field 
tensor ^ j, 


* = /‘o^( C) 


(49.B) 


with the under standi ia g, natarall/, that we are forming the product of a 
matrix ^ j with a -vector clivG|^). The foiia of eq. (49. 8 «) suggests 
til at we define a magaetic fa ur-fore e dea sity by 

^ «) (49.9) 

aa d therefore no-w wri te as a generalization, 

.) el ^ ^(.) • (49.10) 


It is desirable to seek an analog-y with the mom enc-la tune of Chapter III, 
aa d attempt to write these force densities as the di verge nc e o f a suitable 
stress tensor. This formal analogy can in fact be accomplished by intro- 
da c ing the syiaine-trica 1 tenser 


T 


e/2 Mo/I? - V! 




eoEl 




(49.11) 







wtiere the are tHe components of the Pointing vector s defined by 
eq, ( 47 . LO ) , an.d 


V/ 




■ B 


(49.12) 
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it can then be verified directly that 


f(.) + ^(«) = div f . (49.13) 

The symmetrical tensor f is called the electromagnetic stress-tensor. If 
we denote by T the 3 x 3 matrix of the upper left part of it follows 
thst in tp 6 rnis of tli© thr 66 *'Spncc fore© d 6 iis 3 .ti. 6 s , 

*^0 


This equation asserts that s/Kj is interpreted as the electromagnetic- 
momentuin-density, or 


s = — = 

V' 


(49.15) 


The fourth component of eq. ( 49. 13 ) is, 


■ -V- (ExB) 


(49.16) 


Before we proceed to make further interpretations we want to complete the 
description of the electromagnetic field by postulating the relations 
between the field quantities for a macroscopic material medium, t For the 
linear case, we assume that if a, e and ^ are tensors, and if 7)^, v, 

P and M (the intensity of magnetization) are known, these quantities are 
related according to the constitutive equations, as follows, 


(J^ - Vfy) 

P 

M 


cr(E + ncMDH) 

(e - 

ilJ. - MoI)(H “ ■vx^oE) 


(49.17) 

(49.18) 

(49.19) 


t 


It is often argued that the stress tensor by itself is not a legitinnate physical quantity in the ra latif- 
istic casOi however an interesting approach toward a theory of elasticity in general rslativity hts 
82-87^(1959)” ^ Elasticity in General Relativity, Math. Zeiticbr* 72, 

Relativistic electromagnetic equations in material medium have been treated at great length in the 
literature. To cite a few lucid papers in recent years, see N. Vf. Taylor, A Simplified Form of the 
Helativistic pectromagnetic Equations, Austral. J. Sci. Rea- (series A), 5, pp. 42^-429 (1952) J 
also same author, The Relativistic Equations in a Material Medium, Austral, J. Phys. V. 6, pp. 1-9 (195$); 
Qd (TO?;). T in Bewegten Anisotropen Medien, Acta Phyeica Hungarioae, V. 3, pp. 75- 

It oU Ohmischc Gesetz bei bewegten Korpern, Annalen Der Phyaik, Ser. 5, Vol 8, 

DAr Phvl-t Q Ernest Schmutzer, Zur Relativistischen Elehtrodynanik in Beliebigen Medien, AnmeUn 

Belxebigen Medien, Annalen Der Physik, 7. Fol|e, Band 3, Heft 3-4, pp. 113-121 (195>). 
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In the rest frame *S' , v - 0, and the relations reduce to the usual ones 
for an anisotropic medium. 

It is now possible to construct a generalized Poynting's equation 
by utilizing the preceding developments. First let us interpret 
eq. ( 49. 14 ); in terms of the three-space vectors ve can vrite, 

i( e) + ' egflEy • E-Es(^)]• H -Bh(^)] , ( 49.20) 

or since, 

ExC^xE) H- (E ■ V)E = Y (49.2L) 


and similarly for H, we obtain, 


^(.) ^ ^(-)(E • V)E] +fi.oW7- H +CB- V)H -gradiy . 

( 49.22) 

Now integrate both sides over a yolume V bounded by' I, 

(^C«) * ^(.) = f -Ceo ■ E+- (E • V)E] 

■^yaoQB7 • H MH *^)ia - grad W}clV 


the right hand volume integral can be transformed into a surface integral 
to give, 

+ f (,)■*■ = j ’ ( 49 . 23 ) 


where n is the unit outward drawn normal to 2, When "there are no free 
charges or material within V, the force dens it y terms vanish and we are 
Left with the equation,, 


d 

dt 


J - j 

S 


[€,<ii • E)E +^o(“ ■ 


(49.24) 
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0 the other hand, if there is matter and charges within V, then we can 
define a mechanical momentum h by 

and hence write eq. ( 49.23) as. 

^ I (g + h)dV = J t ]d2 , (49.26) 

^ 2 


Bt 


(49.25) 


the brackets containing the integrand of eq. ( 49.23)* our statement 

reads’ the time rate of change of electromagnetic plus mechanical momentum 
attributed to V is equal to the total electromagnetic stress on 2 which 
bounds V. 

Eq. (49.16 ) provides ns with the basis of the generalized Poynting's 
theorem. Indeed we have, 

/ 'dW\ 

E • J,,i + H • J,., - - f ■ » -* 57 ] ■ U9.16) 


which upon integration over V, and by use of the divergence theorem, we 
obtain, 


(E • J(.) + H • = - j s : ndS - .(49.27) 

\ 2 '' 

The left side is interpreted as the total electromagnetic power trana*- 
formed in the volume to other forms of energy by means of the motion of 
the electrical charges and magnetic currents in the presence of the field, 
The surface integral gives the electromagnetic power fluxing into the 
volume through 2, while the last term on the right side is the rate of 
change of the field energy within the volume. It must be noted that this 
field energy does not include the energy absorbed by magnetized or polarized 
material. By analogy with eq. ( 48.35 ) for $p, we shall put 

J(.) = U 9 - 28 ) 
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and define, 


U m ) 


— + Vx(/ioMxv) 


( 49 . 29 ) 


the magnetic charge density is taken as, 




( 49 . 30 ) 


SO that P stands in analogy with rather than M. Following the analogy 

further, we define the force density of magnetic charge due to the action 
of the field by 


^(m) ° ''7( «)H ■ J( „)XeoE 


( 49 . 31 ) 


This is the magnetic counterpart of the Lorentz force on the electrical 
charge distribution. This force holds for charges and currents of a 
material medium either at rest or in motion. The sum of the force den¬ 
sities now takes the more explicit form, 

= iVf - ^ ■ P)E +[j/ + I7 + ^*(P*v)] XMoH 

- (V • ;.oM)H -[^ (MoM) + Vx(/ioMxT)] xe„E . 

( 49 . 32 ) 

V'e see that the analogy is rather complete except for the correspondence 
of a free magnetic charge and current. This results from the non-existence 
(as yet) of free magnetic poles. Let us form the scalar product of this 
expression with v and obtain 

• (f(e) + f(«)) = V • + V • V • (J(,,xeoE) 


or, 

• J(.) -E • • J(„) -H • 77(„)V = 0 . 

( 49 . 33 ) 
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This can be transfarmed into 


• (fu) + ^(«)) + ■ (J(.) - ^(«)^) 

+ (H - vxeoE) • (J(,) - 77(,)V) = E • J,,) + H • J(„) , (49.34) 

and putting this expression into eq. (49.16 ) we obtain the generalized 
Poynting’s theorem, 

' (f(.) + f(«)) + (E + txMoB) • (J(.) - 
+ (H - Txe„E) • {J(.) - = "(^■*■^17) • 

It is clear that J(^) “ is the current density due to the motion of 

the charges relative to the material, or in other words, the total current 
density minus the convection density arising from the motion of the net 
charge in the material. The term E + vx/.6qH is the force per unit charge 
acting on an element of the material moving with velocity t. Consequently 
these quantities are the ones seen by an observer in the system S, and are 
different from the quantities viewed by an observer in S' . A similar 
interpretation holds for the quantities^, and H - VX€ qE. We 

can now interpret the terms in eq. ( 49.35 ). The term y • (f(g) + 
is the density of the work per unit time done by the electromagnetic 
forces, and this work is transformed essentially into mechanical energy. 
The scalar product terms (E yx/u^H) • (J(g) " V( ^ ai^d 

(H “ tx£qE) • (J(„) - is the power imparted by the field to the 

moving material, the right hand side has already been interpreted. Sum^* 
raarizing, we see that part of the electromagnetic power converted results 
from the work done per unit time by the macroscopic electromagnetic forces 
acting on an element of the material and the remainder is energy stored 
or dissipated in the material. Thus, the left side of eq. ( 49.35 ) is 
the total density of electromagnetic power transformed into other forms 
of energy. 

The identification of the various forms of energy resulting from the 
electromagnetic t erms is an interesting, useful and of ten times difficult task.' 
This is particularly true in the case of non-linear media. But even the 
study of the energy density in continuous electromagnetic media for the 
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linear, time-invariant case is highly rewarding. The inclusion of dis- 
. * . 

persion in the constitutive relations, i.e., € is a function of frequency 
and Tellegen-type media are of considerable interest.^ Some of these 
matters will be dealt with in a later chapter. 


50, CONDUCTING FLUIDS 


With the brief relativistic background just presented together with 
the aid of the developments of Chapter III we can now deal with the thermo 
dynamics of conducting fluids. 


As in Chapter III, we consider a volume of the fluid bounded by a 
surface £ and recall that the conservation of mass and momentum are given 
respectively by (see secs. 21-23) 


or alternatively by 



J pv .n .dZ 
Z 


] 


{pv .) 


(50.1) 


(50.2) 


and 


3 
B t 


(g. + pv .)dy + I pv.v.n.dl 


r . .n .dZ + 

1 j J 


pF.dV 


(50.3) 


In these equations, v is the velocity of a fluid element, in the last 
equation we have added the electromagnetic momentum density g to the 
mechanical momentum density pv. Here, and in what follows we shall use 
the mixed vector and tensor notations as in previous sections. A free 
index takes on successively the values, say, i » 1, 2, 3. F^ is the 
external force per unit mass acting on the fluid, p is the mass density. 
Thus on the left side of eq. (50.3) we have the time rate of change of 


A. Tonning, "Energy Density in Continuous Electromagnetic Media,** IRE Trans, on Antennas and Prop. 
Vol. AP-8, No. 4, pp 428*434, July 1960; H. Pelzer, "Energy Density of Monochromatic Radiation in a 
Dispersive Medium, " Proc. Roy. Soc. (London) A, Vol. 208, pp 365-366, September 1951. 

^ B. D. H. Tellagen, "The Gyrator, a New Network Element,” Phillips Res. Repts. , Vol. 3, April 1948. 
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electromagnetic plus mechanical momentum in V plus the mechanical momentum 
convected away from S. This time rate of change of momentum must be equal 
to the total force acting on the medium bounded by 2; the right side of 
eq. ( 50.3 ) is exactly this force. It consists of body or volume forces 
and the surface forces by virtue of the stresses on 2. The ponderomotive 
forces which are the forces exerted by the electromagnetic field on the 
material do not appear in eq. ( 50. 3 ) because they are internal forces. 
This is really due to the fact that we are considering the mechanical and 
electromagnetic systems as a single gross entity. The stresses which 

act on 2 are due to the joint action of the mechanical and electromagnetic 
effects. 


Applying the divergence theorem to eq. ( 50.3 ) yields by the standard 
arguments the following 


3 B 

Tt * 37 " ~ 

J j 


(50.4) 


From eq. (49..15) it follows that we can write 

g = DxB 


(50.5) 


and if we denote by T J ^ the electromagnetic stress tensor and by f the 
ponderomotive force, these three entities are bound by the relation, 








J 


- fi 


(50.6) 


We postulate that the stress tensor appearing in eq. ( 50.3) can be de¬ 
composed into two parts, one of which is due to a mechanical origin and 
the remaining part of electromagnetic origin. Thus we can write, 


T 


ij 


^ ( ffl ) ^ ^ ( e ) 

ij ij 


and therefore eq. ( 50.4) takes the form, 


(50.7) 


± (p„,) + ^ . (50.8) 

J j 


The uae of the symbols ( e) and (s) should not be confused to mean electrical end magnetic as they were 
used in previous sections. 
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51. ENERGY AND WORK RELATIONS 


The energy and work relations are easily established following the 
ideas set forth in Chapter III, section 30. Consider a portion of the 
fluid isolated from the remainder. As a free body the mass of this volume 
will move and its volume will be deformed. The rate of work done by the 
forces producing the motion and deformation is 


dt 


j r ^n.dl + I pF .v^dV 


—— (t . .V ■) + pF .V . I dV 
L J- 


F.v . 

‘ ‘J 


(51.1) 


where the integrations are carried out over the entire mass. For future 
use it is convenient to rewrite eqs. ( 50.2), ( 50.4), ( 50.8 ) in the 
alternative forms respectively. 


'dv . 
_ 3 _ 

, 


= P 


A (A 

dt [pj 


(51.2) 


dv . 


— + — 
^ dt 


Sr . . 

_w 

. 


+ pF. 


(51.3) 


dv 


dt 




'dx . 

j 


+ fi + pf’i 


(51.4) 


By utilizing these forms, the integrand of eq. ( 51.1) becomes 


. .V . 

t J ^ 

. 

J 


. . 
IJ 


+ pF .V . = i; . (- + pF . I + T . . 

^ I I -dx . ^ I 

J 


'dv . 

I 

"dx . 


'Bg. dv 


Bv 


II . I + P ~~~ I + T . . 

* \ Bt ^dt ‘J B:c . 


(51.5) 
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At this point it is desirable to express the stress tensor in explicit 

terms, as a function of the field quantities. For a medium with a dielectr: 
constant and permeability which are independent of the density p, tempera¬ 
ture Tj and field strength, the electromagnetic tensor obtained 

according to eq. (49.11) as, 

. (51.6) 

For a dissipative fluid, the dissipation is accounted for by means of the 
viscosity stress tensor already introduced in section 26. Moreover, 

we shall also establish the thermodynamic arguments which lead to the 
representation of r .j in the form, 


w 


“p8 . . 


+ D J . + 


B H , 

I j 


+ cr , 


v; 


(51.7) 


where p is here the sum of a mechanical and electromagnetic pressure. For 
the moment however let us tentatively accept this representation and utilize 
it in eq. (51.5) which becomes 




{T..V.) +fiF.V. 


dv\ 

‘ \ ^ ^ dtj 




dv. 

I 

+ O'. . — 
dx. 


wher^. 


3 

= V • — (BxB) + E • (D • V)v + H • (B • V)v 





(51.8) 




»J 


dv . 

t 

dx . 
J 


( 51 . 9 ) 


this function ip, a scalar quantity, represents the rate of dissipation per 
unit volume taking place in the fluid. To complete the description of the 


* 

See also C. Moller^ The Theory of Relativity (Oxford Univ. Press, New York, 1952). 
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work equation we must of course use Maxwell's equations but for a moving 
medium . This has been done in the previous sections. But, in order to 
make more clear the necessary relations we shall define the coordinate 
systems which are used here. 

One reference frame is fixed in space and all quantities B, D, H, E, 

J and 7} the charge density (we consider here only the electrical charge 
density) are referred to this system. The other system is attached locally 
to a fluid element and relative to an observer in this system, the medium 
in the neighborhood of the origin is quasi-stationary. All quantities 
relative to this reference frame are denoted by primes. The velocity of 
the fluid element satisfies the relation |v| « and hence terms of 
order are to be neglected compared to unity. Consequently, we 

have the relations, 



E' 

= E + vxB 

, (51.10) 


D' 

= D + 

, (51.11) 


B' 

« vxE 
= B - 

''0 

, (51.12) 


H' 

= H - VxD 

, (51.13) 


J' 

= J - 77V 

. (51.14) 

while 

the constitutive relations 

are, 



B' 

II 

es 



D' 

= eE' , ^ 

(51.15) 


J' 

= crE' , 


After 

substituting eqs. (51.10 - 

51.14) into eq. 

( 51.15), and neglecting 


terms of order (v/Fg)f we obtain, 


D 

B 
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We must recognize that although the medium is non-relativistic we have 

used a relativistic approach to obtain a first order description, i.e., 

order v/V^, of the basic field relations. The legitimacy of using what 

is substantially a Lorentz transformation of the field quantities, for 

accelerated media is an assumption whose validity must ultimately rest 

* 

on experimental verification. 

By utilizing these relations, Maxwell*s equations together with some 
standard vector identities, we find, 


H . + E .—+ V . (ExH) + J' • E' + V • [ 77 E+JxB] = 0 ,(51.1fi) 

O t 0 t 

where we have used the relation, 

J • E = J' • E' + V • [ 77 E + J xB] (51.19) 

Here, we take note that it is J' • E* and not J • E which is the Joule heat, 

for a moving medium, whereas for a medium at rest it is J * E. The reason 

for this difference will be made clear after the thermodynamics has been 

introduced. To continue, the following useful relation obtains from 
using eqs. (51.10 ) and ( 51.13), 

E H' = ExH - Fk(vxB) - Ex(vxD) = ExH + (t • H)B + (v • E)D - (B -H + D E)v , 

(51.20) 

here too we have neglected the term (txB)x(vxD) which is of order 
(v/Ko)^|ExH|. Finally from eqs. (51. 18) and ( 51. 20 ) and a rather 
lengthy vector calculatiqn, there results. 


V 


3 

— (DxB) +E- (D-V)v +H- (B-V)v 

Bt 


V • (E'xH') + J' -E' 


P\ 


E*— (-—) + H-— — 

dt \p j dt \p 


( 51 . 21 ) 


In this connection we cite an interesting and important paper by Schlotnka and Schenkel, **Relatirity and 
Unipolar Induction, ” Ann. Physik, Bd. 5, 1950, p 51-62, wherein the problem of rotating media is carefully 
treated. See also, H, Arzelies, La Dynamique Relativiste et Ses Applications, Chapter XIII, Fascicule I 
(1957), Gauthier-Villars, Paris. Podolsky, Boris and Denman, Harry, “A Derivation of Generalized Macro¬ 
scopic Electro-dynamic Eqs." I. Non-Relativistic, Journal of Math and Physics, Vol, 34, No. 1, pp 198-207, 
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Substituting this result into eq. (51.8) gives 


3 

~ ir..v.) + fiF.v^ = p 
j 


^ ^ ] d l\ ^ d (li\ „ d /b\ 

— ■?— — +£ — — +H* — — 

" ' dt\p dt\p / dt\p 


dt V2 


+ ^ + J' • E' + V • (E'xB') , 


(51.22) 


and after integrating this expression over the volume V as indicated by 
eq. ( 51.1) we obtain the rate of work done by both surface and body 
forces, namely 


dt 


_£ 

dt 


— pv^dV + [ (E'xH') 

. ^ J 

• ’ll 2 + 

x/jdV + 

I-’' 



V 



E'dV 


r r d (l^ „ d f 

~ p ~r (~ H ~ 

J dt \pj dt \ 

y ^ 


Pj \PJ \P) 


dV. 


(51.23) 


The terms occurring on the right side are interpreted respectively as 
follows. The first is the rate of increase of the kinetic energy of the 
mass; the rate of energy radiated away from the mass; the irreversible 
work done against internal friction, i.e., the viscous dissipation; the 
irreversible work against electric resistance, i.e., the Joule loss; and 
the last term is the rate of reversible work done in creating the magneto- 
hydrodynamical field. That is, the integrand is the reversible work done 
P^r unit mass of the medium in a time increment dt, 


52. THE THERMODYNAMICS OF A CONDUCTING FLUID 

The foregoing considerations permit us to develop in a systematic 
manner the fundamentals of the thermodynamics of a conducting fluid. We 
consider a differential element of the fluid and an observer who is fixed 
with respect to the center of mass of this fluid element. For such an 
observer eqs. (51.22 ) and (51.23 ) are still valid but the kinetic energy 
term now vanishes since for an observer riding along with the fluid ele¬ 
ment T - 0. As before we denote by dW the work done, by the surface and 
body forces acting on the element, per unit mass during a time in which a 


In obtaining this equation we have also used the relation (d/dt) ipdV) = 0, which expresses the conserva¬ 
tion of mass. 


237 




differential change of state occurs for the element. Also, let 
dQ^ = -(l/yo)V • (E'xH' )dt denote the energy radiated into the element 
in time dt per unit mass of the element; by dW^ = {l/p)(\p + J' • E' )dt 
we mean the energy dissipated into heat by internal friction and elec¬ 
trical resistance per unit mass in time dt. Finally, let 

= -pd + E • + H • 

denote the reversible work done per unit mass of the medium in time dt. 

With these designations we can write eq. ( 51.22) in the form 

(fff + . (52.1) 

Now for an observer fixed with respect to a differential element of the 

* 

fluid we can invoke the first law of thermodynamics, namely, 

d(/ = dQ + dQ^ + dff (52.2) 

which states that the increase in the internal energy dU of the fluid 
element is equal to the amount of heat added to the element plus the 
energy radiated into the element plus the work done on the element. In 
eq. ( 52.2 ), dl7 is the increase in the internal energy per unit mass. 

If we use eq. ( 52.1 ) we can write eq. { 52.2 ) in the form 

d(/ = dQ + dW'^"^ + . (52.3) 

Since, dQ + dW^^"^ is the total heat entering the element from the external 
source and internal dissipation, we have from the second law of thermo¬ 
dynamics ^ 


dQ + dM^^"^ = TdS (52.4) 

where T is the temperature of the medium and <S is its entropy. Eq. ( 52,3 ) 
therefore becomes, 

TdS + dfF^'*^ = dU , (52.5) 


* 

Epatein, Paul S. Textbook of Thermodynamics, John Wiley and Sons, New York, 1937. 
^ Ep*t«iii, P«ul S., loc. cit. 
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hence, 


TdS = di/ + pd - E • c£ Q - H • d . (52.6) 

We introduce at this point the free energy of the system which is by 
definition the difference between the internal energy and the product 
TS, it follows from eq. ( 52.6 ) that 

d(U - TS) = -Sdr - pd (—1 + E • d f-H + H • d f— 1 . (52.7) 

\p) \PJ \pj 

^<1®- ( 52.6 ) and ( 52.7 ) hold therefore for the irreversible change 

accompanying the deformation and change of state of an electrically con¬ 
ducting viscous compressible fluid. Thermodynamics teaches us that in 
the absence of an electromagnetic field the thermodynamic state of a 
system is completely specified when two of its independent state variables 
are given. If, in the case of a fluid, we specify the density p and 
temperature T as the independent variables, the entire thermodynamic 
behavior of the fluid is obtained from the state function 

A{p,T) ^ U - TS , (52.8) 

which is the free energy per unit mass. Accordingly, the variables p^T 
are considered as the mechanical state variables. If now we assume the 
presence of an electromagnetic field the complete thermodynamic behavior 
of the fluid is governed by the single state function 

A = A(p,T,B,D) . (52.9) 

The introduction of this characteristic function together with eq. ( 52.7 ) 


allows us to deduce the important 

relations, 





S = 

~ BT 

(52.10) 


B^ 

(52.11) 

II 

^BD. 

1 



"dA 


H. ^ 

1 

'^BB . 

(52.12) 
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and 


P = D-E + B'H + ;?^— • (52.13) 

Bp 

Since >4 is a state function, dA is an exact differential in the eight 
variables (yO, . ,D ^) , (i = 1,2,3); further relations can be readily 
derived. The relation ( 52.13 ) clearly shows the separation of p into 
an electromagnetic and mechanical part. We remind ourselves further 
that the derivations above did not in any way assume any constitutive 
relations for the electromagnetic field variables. It is obvious that 
if constitutive relations are introduced the results can be specialized. 

53, AN ALTERNATIVE FORMULATION OF THE ENERGY RELATION 

In the derivation of basic relations it is oftentimes instructive 
to derive such relations from alternative points of view. This is the 
situation for the energy relation just derived. 

By starting from the momentum balance equation in the form of 
eq. (51.3 ) we can obtain an alternative representation of eq. ( 51.22) 
or ( 51.23 ). From Maxwell’s equations together with eq. ( 51.3 ) we form 
the expressions, 


and, 


'dg j dv ^ 


‘‘[IT *^77 


'dr . 


V . 


i; 


dx . 
/ 


+ pF. 


H • VxE 


H ■ 7“ 

B t 


E • VxH = E 


15 

B t 


+ J 


V . 


, Bt 


Br<«) 

V . — - V .f . 

‘ B* . ‘ 

j 


dv . 

I 

dt 


Bt ^ 
'hx . 


+ fi + pFi 


(53.1) 

(53.2) 

(53.3) 

(53.4) 

(53.5) 
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The addition of eqs. ( 53.2 ), ( 53.3 ) and ( 53.4 ) gives 


B(t^. ® .) 

I j I 

J 


- 


dt \pj dt \pj dt \p^ 


+ V • (E^xH') + J' • E' + f • V 


(53.6) 


where f is the ponderomotive force. V/e emphasize that this result follows 
from the assumption of the separability of the system into a purely me¬ 
chanical and purely electromagnetic, part. 

An energy relation for the mechanical part is obtained by simply 
forming the scalar product of v with eq. ( 53.5 ), that is, 


B(r ^ i; .) 
w t 

“dx . 

J 


+ pF .V . + f .V . 

' II •'ll 



(53.7) 


Equation ( 53.6 ) asserts that part of the work done on the fluid by the 

electromagnetic stress goes into creating the electromagnetic field in 
the mass, partly radiated away from the mass, and partly dissipated into 
heat, with the remaining work used in driving the fluid. The relation 
(53.7 ) says that the work done on the fluid by the mechanical stress, 

external body force and ponderomotive force on a mass of the fluid, treated 
as an isolated body is partly expended in increasing the kinetic energy 
of the mass, and partly expended in changing the volume of the element, 
with the remainder dissipated in heat. 


54. THE ENERGY EQUATION FOR AN IONIZED GAS IN THE 
PRESENCE OF A MAGNETIC FIELD 

The thermodynamic quantities which we have introduced, naturally are 
applicable for establishing an energy equation for an ionized gas. But 
it is also necessary to introduce other quantities which have hitherto 
not appeared. 

We assume as in Chapters II and IV that the absolute dielectric 
constant and absolute magnetic permeability of the ionized gas is the 
same as free space. For sufficiently dilute plasmas this is a tenable 
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assumption and we shall comment on this in a later chapter where these 
and other related questions regarding equations of state arise in a natural 
way. The thermodynamic quantities which enter into the discussion here 
for an ionized gas are the specific (per unit mass) entropy S, internal 
energy U, enthalpy I, and the pressure p. All of these quantities are 
total ones, that is, they refer to the sum of the mechanical and electro¬ 
magnetic actions. Since the electromagnetic energy density for the ionized 
gas IS we can write immediately the following expressions, 

p = p<-> , (54.1) 

U = y<«) +ii ^ _ ^5^ 2) 

I = J(-) + i _ (54.3) 

P 

Consequently eq. ( 53.6 ) simplifies to 

TdS = d£/^"> 4 pd 

or in terms of the enthalpy, 

TdS = dj‘“> - -dp . (54.5) 

P 

For an ionised gas containing r distinct species each of which has an 
average velocity and mass density p. we define the mass averaged veloc¬ 
ity of the average velocities by the formula 

r P 

<T> = S —(54.6) 

i=i P 

where p is the density of the over-all constituents, i.e., the mixture. 

It follows readily that for the mixture we have the equations of continuity 
and momentum, respectively, 
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0 


(54.7) 


Bp B 

— + - <v> 

Bt B* . 

1 


d<y> . 


Bcr. 


- + -—— - p E . - p (<v> xB).-(JxB). = 0, (54.8) 

dt Ba: . B* . * ‘ * ‘ 

I j 


where p^ is the net charge density defined by 

p = 2 N.e. , (54.9) 

i = l ‘ ‘ ’ 

and, 

J = 2. N.e .V. (54.10) 

" . - 1 III 

1-1 

Here is the number density o£ each species, and in this definition of 
J we use the mean diffusion velocity of the i-th species. This veloc¬ 
ity is defined by 


<v> 


(54.11) 


For the case of an ionized gas the quantities and are bound 

by a relation of the form 


pS . . 

^ IJ 


“ cr . 




2 

ife=i 


Pk^^ijk 


(54.12) 


where the quantity Q ^ j is s tensor of the type indicated. Let us also 
define the relative concentration of the i-th species by 


C. 



(54.13) 


At this point it is not necessary to give the explicit form of take eq. (54.12 ) ns the 

defining equation of this tensor. Its fundamental meaning and structure is put into evidence from a 
microscopic description involving the Boltzmann equation and a distribution function. Qijh then results 
from a moment description which will be given in Chapter VIII, The interested reader will refer to 
Chapman and Cowling, The Mathematical Theory of Non-Uniform Gases, p 18, Cambridge Univ. Press, 1958. 
See also, Kolodner, I. I., “Moment Description of Gas Mixtures," A£C Research and Development Report 
NYO-7980, Inst, of Math. Sciences, NYU, Sept. 1957; and Burgers, J. M. (Editor), “Statistical Plasma 
MechanicsPlasma Dynamics (ed. by F. H. Clauser), pp 119-186, Addiaon-Wesley Publ. Co., Inc., Beading, 
Massachusetts, 1960. 
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where satisfies the equation. 


dC^ 

+ div {p\.) = 0 , (54. 14) 

or if we put 

fi = (54.15) 

which is called the “diffusion flux” vector of the i-th species, we can 
write, 


dC. 

p ~— + div f. = 0 

dt ’■ 


It follows at once that, 


and, 


2 C. 

i = i ‘ 


1 


2 f, = 0 

i=i ‘ 


(54.16) 


(54.17) 


(54.IR) 


In terms of the definitions of and , the total specific energy 
of the i-th species is given by 


e . = 17. + V. • <v> + — 

^ I I 2 


where 


V = I<v>I 

and the enthalpy is 

J. = u. +Li 


<54.19) 


(54.20) 


hence the total specific energy, enthalpy and entropy can be written for 
the mixture. They are, 
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Z — e . 
i=i p ' 


(54.21) 


^ Pi 
1 — I 

i=i p ' 


(54.22) 


S = 


r Pi 

1 -5. 

i=i p ‘ 


(54.23) 


The energy balance equation for the mixture is therefore, 


d v^\ 

"Tt r "Tr-*” .5. 


I ^ .e .(E + T J xB) • Vj 

i= 1 


but, 


(54.24) 


2 )V,e,(E + v.xB) • V. 

—Ill I I 


<v> • Z JV.e.(E+v.xB) + 2 N^ey. * (E + v.xB) 

.— ill I • = ‘ 

l-i l-i 


r C . 

= <v> • (p^E + p^vxB + JxB) + ® v^xB) , 

' (54.25) 

where is the mass of each species and the diffusion flux vector from 
eq. ( 54.15) has been introduced. We also have 


2 

i=i 


p.e.V. 


<v> • 2 2! p.(/.V. = <v> • (pi " cr) + Q » 

(54.26) 


where pi - a = (pS . . “ cr . .) so that the dot notation implies that if 
is the j-th component of <v>, <T> * (pi “ cr) = <y> ^ipS j - 
(summation convention on j) is a vector, and 


Q = 2 p.t/T. , (54.27) 

i = 1 


is called the ‘‘total heat flux*' vector. The energy equation therefore 
t akes the form, 


245 





+ div [<T> • (pi - cr) 


+ Q] 


<v> • [pJE + p/t>xB + JxR] 


With the use of the identity 



^(E + v,xB) 


(54.2R) 


div p<y> 


<▼> • grad p + pp — 
at 



we can transform eq. (54.28 ) into 


de d (I 

— + p — I — 
di dt \p 


= - div 0 + (o- • grad)<T> 

r € . 

+ 5: f. • — (E + T xB) , (54.29) 

i = 1 m . 


or in terms of the enthalpy 
dp 


fdl 1 dp\ r e. 

^\^~pdtj “ - div Q + (cr • grad)<v> + f. • — (E + v^xB) ; J[54.30) 

The second term on the right hand side of eq. ( 54.30 ) is defined by 


^<V> . 
J 


- (cr • grad)<v> , sum over j ,k , 

where we recall that cr is the viscous stress tensor. The last term in 
both eqs. (54.29) or (54.30) is the Joule heat, for 


^ • V. = J • (E + <v>xB) 


(54.31) 


therefore if J is simply proportional to (E + <v>x B) , this last term 
takes the form (J*/a), (here cr denotes the usual isotropic conductivity). 
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By using eq. ( 54.31 ) the energy balance equation can be put in 


div Q = J • (E + <v>xB) + (o- • grad)<v> , 

(54.32) 

div Q = J • (E + <v>xB) + (or • grad)<v> , 

(54.33) 

in which the last term on the right side is clearly dissipative and can 
be identified with the viscous dissipation function 

55. SOME COMMENTS ON IRREVERSIBLE THERMODYNAMICS 

All of the derivations given thus far are macroscopic in form, and 
they are quite useful in that they yield the principal features for the 
energy relations. However, they lack completeness, particularly in the 
last derivation above. This lack, as is obvious, results from the intro¬ 
duction of the diifusion flux vector f and the total heat flux vector Q. 
They entered into the description of the energy balance equation only by 
definition and thus seem to be of a purely formal nature. These quantities 
even though introduced in a consistent way, are not formal entities at all. 
They have a very definite physical meaning when defined through a micro¬ 
scopic approach. In a later chapter we shall carry out such a program. 

But at this stage we can still shed some light on their meaning from a 
macroscopic point of view. To effect this we utilize the notions of ir¬ 
reversible thermodynamics. Here too, we can not give a thorough account 
of this topic because it is a subject to be studied on its own. We can 
however sketch its role as regards our initial queries about f and Q. 

For irreversible processes an entropy balance equation can be written 
in terms of an entropy flux vector 

dS 

p — + div (^) = (55.1) 



deGropt, S. R., “Thermodynamics of Irreversible ProcessesNorth-Holland Publishing Company, 1951, See also 
Landau and Lifshitx, “Statisticidl Physics,” p 31 Addison-W^sley, 19S8; M. Biot, .Variational Principles 
in Irreversible Thermodynamics,** Phy. Rev. Vol. 97, No. 6, pp 1463>1469 (1955); T. Kihara and Y. Midzuno, 

** Irreversible Processes in Plasmas in a Strong Magnetic Field,** Rev. Mod. Phys. Vol. 32, No. 4, pp 722-730, 
Oct. 1960, 
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where is the entropy source or production. The production term is 
always positive, while the divergence term can be either positive or 
negative. Denoting by F the forces acting in the system, the function 
pg is expressible in the form 

TP^ = 2 • F. . (55.2) 

To interpret the statements more physically, these forces can be tempera¬ 
ture gradients, concentration gradients, etc., and are the sources of the 
irreversible phenomena. The significant feature of the irreversible theory 
is the ability to write the entropy source term in the summand form of 
eq. ( 55.2 ). The irreversible flux quantities can be viscous stresses, 
heat flux, diffusion flux and many other entities. 

Following Onsager, the fluxes are related to the forces by the phe- 
nomenological relations, 

(55.3) 

with the matrix L .g = L^^., i.e., symmetric, which expresses a reciprocity 
relation. According to this relation, any force is the source of any 
flux, provided the system deviates slightly from the equilibrium state. 

We state without proof that if reciprocity holds as defined above, for a 
given multi-component system, there exists a determinate relation between 
f and Q, via the temperature T and the field quantities. To exhibit this 
relation here is beyond the express purpose of this chapter. 

56. THE ENERGY EQUATION FOR MAGNETOHYDRODYNAMICS 

Once the thermodynamics is understood, the energy equation for mag- 
netohydrodynamics can be written straightforwardly. The arguments proceed 
as before. We consider a mass of fluid as a free body and take the me¬ 
chanical and electromagnetic systems as a single system. 

The amount of work done by the surface stresses and external body 
forces plus the amount of heat conducted and energy radiated into the mass 
of fluid must be equal to the rate of increase of the internal energy and 
kinetic energy of the mass. 
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We relate the “total heat flux” vector Q to the temperature T by 
Fourier’s law, 

Q = grad T , (56.1) 

where k is here, the coefficient of thermal conductivity. The balance 
equation in this case takes the following form, 


v. . 1 ? .n .cE + 
J w t j 

2 


pF .V .dV + 

” I I 





n .d^ - 
j 




(E'xB')^.n.dE 



(56.2) 


By utilizing the equation of conservation of mass and the divergence 
the orem we deduce, 





pF .V . 

^ J J 



Bx . 


{E'xH'), 


(56. 3) 


as the differential form of the energy equation. Using eq. ( 51.22) we 
transform eq. ( 56.3 ) into 


= div (k grad T) + J' • E' + 0 ; 

(56.4) 

if O' denotes the conductivity of the conducting fluid and assume that 
Ohm *s Law is valid in the form, 



J' = oE' , (56.5) 

the second term on the right side of eq. ( 56.4 ) is (J*)^/a. The entire 
right hand side of eq. (56,4 ) can be written in terms of the entropy 
Ly using eq. ( 52.6 ) and this gives, 


pT — = div 

dt 


dS grad (J') 




(56.6) 


or as an entropy balance equation it becomes 


diS fk grad T 

pT — - div — - - 

dt \ T 


.'grad (J')2 


(56.7) 
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57. FULLY IONIZED GAS IN A STRONG MAGNETIC FIELD 


In this section we want to make a few comments on the subject of the 
thermodynamics of a fully ionized gas in a strong magnetic field. First, 
there have been two approaches to the study of the static and dynamic 
behavior of fully ionized gases in a strong magnetic field. These are 
the statistical approach of which the papers of Chew, Goldberger, Low, 
Watson, Brueckner, Chandrasekhar and Kaufman are cited.* In this approach 
one commences with the Boltzmann transport equation describing the change 
of the distribution function of the particles in phase space. Then by 
the method of perturbations an attempt is made to solve the equation about 
a stationary state. Because of the mathematical difficulties encountered 
no results which are truly satisfactory have been obtained. In the other 
approach, exemplified by the papers of Rosenbluth, Longmire, and Parker,^ 
an orbital concept is used. Here, the detailed motions of the individual 
particles are considered and the average properties of the whole plasma 
are derived. If the particle collisions can be ignored, the method is 
useful and provides an insight into the mechanics of a problem. It suffers 
in providing the general relations between the macroscopic parameters. 

Whether one uses a statistical or orbital approach the end description 
of the properties of the plasma are in terms of the dynamical behavior of 
the macroscopic parameters of the system. These are, as already noted, 
the hydrodynamic, and electromagnetic variables and the electric current. 
The hydrodynamic variables may be defined from the moments of the distribu¬ 
tion function, and if this function is known in explicit terms this is all 
the more advantageous. But since this is still a central problem, a com¬ 
promise is obtained at least in applications, by using the macroscopic 
variables, which are after all the physically observed quantities. 

We should mention yet another method, which is an energy method. 

This method in principle is not new and has been used in mechanics, i.e,, 
theory of elasticity, hydrodynamics, etc. Its principal utility however 
has been in stability problems,^ 


Chew, Goldberger Low Proc. Roy Soc. (London) 236, 112 (1956); K. M. Watson, Phys. Rev. 102, 12 (1956); 
Physicf'T 435 (1957). Chandrasekhar. Kaufnian and Watson, Annals of 

^ Longmire, Annals of Physics, 1, 120 (1957); E. N. Parker, Phys. Rev. 107. 924 

Bern«tein, Friein.ii, Krusk.l and Kulsrud, Proc. Roy.l Soc. (London) 24«. 17 (1958); Friem.n and Knl.rnd, 
Problem, in Hydronagnetics,» pp 195-231, Advance, in Applied Mechanic, V, Academic Press, 1956. 
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It should by now be apparent to the reader that when the fluid 
dynamics of a piasma are developed according to the continuum theory 
that the thermodynamics should enter into the development to obtain a 
better understanding of the nature of the processes. Moreover, the 
study of the temperature and entropy functions of a magneto-plasma 
which causes the thermodynamic non-equilibrium state sheds considerable 
light on the whole subject, since it is only these functions or vari¬ 
ables which are not directly involved in the basic hydromagnetic equa¬ 
tions. This statement will be further clarified in Chapter VIII where 
it will be shown that these quantities are not simple moments of the 
distribution function in velocity space. It is possible however to 
make some intuitive inferences regarding the behavior of a fully ionized 
plasma in a strong magnetic field. First we recall from thermodynamics 
that not all adiabatic processes are reversible and quasi-static. Thus 
if we ignore a process like heating due to shock waves and cooling by 
radiation (i.e. Bremsstrahlung, which arises from the scattering of 
electrons in the coulomb field of the nuclei) the behavior should be 
quasi-static and reversible. The strong magnetic field produces the 
mechanism for the quasi-static behavior, this mechanism is rapid gyro- 
motion of the charged particles about the magnetic field lines. The 
reversibility is due to the lack of randomization processes, for example, 
collisions. Both of these hypotheses then, strong magnetic field and 
no collisions, are tantamount to an adiabatic approximation. It is pos¬ 
sible to verify these intuitively plausible statements by formal math¬ 
ematical and physical reasonings. 


Aa an example we know that a free expansion process is neither quasi-atatic nor reversible. 



58. CIRCUIT CONSIDERATIONS FOR A PLASMA 


The balance equations developed in the preceding sections are quite 
useful in establishing circuit concepts of a plasma. By starting from 
the fact that the total energy is constant the circuit equations applicable 
to a plasma can be derived in terms of a Lagrangian function. The 
Lagrangian approach has proved very fruitful in circuit dynamics when the 
elements comprising the circuit are rigid,* When the circuit contains a 
plasma element, e.g,, gas discharge, the usual formulations of circuit 
dynamics may not necessarily hold. In the usual formulations Maxwell's 
equations together with Ohm’s law in the form J = crE form the basis of the 
circuital equations. In the plasma case, the simple relation can not 
necessarily be retained. Moreover, the conductivity is dependent on the 
electron and ion temperatures, the fields and associated equations must 
be solved simultaneously with a thermal energy equation. 

The total energy equation is written in the form 

+2 * Jiv (0. + R,) - E-j , (SB.i 

where a. is the number of degrees of freedom per particle, Nj the number 
density of the jth species, T. its kinetic temperature referred to the 
center of mass, k is Boltzmann’s constant. Here, is the heat flux 
vector referred to a rest frame, and is the radiation flux vector 
associated with Bremsstrahlung, cyclotron radiation and excitation. In 
this equation we have allowed for radiation losses in addition to heat 
losses. 

THERMAL ENERGY EQUATION 

The thermal energy balance per unit volume is defined by 

^ 2 ^ i aAfe7’.<v>) + Rj 

+ E (P • grad)<v> = (J - p.<v>) • (E + <v>xB) , 

(58:2) 

■* See for example H. Goldstein, Classical Mechanics, p. 45, Addison Wesley Press, Inc,, 1950, 
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here, Qg is the heat flux vector referred to the center of mass, R 2 is 
the radiation flux vector associated with thermal energy losses, p is the 
pressure tensor referred to the center of mass. The right side results 
from eqs. (54.9) , (54.10) and (58.1) . In eqs. (58.1) and (58.2) we 
have neglected ionization processes. 

MOMENTUM EQUATION 

We take the momentum equation in the following form 

P + JxB “ div p , (58.3) 

which is just the magneto-hydrodynamical equation. To complete our 
description of these balance equations, we should like to know the relation 
between J and E, which leads us to discuss some aspects of a generalized 
Ohm* s law. 

Generalizations of Ohm’s Law— As stated above, see also Chapter IV 
It is not obvious that Ohm’s law in its classical form can be retained as 
applicable to a plasma. In fact it has been recognized for some time that 
it holds only under restricted conditions. This law in its classical guise 
asserts that the current is proportional and parallel to the electrical 
field. In considering generalizations of this law there have been two 
distinct lines of approach. We can either extend the definition of E or 
generalize the classical law so as to include the Hall effect. In the 
former, E is taken as the effective electrical field and may include the 
field generated by the diffusion phenomena due to pressure and concentra¬ 
tion gradients. Chapman and Cowling have derived a rather general ex¬ 
pression of the electrical current from kinetic theory considerations.* 

They consider in detail the cases in which B is parallel to E and B 
perpendicular to E. 

Another important feature of the generalizations should be pointed 
up. The law may be expressed in either explicit or implicit form. Thus, 
Cowling in his monograph gives a generalization in implicit form, but 
using a simpler theory.t Finkelnburg and Maecker, and Spitzer to cite a 
few others, also develop generalizations.^ In Chapter IV, the Hall effect 

* Chapman and Cowling, Zoc. cit. 

i Cowling, Magnetohydrodynamics, Interscience Publishers, Inc., New York, 1957, 

^ Finkelnburg, W. , and Maecker, H., “Elektrische Bogen und Thermisches Plasma Handbuch der Physik, 
Berlin, Springer-Verlag, 1956. Spitzer, L. “Physics of Fully Ionized Gas,Intersc ience Pub., 

Inc . , 1 956 . 

253 



was put into evidence by essentially taking J in the form J = where 

the e. form an orthonormal set of vectors. In particular if the directions 
of these e. are respectively E, (BxE) and Ex (BxE) , one obtains the 
generalized Hall current as the component. It is interesting to mention 
that in proceeding along both distinct lines of generalization, the end 
results are remarkably similar. That this is so, results from the fact 
that the underlying assumptions are equivalent but somewhat disguised. 
Following Finkelnburg and Maecker, we shall adopt their basic form of the 
law. By neglecting viscosity and electron inertial effects, Ohm's law 
takes the following form, 

— gradPe + (E + <v>xB) - ~ (J - /0/v>)xB = C^(J - p,<v>) + CjQj , , 

N e 

(58.4) 

in adopting this form we have modified Finkelnburg by adding the term 
involving Q 3 ^ which is by definition, 

5 

+ 7 — (J - . (58.5) 


where is the electron hydrostatic pressure, is a parameter whose 
dimensions are that of resistivity, similarly for C^, and is the free 
electron density. Actually, if,the following restrictions are satisfied 


I grad <v>| < CA 


1 

T dt 




(58.6) 


where Cj is some constant, the vector Q 3 ^^ satisfies the electron heat- 
flux equation 


5 

2 




k 


gradT + — Q xB 


- C 3 Q 3 ,. - ^^(J - A.<v>) . .(58.7) 


The parameters and are similar to C 2 ] this last equation can 

Le derived from the moments of a distribution function using Boltzmann's 
equation. In all fairness to the reader, we have adopted the above form 
only to demonstrate the factors which enter into the construction of a 
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generalization of Ohm’s law. At the same time the salient features are 
brought out regarding the couplings of the terms. The detailed derivations 
using a distribution function is deferred to a later chapter. 

The first term on the left side of eq. (58.4) gives rise to the 
Thomson effect, the second is the effective electrical field, the third 
gives use to Hall currents (see Chapter IV). The first term on the right 
side accounts for collisions between particles, while Q. involves thermal- 

a , e 

diffusion effects. We see from this equation the coupling between the 
electrical and thermal properties of a plasma. An additional equation 
holds for the ionic heat-flux vector. 

Let us suppose that our medium of interest is characterized by con¬ 
stitutive parameters and €, and take Poynting’s theorem in the form 


23t 2ijl \ fjL / 


E • J 


(58.8) 


where E and B are the magnitudes of E and B respectively. We can now 
eliminate (E • J) between eqs. (58.1) and (58.8) to obtain, after 
integration over the volume of interest, the first integral 



pv'^dV + 


— dV + 

2/jL 

ee‘ 1 


V 

V J -J 

V -J 

V 


0 


(58.9) 


V/e denote these integrals by TTj^, which are respectively the 

kinetic energy of directed motion, kinetic energy of random motion, 
magnetic energy and electric energy. In eq, (58.9) » the volume is 
taken sufficiently large so that the boundary terms arising from the 
div ( ) are neglected. 

To obtain a second integral we first assume that 1/0^<‘V>1 << |j|, 
then we can solve for in eq. (58.7) 


Qa.. 




1 + (cor)^ 

' c e' 




■ B ' gradT^B +(^—jBxgradT. 


(58. 10) 
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where co^ is the electron gyro frequency, is the electron collison 
time, i.e. , I/C 3 , and X. = ( 5 / 2 )p^(fe/m^ )rWith this result in eq. (58.4) 
and using eq. (58.2), we find after integrating the thermal equation, 
the result. 


dT, 


dt 


<v> • div p ciK + 


CJ * (J + K)dV 






(58.11) 


where C = C^[l - ('T'^Cg/C^C^)] . The form of the vector K is rather com¬ 
plex and for the future discussion need not be known explicitly. 


Lumped Parameters— We follow the conventional approach and language 
of circuit analysis in attempting to express the behavior of a plasma. 
This is accomplished by utilizing lumped parameters. In general, these 
parameters are categorized as geometrical, electrical, and thermal. In 
the first category we have the over-all dimensions or characteristic 
length of a body, in the second category we have the total charges on 
different bodies, such as a condenser, etc, and in the last category we 
utilize the mean temperatures of the conductors in the system. 


We should like to express eqs. (58.9) £^nd (58.11) by appropriate 
lumped parameters. The magnetic energy, we recall from elementary circuit 
theory is expressible in terms of inductance coefficients and total cur¬ 
rents ij, for example. 


U 


m 



E 


L > i ■ i 

Jk j k 


(58.12) 


where is the coefficient of inductance, ij the total current in the 

J th circuit. If is induction vector associated with ij and the 
vector associated with we have (neglecting displacement currents), 


L 


ik 



dV 


'* J 


(58.13) 


For the electrical energy we separate E into the sum of two parts, 
and E,, the first due to charge accumulation, the second is the 
induced field arising from flux changes. We can therefore write, 
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(58.14) 


1 

2 


eE^ 


T 

2 9 9 




as the electrical energy per unit volume. The induced field E. is 
deri*ved from Maxwell’s equation 


curl 



0 


(58.15) 


and if oj is some characteristic frequency of the over-all system, is 
of order coBd where d is the characteristic length of the system. It 
follows that 1/2 eE? is of order e/jco>^d^ (jB^/2 ijl); moreover, if efjju)^^d^ is 
very much less than unity, we can neglect the induced electrical energy 
compared with the magnetic energy. Generally, the terms 

negligible with respect to the electrostatic energy 1/2 Consequently, 

the electrical energy is approximately equal to fy 1/2 from 

which we define the capacitance, 


in which. 


U 


y !i!i 



1 






(58.16) 


(58.17) 


The kinetic energy is used to define 
to the definition, 


the mean temperature according 


^(7 N.kT^dV - X ^ , (58.18) 


where is the average number of degrees of freedom of a particle in a 
conductor, is the total number of particles of all species in the 
conductor, is the mean temperature of the conductor. 

Let us introduce generalized coordinates of the system by the 
notation 97 ^ and its time derivative i)^. The directed energy is given by* 

It should be remembered that M does not necessarily have the dimensions of a mass when using 
generalized coordinates. See-' H. Goldstein, Zoc. cit. 
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pv^dV = M. 7] .■h 

2 ^ 2 } k 'j ' 


(58.19) 


The total energy of the system is then expressed by the sum, 

U = Total Energy = —(l ..i.i. M ri .-n, + — —^ + V* _L ^ kf 

^ (^jk ^ r 2 " -• 


T U + T„ 

e ti 


(58.20) 


We comment that the coefficients ^ j ^jk functions of i, 

i and T as well as j/. For simplicity of exposition we shall suppress the 
dependence of the Ljj, Mj^ and Cjk on all variables except rj . Now intro¬ 
duce the generalized forces f.(these forces do not have the dimensions of 
a force, necessarily), then we can write 


77 ■ - ^ 7 ^. 


(58. 21) 


where we have subsumed the and i. into i., where the generalized force 
associated with the 7}j is defined by 


j - ~ . <v(7) )> • div p dV , 

/ V ,■ ^ 


(58.22) 


[see eq. (58.11)], in which is the component of the mass velocity 

in the 7)^ direction. Similarly, 


Pij ^ - — CJ(i ) • (J + K)dV 

i I . J 


(58.23) 


where J{i .) is that component of current density J which contributes to 
the total current i_ Let us decompose F.. as follows. 




(58.24) 
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where the ^ j denote the resistance, that is, the resistance in 

the jth circuit, R the mutual resistance between the j th and th 
circuit, the and e are called generalized electromotive forces. 

These quantities are defined by 


CJ(i ) • J(i*)dK 

i .1. ^ 

J ^ Jy 


— CJ {i.) • Kj,dV 
J Jy 


— CJ(£ .) • Kj,dV 

i . ^ ' 

J Jy 


(58.25) 


(58.26) 


(58.27) 


where we have split K into two components along and transverse to the 
magnetic field. If there is no externally applied field we can decompose 
K along and transverse to any other direction of interest. In this sense, 
the definitions (58.26), (58.27) are somewhat arbitrary. With these 
designations eq. (58.21) takes the form 



(58.28) 

59. CiaCUIT DYNAMICS 

With the assumptions made in the preceding section, namely that the 
coefficients are functions of alone we write the Lagrangian in the form 

= T(i,h - V(i) , (59.1) 


where V(^) = U^. Since T is quadratic in we have 


2ir 


1 J 


(59.2) 


(by Euler’s theorem on homogeneous functions), and because [/ is a function 
of ^ and T, we also have 
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d 

dt 


E I- — + ^ 




From eqs. ( 59.1 ), ( 59.2 ) and (59.3 ) we find, 


-(T + t/) 

dt 





(59.3) 


(59.4) 


The function L is the over-all or lumped Lagrangian of the plasma 
dynamical system. From eq. (58.9 ) we find, 


dU diT + V) 
dt dt dt 


and from eq. (58.21), 


with 


dt 



J 


dt\dij ” ~ 

\ V J 


(59.5) 


(59.6) 


(59.7) 


the range of j is determined by the number of generalized coordinates 

We shall postulate that f. = 0 for all j, and this may be considered as 

a generalization postulate since it holds for the case in which the con- 

* 

ductors are rigid for a Q. The are obtained as functions of time 
from Lagrange’s equations with appropriate initial conditions, i.c., 


dt " > 


(59.8) 


By choosing as a generalized coordinate “ 9 jk denoting by 0 the 

flux of induction, we obtain with the use of eqs. ( 58.20) for T, eq. (58.16) 
for F(^) and Eq. ( 58.24) for the flux equations for the circuit, 


* Page, L. and N. I. Adams, *'Electrodynamics, " (Van Nostrand, 1940). 
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(59.9) 


dt 


1 




k j 


+ 


R,.i, 

j 


'kT 


+ e 


kD 


where cp. = X L , .i . is the flux linking the feth circuit. Now by setting 
* J ^ J J 

^ % we obtain the force equations, 


— 

dt 



^ 7 


J > * 


J ^ 
^Tj. 


Y/ i 1 

" O r I 


u 


r h 


r , h 


2 '* 





(59.10) 


In order to understand better the physical significance of the circuit 
dynamical equations, we shall restrict ourselves to one geometrical and 
one electrical coordinate, hence we can drop the subscripts k and write 
the flux equation as 



(59.11) 


(59.12) 


and the momentum equation becomes, 



1 .2 I 1 2 . 

— —-r^l— + F 

2 ^ Bt] 2 2 ^v\cl ^ 


(59.13) 


now multiply by 7] on both sides of this equation to obtain, (since M, L, 
C are explicit functions of t), 
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(59.14) 



. 2 t/I 

2 *■ 7t 



J.(l 

t^tlc 


+ ^r,V 

V ' 


In eq. (59.12) we see that the rate of decrease of stored electrical 
energy is equal to the rate at which energy is dissipated as heat plus 
the rate of increase of stored magnetic energy. The last two terms on 
the right side are just the rate at which mechanical work is done on the 
system. As for eq. (59..14), the last term on the right side is rate at 
which thermal energy is converted into mechanical energy, i.e., energy 
of directed motion. 

We can proceed further with a network analysis but this is best done 
by treating special cases. This however is outside of our intentions. 

We wish to emphasize that although the above treatment appears to be 
straight forward and rigorous, it is not. The transition from the plasma 
equations to the equations of circuit dynamics for it should be viewed 
as heuristic in nature. We have been guided by analogy with rigid con¬ 
ductors and this is the only validity that we can at present attribute 
to the circuit equations for the plasma.* There remains much work to be 
done on this topic particularly in its engineering applications. 


60. MAGNETOHYDRODYNAMIC SHOCKS 


In Chapter III we established the concepts and formalism for the 
discussion of shocks for ideal gases and it is natural to inquire about 
the nature of shocks in magnetohydrodynamics. We shall exhibit the shock 
conditions analogous to those derived in Chapter III. We must however 
restrict ourselves to a system of equations less general than the full 
set of magnetohydrodynamics equations. Consequently we shall make the 
following physical hypothesis. 


medium can be considered as a single 
component fluid. 

The flow is adiabatic 

H^) The viscosity is negligible. 

The stress tensor can be replaced by an isotropic 
pressure which is a function only of density and 
entropy. 


* 


non-relativistic, i.e., small compared 
with Kj, but not necessarily small compared with 
- the speed of sound in the medium. The latter 


Liley B. S. «The Bulk of Plasma, •• A. E. I. Raaearch Report Ho. 

B. S. Liley, Rev. Modern Phye. Vol. 32, No. 4. October 1960. 


A. 852, 1958 


R. Herd an and 
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« 5 ) 


H,) 


assumption asserts the medium is 
However the Alfv^n speedv^P/^ZTis 
the sound speed, since otherwise 
effects can be separated from the 


compressible. 

comparable with 
the compres sibi1ity 
hydromagnetic ones. 


The conductivity of the 
implies that Ohm’s law 
V is the velocity of a 


medium is infinite which 
takes the form E a -vxB, where 
fluid element. 


The medium is over-all 
rents are negligible. 


neutral and displacement 


cur- 


With these hypotheses the governing equations become 


VxB = /ij 
Vx(Bxv) = 


3t 


■ 


div B 


with the momentum equation, 


pv + ^(V • V)v + Vp +-Bx(VxB) 


(60.la) 
(60.lb) 
(60.Ic) 


(60.2) 


the last term is the Lorentz force and we have used (60.1a ) for J. To 
this system we add the two conservation laws 


3p 

— + div (pv) - 0 


and 


(60.3) 


-S + (v • 7)S = 0 


(60.4) 


entropy per unit mass is transported unchanged by 
the fluid particles, (see Section 32, Chapter III). 

Eqs. (60.1) to ( 60.4) formed the basis for investigations in 
magnetohydrodynamics by Lundquist.* As shown by Friedrichs and Kranzer.t 

Niro-6486, 1958. AEc 
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this set of equations constitute a set of eight non-linear partial dif¬ 
ferential equations for the components of B and v, p and S. In mathe¬ 
matical description they are symmetrical hyperbolic equations. For such 
a system, closed form solutions are obtained for the propagation of 
disturbances in an arbitrary magnetic field and flow field. These dis¬ 
turbances are propagatedwith finite speed and there are three modes of 
propagation in each direction. These three modes are called the “slow 
wave,” the “fast wave” and the “transverse wave,” (see Chapter IV). 

In contrast to this situation of perfect conductivity, the system 
of equations describing the magnetogasdynamic propagation field of dis¬ 
turbances in a medium of finite conductivity is also non-linear but 
parabolically degenerate.* Consequently the resulting dispersion equation 
is not simple and closed form solutions of the system of partial dif¬ 
ferential equations obtains only for special orientations of the direction 
of magnetic field and direction of propagation. 

Following the ideas of Chapter III and Friedrichs,+ we introduce the 
term “characteristic manifold, ” that is, a three dimensional manifold in 
a four-space (r,t) associated with a differential equation. By this we 
mean that solutions of differential equations may have discontinuities 
only on certain surfaces and these surfaces are termed “characteristic.” 
These manifolds are generated or swept out by surfaces 2'(t) in r-space 
and the motion of these surfaces are also called “characteristic.” More 
precisely, suppose we are given a differential equation which describes 
some physical phenomena and that there exists a small discontinuity or 
“disturbance” on a surface at t = which may be present only on 

surfaces Z'({) at later times which move characteristically. This moving 
discontinuity is called a “disturbance wave ” or just simply a “wave.” 

The surface S'(t) is the singular surface introduced in Chapter III. 
Historically speaking, it was Hadamard who used this concept in his studies 
on wave propagation.« It is important to distinguish the types of 


* 

t 

§ 


Golxtsyn. G. S. , and K. P. Stanyukovich, Soviet Physics JETP 5, 1090 (1958). 
Friedrichs. K. 0., Zoc. cit. 


Hadanar 
1903. 
manner, 
tinuity 
charact 
pp. 343 
PP 339- 
pp. 251 


d, J. L.cons sur 1. Prop.g.tion de. Ondes .t l.s Eqaationa de 1'Hydrodyn.Bique, Pari., 
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T. I. Thomas, Extandad nompatability conditions for the study of sorfaeas of discon- 
xn eontxnuun mechanxcs, Jour. Math and Machanics; 6 (1957) pp. 311-322 On tha 
erx.txc surfacas of tha ,on Mi.as plaaticity a,..! J. Rat! M^ci.. „d Ai;!. i%S2) 
-357, Sxngnlur surfaces and flow lines in tha theory of plaaticity, ibid. 2, (1953) 
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or 


discontinuities eseoti.ted .ith such sinenl.t „t n„£.oes, *e cell 

s dtsconttnutt, ".eei.. if the sei.tion functions of out ptobie. hnv. 
iscontinuities only m the derivatives across the surface. Surfaces 
er w xc t e actual functions are discontinuous are called "strong” 
d scontxnuxpes or "shocks.” The appearance of these shocks .eans'that 

rr: be 

ess Th ^ system of differential equations which govern the proc- 
• ese shocks in ordinary continuous gas dynamics arise because 
compression. At the time of appearance of the shock, the differential 
equations are no longer valid. As we have seen in Chapter III for gas 
jnamics, shock conservation laws result from laws of conservation for 
quantities of interest on both sides of the shock front. For the 

vinir/ considerations apply but the conser¬ 

vation laws are more general. 

61- THE CONSERVATION LAWS 

as f n" magnetohydrodynamic case are listed 

as loilows. 


div B * 0 

3B 3 ^ 


(61.1) 


(61.2) 


^3 / \ 

Bt + grad p + grad )- — b.—- e 

i \ 2/jl J 'dx ^ ^ Iji J 

ere e^. is an orthonormal set of vectors and we sum on i,j; 


(61.3) 


+ div (/?v) 


(61.4) 


Before proceedinetn t-u • • 

- 11.® “ ^ remaining equations we want to point out that 

of ^rHIl I ff conservation laws resulting from a system 

_£ of d.r.v.o.v.. of ,o„otio„. of ot, ootpowu .f 

pt rsr:.‘.“j- «• <■»«') 



Thus equations (61.1 ) and.(61.2 ) are rewrites of eqs. (60.1b,c) 
eq. (61.3) .•i,s...J;he law of conservation <^f momentum, eq. (61.4) is the law 
of mass conservation. Now eq. (60.4 ) represents the entropy transport 
and should be replaced by an energy conservation law, which is expressed as 





+ pU + — + div y — pv 


+ pU + p 



A- I. 

- div B - = 0 , (61.5) 

P 

where U is the specific internal energy of the fluid and is a function of 
the density and entropy. It satisfies eq. ( 54.4). Let us note that if 
the last term in eq. ( 61.3) vanishes then this conservation law reduces 
to that of ordinary gas dynamics except that grad p is replaced by 
grad [p the additional term here, £V 2 /i is called the “magnetic 

pressure. ” This term in eq. (61.5 ) however is interpreted as the magnetic 
energy per unit volume, but B^/p. in this same equation is interpreted as 
the magnetic enthalpy per unit volume. Finally, the two terms in this 
equation, v (B^/p) - B (v • B)/p is nothing more than {ExB)/p or ExH 
which is Poynting’s vector. 

The change or jump across the shock front is still denoted by (M) 
for any quantity A. that is, (AA) = A^ - A,, with A^ denoting the value 
on the side toward which the normal n points and Aj the value on the 
other side. The velocity of the shock front will be denoted by u, then 
by following the procedure in Section 36, Chapter III, applied to 
eqs. ( 61.1)-( 61.5), we obtain the following shock conditions. 

= 0 . (61.6) 

- qjB - B^v]} = 0 , (61.7) 




US far we have not considered eq. ( 60.1a), hence to complete the 
P ysical description of the shook conditions we assume that there exists 
a current sheet flowing in the singular surface and that the density of 
t IS current J is determined by the jump in B according to the formula 


/aJ = nx(AB) 


(61.11) 


e see at once that when B - 0, we recover the usual shock relations of 
gas dynamics. Besides the definitions we have given for “weak" and 
strong" discontinuities, the shock conditions lead to another kind of 
iscontinuity. This is the “contact" discontinuity defined by the 
^ondition that no fluid crosses the shock front, or mathematically, 

th V” " that a shock exists if fluid crosses 

t, i.e. , “n ^ aad we- choose the normal vector n in such 

a way that v - u > 0 

n n 

62. THE ENTROPY CHANGE ACROSS A SHOCK FRONT 

In Section 39 it was shown that when a particle traverses a shock 

t the density and the entropy per unit mass associated with the 
particle are increased. In magnetohydrodynamics there exist shocks such 
at there are no changes in entropy, density and pressure.* Because of 

this possibility we state the relations between these quantities in the 
±orm of a theorem. 

“If the entropy increases across a shock front then the pressure 
and density increase." 

The proof of this theorem is given by Friedrichs and we refer the 
rea er to the cited report. There exists, just as in the case of propa¬ 
gation of weak discontinuities, slow, fast and intermediate shock 
velocities . 

It is possible to give . tel.ti.istio exteasion of eiegeetohydrodyneeic., 
t e asic notions of which have already been treated by Reichel t This 
treatment contains the results of Teller and de Hoffmann,* and others. 


rri«drieh», K. 0., loc. cit. 


^ hydrcgnetic.. Report NTO-7697. Inst, of M.th. Science., 

'ir !»«). s.. .uo. 
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63. DIMENSIONAL CONSIDERATIONS-SCALING IN MAGNETOHYDRODYNAMICS 

It is of interest here to touch briefly on the question of scaling 
and dimensional aspects of magnetohydrodynamic phenomena. These matters 
in terms of the coupling between the electromagnetic and fluid dynamic 
quantities have been treated in the literature and we discuss here the 
meaning of certain dimensionless quantities which arise when viscosity 
is considered. In hydrodynamics (fluid mechanics) there exists a funda¬ 
mental dimensionless parameter called the Reynolds number, denoted by 
R. This parameter is by definition a measure of the order of the ratio 
of the inertial forces to the viscous forces, 


R 



vL 

V 


(63.1) 


where v, L and v are respectively the average speed of flow, a character¬ 
istic length (dimension of the system) and the kinematic viscosity. In 
the usual case, R » 1, and so the viscous effects are substantially 
negligible throughout the flow field. The viscous forces are then of the 
order of the inertial forces only in the boundary layer, i.e., the thin 
layer close to the boundary of the system. 


The magnetohydrodynamic analogy of the ordinary Reynolds number 
starts with the ratio of the magnetic force to the dynamic force, JBL/pv^. 
Now the induced current J is of the order wB, where cr is the conductivity, 
and the ratio crB^L/pv is a magnetic interaction number. This parameter 
occurs when free stream conditions are altered by the magnetic interaction. 
A measure of the order of magnetic force compared to the viscous force is 
the square of the Hartmann number A/| defined by 


Mi = — 

" pv 


(63.2) 


his parameter occurs in viscous flow problems in magnetohydrodynamics. 
If Mg IS very much greater than unity, the magnetic forces overide the 
viscous forces. Finally, the magnetic Reynolds number R^ is defined by 


= pcrvL 


(63.3) 
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.nd h.. b„„ i„ . v„Uty of ..yo. For oxo.plo, .o , 

of tho ordor of diotortion of the .ppU.d m.gn.tic field by the field of 
e in need currents, or as a measure of the rate of decay of a magnetic 
e compared to the rate of macroscopic motion, etc. It should be 
poxnted out however that the analogy between the ordinary Reynolds number 
and he magnetic one is a purely formal one and this is as far as one 
should pursue it. The physics of the situation is different in both cases. 

64. REMARKS ON THE ELECTRODYNAMICS OF MOVING MATTER 

In all of the treatments of magnetohydrodynamic phenomena we have 
seen that the fundamental quantity which enters is the effective field 
This expression for the electrical field has its origin, 
rigorously speaking, m the special theory of relativity. This of course 
imp les that the only physically legitimate quantities are Lorentz invar¬ 
iant However it is instructive to see how far one can proceed within 
e ramework of Galilean transformations which are the limiting cases 
o orentz transformation. A program of this sort is in essence an attempt 
o construct a first order theory of electrodynamics retaining the concept 
a so ute time. We are not suggesting that one should reject relativity 
heory but rather we shall sketch a compatable first order theory which 
wi yield results consistent with those deduced from a relativistic treat¬ 
ment, at least to a first order approximation. 

To pursue a first order theory we make the following assumptions re¬ 
garding the constitutive relations. 

In Vacuum 


B = 


D = e„E 


(64.1) 


invariant with respect to rotations, proper and improper, and 
translat ions. 


k “— - 

MagnetSydrodJi^ics; InJirffieLe^P^b.^’ N"r •'* 

(Aprxl 1958). F. D. H.in,, Y. A. Yol« .nd F Fkl ' "• Sci., 

at Northwestern Univ., August 1959. ReV Mod ^n*^***k Dynamics Symposiun 

Sef .1.0, for otLr .nLlorL; S K Babri. f' tojic. of 

through conducting media.) * ^ ^ concerning the rapid motions of conducting bodiea 
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In Isotropic Matter 


B = . D 


(64.2) 


are defined with respect to a coordinate system fixed in the material 
body, and are invariant only with respect to rotations (proper and improper) 


In Anisotropic Matter 


B = . D 


(64.3) 


are defined with respect to a coordinate system fixed in the material body. 
The quantities fi and « are second order tensors. The equations of state 

( 64.3) are^invariant with respect to the group of symmetry operations of 
the medium. 

FIELD QUANTITIES 

Let us now turn to the field quantities and recall that in electro¬ 
dynamics, experiments are performed on bodies of finite dimensions and not 
on fields. More specifically, the integral form of Maxwell's equations 
represent the result of observations on macroscopic bodies. In particular 
the circuital laws involve the time derivative of an integral. Consider 
the flux of a vector field E which is a function of both position and time, 


F • dl 


(64.4) 


Th. tot.l ti™ d„iy.ti,= involves the eh.nge of the field F eith ti.e end 
t e change in position and shape of Z with time. Thus we have 


F • dS 


— . ^2+ Hm /F ’ - /F • dZ 

Bt At-o At ’ (b4.5, 


the last expression is evaluated by referring to Fig. 10, 

Here vAt measures the height of the cylinder swept out b'y Z, and Z' is the 




dau and Lifshitz, 
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FIG. 10 


cvhL.* - ”«—■ t« the l.t.ral auaf.aa af u. 

= ince the a r' *" dir.ctioa ,. iX 

•pply tha d" '° ''°''' '“'"“"“‘V »ith ti,a. No. »o 

PP y he divergence theorem to the whole cylinder. 


(div F) 


V A t • q? 2 ; 


j F ‘ cir - J F • dl + I 


dr xr At 

dr x"'CIt*is ° element of volume of the cylinder and 

idootity F. d^xr'" r" °f 

y r drxv . - Fxy ■ dr, .„d Stoko, thoor.m .0 c.n .rit. 


(64.7) 


/f -dr.va, . -j f,vA, . d, . A. Joorl (Fxy) ■ dX , 

hence eq. ( 54 ^5 ) becomes 

j [v div F + curl (Fxv)] • dS = f ^ ‘ ~ j 


~ F • d2 . 


Substituting this expression into ea ( <a 1: 't j 

as At n .... .. . . passing to the li 


(64.8) 


as At 0, we obtain the expression, 


imit 


^ F-dX . 


BF "] 

.dt (Fxv) + V div Fj • d 2 
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( 64 . 9 ) 



If in particular we take p = div F and recall that div curl ^ 0, we 
find, using the divergence theorem, 


^ + div pvjdV 


(64.10) 


Analogous reasonings lead to the result for line integrals,* 

— f F . ^ [ r 3F 1 

dt ' Lst ^ fi^*^®** (v • F) • dr . (64.11) 

-'c Jc -J 


Therefor., .hen th. enrf.oe .oven .ith velocity v, the flu* chnneee 
noo.rdin* to e,. (64.9). It i. olo.r th.t only it y in unitor, then 
the order of integr.tion end dift.renti.tion e.n be eh.nged. Let u, 
examine Maxwell’s equations in integral form, 


E' • d: 


7t 


(64.12) 


H' • dr 


J' • dS + D • dX 


(64.13) 


In these expressions, the line integrals are assumed to be the results 
o experimental observations, and the contours themselves can be moving 
with respect to the chosen coordinate system. Consequently it is 
plausible to assume that the measurements are performed in a coordinate 
system moving with some velocity relative to the original system. The 
fxeld quantities denoted by primes indicate this possibility. This is 
also true for the current density which is the amount of charged matter 
passing through the contour per unit time. Regarding the quantities B 
and D, It IS clear from the derivations of eqs. ( 64. 9 ) - (64. 11 ), that 
these quantities are defined in the original coordinate system 


It IS interesting to note that the formulas ( 64 9 ) 

involving the Lie derivative. If F is anv vln-nV special cases of a formula 

integral f T du has an invariant meaning \hen Pa^aneter, and if the 

Lv IS the simultaneous differential ihvSi-ianrof^**^ j 1(0 F A) + Lv Fj • du, where 

See in this connection. J. A. Schouten, Ricci Calculu* called the Lie derivative. 

11. also Tensor Analyses for Physicists, p. Ti? Oxford.' 1954 !'®'' 
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By applying Stokes theorem to eqs. (64.12) and (64.13) 
that div B = 0, but div D = p, (both of these laws hold for 
of axis), and utilizing eqs. ( 64.9 ), (64..10), we find 


recalling 

translations 


curl (E' - V xB) • dX = - 



dX 


(64.14) 


curl (H' + V xD) • dX = 


/BD \ 

\Bt ^ ^ . (64.15) 


For a fixed contour, the motional terms v xB, v xD, py, all vanish and 
we are left with the conventional expressions, 


curl E • dX 


BB 

• dX 
Bt 


(64.16) 


curl H • dX 



J • dX 


(64.17) 


respect t ® E, B, D, H and J are all defined with 

(64 IS) ! original coordinate system. The system (64.14), 

by the fill ^ consonance with the system (64.16 ), (64.17 ) 

following transformation of field quantities. 



E' 

= E + vxB 

(64.18) 

and, 

H' 

= H - VxD 

(64.19) 


J' 

= J - pv 

(64.20) 


I' » .. b. „!t.d thit th- H """ 

■«b-, ,0 if hl\ / , the p„,e„c, of 

P'.portios dot I i " ' ’■“I" b -th 

- . V : " b--Uiion.l i„v.fi.»o. 

0 we can write. 
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D' « D + e^/i^vxH 


( 64 . 21 ) 


• (64.22) 

It IS natural to postulate that eqs. (64.18), (64.19) also hold in the 
presence of matter. 

Equation (64.12) can be expressed in terms of a vector and scalar 
potential, which permits us to transform the surface integral into a line 

integral. The application of eq. (64.11) yields the transformation rule 
for the scaler potential 0, 


4>‘ = - Y ' A , ( 64 _ 23 ) 

where A is the vector potential. The vector potential A and the charge 
density p are invariant under Galilean translations. 

The Constitutive Equations In Non-Conducting Isotropic Material- 

From eqs. (64.18)-(64.22) we can obtain the constitutive relations in 
moving matter from those for stationary matter (isotropic). Denoting by 
primes, quantities relative to a coordinate system fixed in the body and 
assuming a coordinate system having a velocity -u relative to the primed 
system we obtain starting with eqs. (64.2), 

= A¥^o(H-uxD) (64.24) 

^o^o“*H) = €ep(E + uxB) . (64.25) 

This system can also be written as. 


B = Au.oH + eg/4j,n xE - /i/.igUxD , (64.26) 

D = + ee^uxB . (64.27) 

If we replace D and B on the right side of eqs. (64.26), (64.27) by their 

zero order approximations D = ee^E, B = the resulting first order 

system is 

D = eCgE - eeg/vi^ofl - —]uxH , (64.28) 

\ 6 / 1 / 
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B 




(64.29) 


in which we note Fresnel's convection coefficient [l - ( 1 /e/i)]. The 
inversion of this system yields, 


E = 

H = 



(64.30) 

(64.31) 


in which the terms involving the cross product are 
terms of moving matter.* 


the so-called ** gyroscopic ** 


Wave Propagation 

possible to obtain di 
foregoing. A useful 


in Moving Non-Conducting Isotropic Matter—It is 
fferent forms of the constitutive equations from the 
form for wave propagation studies in moving matter 


is, 


D = ee^E - €€(, [l - ^juxB , (64.32) 

" “ ’ (64.33) 

For the direction of propagation in the x,-direction. Maxwell's equations 

together with eqs. (64.32 ), (64.33) lead to the non-symmetric wave 
equation in i//, 



j 


B2 


+ 2u 




0 


(64.34) 


where i/; represents any field quantity. Assuming plane wave solutions 
'/'o ®^P Ci(«t - fexj)] yields for dispersion equation. 


O) 


2 




- 2u 



♦ See. Tellegen. B.. loe. cit. 


(64.35.) 
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which gives for the phase velocity 


(in the first order 


approximation), 


CO 

T 



(64. 36) 


the well known drag formula. 


El.ctr„„a8...ic B..rgy la . li„a.r „ediu. ,o t.k. the 

electromagnetic energy density to be 


U 


(« ) 


|(B 


E + B • H) 


(64.37) 


•nd fro. (51.6 ) .a h... for the electro.agnetio .trees t 


ensor, 


7- ( e ) 

h' 


- (D • E + B • H)S + Z).£. + B H 


(64.3>)) 


™di '‘y“«trit eiar. i„ . „o„-i.otr.pio 

i. (r.m h airectioae. The energy tr.n.port 

IS vctxnj, the momentum is (DxB) hencp .. jy 

fr.« di- ij transformation equations 

for the fields we obtain the transformation rules, 




U 


( e ) 


(DxB) - e 


oMo« * (ExH) 


(ExH)' = ExH - - u . t 


(DxB)' . (BxB) 


(64.39) 

(64.40) 

(64.41) 


here n • r vector by the m.trix r giving . row vector, where.. 

, ^ ^ product of the matrix r by the column vector u which yields 

. col™^ vector. In general, n • v , r ■ u. The rnlee (64. 39).(64.«) 

I ojrd i 

e p ysical interpretation of these rules is as follows. 

per unH ^T' - •‘'-‘■•0 

u Tb *” PPt'tns having a „„t„al velocity 

u. These quantities differ by two terms- ull • . 1 , , . 

1 . 4 . 1 . , ^ rms, uU IS the extra absorption 

due to translational motion of rh^ . 

creen, while u • r is the rate of work 
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performed by r.di.tion fore, i.e., y.diolion pr=o,„e. In n p„„ 
<Er^\*, •vet.god Poynting vector, eay 


<ExH> = u, ,v 

( e ) g 


(64.42) 


to ha *hk group or energy velocity. In a moving body we should like 

to have the same form holding. 


<ExH>' = U' .v' 

( <f ) g 


(64.43) 


&nd[ correlate v wi^h Tu-io * * j i v 

_ . * indeed the case, if we use the wave 

^hPressions for D xB and r which correspond to eqs. (64.42) and (64.43), 


<DxB> 


U 


(O 


Oi 


K is the wave vector, 


(64.44) 


<r> 


U 


—■ K V 

CO * 


(64.45) 


re K IS the matrix resulting from a row vector K multiplying a 

(6. - 


<E xH>' 


~ ^(0» - « • (Ky^) U^,^/co 
^(«) ■ “ • K U^^^/co - 


Vg - « - g • (Kv. )/co 


1 - U • R/OJ - 




which to a first order 


approximation yields. 


(64.46) 


Fize.**'°”* ** 'P'f'lsPcJ "ith I according to the well k„c,n 

Frz... convectron fcrnnla. Xhi. 3a„e firat-order relation reealts iron 

tL.: cr.":::” 

----fij_ 
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CHAPTER VJ 


THE STRUCTURE OF WAVES IN NON-HOMOGENEOUS MEDIA 


65. PROPAGATION IN NON-HOMOGENEOUS MEDIA 

In this chapter we shall concern ourselves with some of the basic 
aspects of propagation in non-homogeneous absorbing media. From a 
realistic point of view, nature presents us with non-homogeneous media 
e o en t en It does with homogeneous media. Consequently it is 
xmportant to develop analytical methods in order to cope with problems 
n non-homogeneous media. In Chapter II we discussed briefly the 

mldiur^^f^ propagation but treated only propagation in a homogeneous 
edium. If we restrict ourselves now to stratified media it is natural 

in TlTJlTT propagation in a homogeneous and 

the ; According to Hartree, in a homogeneous medium 

ets scattered by the particles of the medium combine such that 

that" of the equation of the medium, so 

corresponding to an advancing wave at one point always 

a ZllZn “ -n.homogeneous medium 

corresponding at one point to an advancing wave only gives at 
er points an advancing and a retreating wave.* 

homosrene concrete the various facets of propagation in non- 

isotr ■ consider first the geometric optics in an 

attenuation or extinction, then we derive Snell's Law for a semi-infinite 

inJIIit”'' -P-oted by a plane interface from a semi- 

also de^""dT """ ""P’^^^^on for the attenuation of energy is 

in an i \ on the path of a light ray 

a deducL°J°T absorbing medium is given together with 

PP o find the trajectories in a stratified medium. 


4 j'lf ^ ^ A A ^ ^ k ^7 

Phil. Soc. Pric. Vol.'25r*(i929)°^fi*Sur*^Tk«*P *“’'** ■” * Me 

Befr.ctxas Mediu» in . vignetic i6ii. Vot. 


*' Cambridge 
W^area in a 
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..re. „ .„ „„b.,„ded .o.-l..„eg,.e... „d ebeerbi.g „edi™ 

i." : — bee i. „ee g,„..g.eue, 

b. d b “ . -.1.- Here the i. 

based on the vector-wave eauatinn ^ v 

deriv#> hi. ^ medium. As an example we 

.t.JL / rr > —i-i.fi.it. ..ratified pU... 

eeir r" <=“'• Cylindric.i ..... tre.ted 

subsequently and here also, we derive 4^i 

tyUtdtie.lly ....tiffed pi.::. -'“beiett. for . 

tiot "'“b i« ce„.id,t.bl. detail the ptep.g,- 

»d .beotbi r°"“r“' -b-tified .biLtLpit 

..cuu„ .edi^‘ ^rfi.d^^he' I^f^ •”'* bbo.t ly infinite 

transmitted waves an integral 

fL“ ::: po.e„ti.l genet.L.d 

..tintioner::!:,:.":. n.:“::‘:ie"’'“' i„.egt.i e,..^.. 

the reflection A • obstruct variational expressions for 

bKe d."::::: :r.:r:;:::::ir“"" - 

the lanuiia A 1- expressions it is convenient to utilize 

. ::: "V:'* ^bief ,np..itio„ 

thetef.t. nnel.ded n. ptepet..;.. deti.etidn, 

have not incorporated anv of 

gation of electromagnetic ^aves in non h ""'^estigations on propa- 

Forsterling et si k “on-homogeneous media such as Rydbeck’s 

other reasons .e have^oV elsewhere.* For 

ia non-homogeneous media.! the ne"' cT"”"' .netic waves 

powerful ray-theoretic methods in a comprer^'' 

problems in nnn 1, s in a comprehensive manner to deal with 

non-ho.eg.„,nee nni.o.topie end eb.otbing n,edi.. 

Bays In Isotropic Media—r.. rv,» _ 

equation or the equation of considered the Eikonal 

and we were led t! the t - absorbing medium 

the refractive index and^^Lrincur"' equations defined 

^“Uiplier the Eikonal equation :ro:t: ^ 


t 


K, G. Budden, *' 

V. C. A. Ferrar 
Astroph. Jour. 


Radio Waves in th. lonoapksre. " Caabrid 
VoI?'*i 27 /a 958 *“’ "®y'*'®aaS«otic Waves 


Preas, 1961. 
a Horizontally 


Stratified Atmosphere,’* 
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= il/2 


P ^9/ Pi q real 


(65.1) 


in which the right side is complex. 
Consequently we can write 


and is a function of position. 


> V u • A / 


dir t refraction multiplied by a unit vector in the 

ec xon of the phase, and ^ is the index of extinction multiplied by 
a unit vector in the direction of extinction. Roth p and are in 
g.n.r.l „ different dit.ctiott, bet the ..diee ie .„„„d to be isottopic. 


For . non„bsorbieg medium the fello.ing rel.tiet is v.lid. 


dip = Vi/f • dr 


(65.3) 


vve obtain* element of the ray path. From this equati 


on 


'P - f Vip 


dr 


(65.4) 


rrlnd""^ ""tegral is independent of the path. For the absorbing case we 
extend eq. (gg 3 ) as follows, 


dip = V\p^ • dr - i7\p 


dr 


(65.5) 


where is defined by 






ar 


voD.0; 


an ip^ and i/^j are real functions of position. The introduction of ./f, 
a ows us to define the decrement of attenuation (the attenuation of a 
ave in an inhomogeneous medium). For example, if the extinction is in 
e * 3 -direction, the decrement is given by, 


s ■ f IViiJd,, 


(65.7) 
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which according to eg. (65.2) is equal to 


S 



(65.8) 


Apart from the factor 
above formula is true 


"/^'o and provided 5 ^ is a function 
for a stratified medium as will be 


of *3 
seen 


alone, 
below. 


the 


planes of stratification par'llelM'thl’rT'pl ^ 

*1'*2 plane as shown in Fig. 11. 



FIG. 11 


re£.r.„a.,edi„ntr‘L“I If I ‘“w!' I 

,hiah is rel.tioa of W ■ (. - iy 


curl (7iA) = 7xV0 ^ Q 

and from the figure we have the obvious relations. 

Igl sin 0 + i\y\ 3 i„ a = 


1 cos 4> ■¥ i 


yI cos a = M3 + lY 


3 » 


(65.9) 


(65.10) 
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where, (i (Mx > /^2' ^3)1 y “ (vi v v ) Tk i 

"nly on. compon.nt ot th. on.) r.l.tion, „.„ly ’ 


(VxVi/^), 


i - ^ 




(65.11) 


ancJ therefore, 


' dx^ " ^ • (65.12) 

From this it follows that both a 

there is no absorption at th • ^ f constants. By hypothesis 

that >^ = 0 Bv h- • I ^"terface of the two media which implies 

Xi U. by combining this result- wi't-K *. 1 . i 
^.d«o. .K.n nk. 'k' (65.10) .. 


At sin = fi sin 9 


with lu.^ 


(65.13) 


-oton 3 , I ' "“■kon.og.n.ou. .b.onbin* ^h. 
tlnctio^ J .r " " ■" th. .X. 
(65.1), <65.2) and (65.13) we obtain ^ 


= \lp + sin^ (p^ + 4? - sin2 <p^)' + q2] ^ 

- sin2 (p^) + /[p - sin2 9o)^+ 


(65.14) 


differential equltiirifincidence 9o is apparent. The 
stratified « 

each point, thus tangent to the trajectory at 


dx. 


(65.15) 
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or. 




= tan'^ cp 


(65.16) 


which, after using eq. (65.13) and the first equation of (65.14), yields 


idxj 


2 sin^ qp. 


p “ sin^ (p^ + ]/(p - sin^ cp 


(65.17) 


Attenuation The attenuation of energy in the stratified 
medium is defined (by analogy with a plane wave) by 


A ^ 

A . 


3 


\(x^)dx^ 


(65.18) 


From the second equation of (65.14) we can write 


A = 


ai 


0 J 


f y ---- 

' - sin2 (p^) + /(p - 


9® d*3, (65.19) 


where both p and q are functions of * alone ~ j 

root of p - sin* q, = o If the ah ^ ^ ^ denotes the small 

.. u ^ el>sorption is calculated along the 

direction of the phase trajectory then we have. 


est 


A' = 


■ CO 

y ’ dx = 2 — 

0 ^ 


r * <idx. 


Q 2 /lx cos* qp 


(65.20) 


where dr is along the 


that 


ong the phase traj< 


one which is defined by the condition 
(p - sin* (p^) » ^2 


ctory. If tiig medium is weakly absorbing, 


(65.21) 
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if .. Min. both Pin,, 


pix^) 


?(*,) 


(-J 


c ' 3 




J'Uj) 


" <1)2 + y2(^j 


and neglect also powers of v/co from the 


second power on, we find 


A' 


C * A - {coJcSf 

V ^ ;-T + 

0 cos2 (P^ - {ccJcSf 


r 3 


_ q 


•-h 0 p. COS-^ <p 


The limits of integration (0 ±' — h\ 1 . 

which (p - sin2 cp ) » « <^' ®tive to the region for 

(O) /a))2 = 0 F “ ^ smallest root of cos^ q, - 

^ c/ 1 0. For normal incidence we obtain ® 


approximately, 


r 3 




‘'0 /l - {cojcof 
and for very weak ab 


dx + 2 


Ca) 


(65.22) 


2 dx^ . (65.23) 


' 2 VtT) (i) . (65, 


24) 


almost since h 


sorption, co^ >> 7^2 i-Kia 

» , tte second inte,srral vanishes 


(d.fino/t „ r 7 “ 

reoulto of Sot „ in Ci.""”'; *" Tbo 

and iootoopio ..di.. .bio o„iopi,.„„ ,„t‘ ho„o„„to„, 

IS known at all points of an inV ' electromagnetic field 

in MiM i., " -h«n,ogt„o„„. Minn, tht nnnn.y tt.jtotory 


* 


From eq. ( 14 . 1 ,) 
ft homogeneous 
assumption for a 
through co^ and v, 


electron plaa„a yield, the above LprfaaioL Jor ’ d '"'*** 'efraotion 
the 0:!!“"**’"^ 'leotron plasra. implies ^hat p and “"‘ifnation 

plasma and collision frequencies respectively.’ functions of *3 
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<ExB>; 


= 1,2.3) 


(65.25) 


.h.„ <Edi>, „a <u> a. ti„ a p, ,,, 

™ 1 ""■f"' of ‘I-- 

S».t,c f..ia T|„ i, 

aU.«.t,„g f.ela, Fo. .„ eUct.p. ». ip„ pl.„. J 

hTcL" 'a°"“ ® •"‘' ■ •”'* f'O" '='■« -tion. of 

the charged particles themselves Th«,».« ,••. j 

late <U> j actually calcu- 


<ExB> <ExB> “ <ExH> 

^ 3 


(65.26) 


::: i:::';: .v.. f»ao. of 

Fermat's Principle For K definition determined by 

OO.PU* SZll :, '''' i„aox i. 

PrincipU without f "k in „oi„g For..f. 

P,i.c P ZTlTiT *« do.„„.„o.. . 

rop-u:;:.:: ::o::"zr:::::i:::' 3 : -- 

pf fho o.ai„o., FO...0.O pLj;l': I' Liiirrr"' “ ■" 

medium will be treated in the next chapter. ” ' non-isotropic 

p.u.ti«,. (f5"iT.ia°‘(6s.« ^uoh7uid"th'‘‘.'or::- 


2 U I Ixl 


q/cos cp 


(65.27) 


where cp is the angle between and v o anH „ 

From equation (65 9) sett' h i, ’ u ^ * functions of position. 

setting both thp r^aoi ■ 

to zero, we find ^ ^ imaginary parts equal 


(65.28] 
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denoted by X, boarded by 
C, .nd .„ „batr„y path C,, with both paths starting at P, 

na ing.at as shown in Fig. 12. 


the true path 
and termi¬ 



ni 

FIG. 12 


tangent to . 

Stokes theorem, have, ' ’ " ^ "" ^*^2 • By (65.28) and 


■^(^^) ■ ndl = . dr = /% . dr - ^ ^ 

where ndl is the vector area normal to I. But, 

= UUsj by definition of the true path 

^ ^^2 ~ IjtlcJsj cas (fi, drg) ; 


0 


(65.29) 


and 


> (65.30) 


since, 

I cos (4, dr^)! i 1 
then the relations (65.29)and (65.31) imply, 


(65.31) 


4 l <// ldU.2 

1 1 ''21 


(65.32) 


289 



This last inequality is equivalent to the 


statement that 


/ p is a minimum , 


(65.33) 


because C is an arbitrary path from P t-n P Tu r 

I? .. r, . y F >•" irom^'j^ to Pj. Therefore, we conclude 

that P„.cipl, ..di., i,... 


/U Id 


® = minimum 


y = 0 , 


(65.34) 


ah«„ld b. rapl.c.d by the aytandad Far.afa PrinaipU fa, .baarbing 
media, namely, ® 


jT lp|ds 


minimum 


y / 0 , 


(65.35) 


with Ijtl and |y| given by 


tp * ►'P* t (g/coa »)!] 


jt-p* 


It is easily seen that 


in the limit of no-absorption. 


(65.36) 


JUIds - ds 


(65.37) 


aadi„nr!b;al!!d"fLrtL‘v".na”!“rpn„°“;i.”"”''‘' 


Uids = 0 


(65.38) 


which gives the Euler-Lagrange 


equations for the path 


^Ik! _iU 

ds 3*. = 0 , (i = 1,2,3) , 


(65.39) 
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where, 




ds 


(i 


1.2,3) , 


(65.40) 


and with U| defined by (65.36) 


Application of the Extended Fermat Ptincinle tn <■ «* ■, . . 

u.„ n... .. . “X^ i..- 


now put 



(65.41) 


(65.42) 


from which we obtain, 


li 

2 


P + /p2 + gi 


r, 


1 + —^ 


1— 

CO 



dx 


3 • (65.43) 


as the integral to be minimized. If we let = dx /dx ^h 

and g are funr^ir»«e, ^ ^ ^ then since p 

Wt.ons of P,i.ip,. u.i, to, 

3 ---- - 

s/p + s/-^ i- gni + (x')2] /TT-^ 


which after some formal manipuUti 
trajectories of phase. 


const., (65.44) 
ons yields as the equation for the 



2 


2 sin^ (Pq 

P ~ 'Po + ^TF- 3in=^ (Pq) + 


(65.45) 


This 

ation 


expression is i 
for a stratifi 


dentical with eq. 
ed medium. For a 


(65.17), which expresses the situ- 
homogeneous medium eq. (65.45) also 
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give, tk. th. trajectories by setting p . p(0), , . „(0) 

the values of pix^) and a(r of- i ^ ) f 

teance top,, c^ irb:::-;:;:-^ 

bcnndl' =l-tt»sg„etic ..,.s in .„ n„. 

bounded non-homogeneous medium which is alem • 

is defined through . dielectric t.I b —ot^pre. The snisotrepy 

is not svromsen f <■ tsuset, however we sssume that the mediuja 

rs not gyronagnetrc (..e,, the perneahility is not a tensor) but that n 

Fo iiiio" i “L" and positiin. 


For time harmonic fields of 
structure of the field equations 
for convenience, 


angular frequency nj we already know the 
from Chapter II, and which we repeat here 


VxE = -ipoiH , 

VxH = iue^eE , 

V • D = 0 

V • B = 0 


the constitutive relations are 


D = e,eE 
B = jjB 



( 66 . 1 ) 


( 66 . 2 ) 


Here, 6 is the dielectric tensor u is rK* -t 

case of a nl»ti -j .f ’ ^ ^ uniform permeability. In the 

case 01 a plasma we identify € as ilia waff a.- , 

as the effective disol dielectric tensor, and D 

of the tens a :::: 

o»a iV wa have .Ito.driiiiiidlhriiirin roil^VT' " 

th. nniforn .agnatic fi.id is chosen to he parallel wit?:::”,-”":: “ 
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(66.3) 


' d’r ”'° ”« »e6l«cti„8 th. 

prop.: 1"!;'::“",*"'”““ 

to „ork Jth tL H ««v't it „iU b. .or. co„e„i.„t 

"“V*/4I=:^y.jj^Q \7 . P J n • 

-idu/obTLTirir 

.qt.(66.1) .Ttin<l7"t”""*i*'”.'’”’'*°"*' 

d..«t.d b, t-t, i- 


® ■ (^) '■'<'^> 
Xhe inverse tensor e"! has the form 



(66.4) 


(66.5) 


( 66 . 6 ) 
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Now take the curl of both sides of ea (fifi 

of (66.1) to obtain first equation 


VxE = 




7xe“i(7xH) = -ijjtoifl 


or, 


where, 


. (fJH 


(66.7) 




( 66 . 8 ) 


Since div curl ^ 0, we also have 


V • H = 0 


(66.9) 


the nature of thl^avls ^n^ thl^^V^^ equations which determine 

»e., .. 

■•isU h.„ded rdct.„g„l„ artesian tw' ” * 

gethar with (66 S) and th, d' «p.«aion of a,. (66.7) to- 

\oo.b) and the divergence ea (66 Q) • u i 
equation^ ^ o*9; yields the vector 


^11 f— +~] + C 33 ~.+ie ^ b' 




/ 9^ 

'*11 ~ ®33^ ^ + ie 


9*1B *2 


M M/ ^*2 ^*1 " 9*3 a*3 




'3e 


11 2 . ■ ^ 3 '\ 

9*3 2x^ dx^J ^ 3 ^®’ 




^*11 " * 33 ) 


<- 


, ■ fd^ 2^] 


Be 


33 d 


9e 


12 B 


^9*^1 


M ^*2 ^ 9*3 c (*3 


H, 


( 66 . 10 ) 
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'"33 


3a: j 


>3*2 J 


12 


•—^ + ^ _L + l!ii. ^ 

3*jBjt2 BaIj ^ ^ 


H. 


^3e 


3e, 


— -i - ■ I!i? ^ 


3 


pe„ 




~-I ~ - i ^’'’] = 

, " i a., '^ji;; 


l//l + 


IB 


B2 / Be 


B*,3* 


11 ^ ^ ^® 12 \ B 


10*2 \ 3*2 B*j j B* 




If * .,. f-f. + S’ 


^3e, 


+ —i+l — + +/^ _ i^2 ]_B_ 


vM 3*2/ U*. 


3*i/B*^ \3*^ 




= 0 


This 


>e. 


( 66 . 10 ) 


M«.ti<,„ d.ter.i.„ rigorously the y.ctor B io .ho .odi.u. 


^:: rf pi....-AUho«gh.. h.vo 

. Houogoooouo pi.s„. L„ 11 iirruiior::' 

homogeneous plasma situation above. For a 


i j 

377 “ 0 - * = 1 , 2,3 


( 66 . 11 ) 


i . e. 

then 


all elements e.^. are independent of 
simplifies to the following, 


position. 


Equation (66.10) 


COC + 633^2 + b3jV 23H- + {(e^^ - ^33)132^ + 

- * 33)^2 - ^ + e33V|3 - ie,^l^)H^] 




( 66 . 12 ) 
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where 


)2 = ^ r72 ^2 :v2 

"■ jjir ' t—tii 

‘ ' a>' a.| s<| 3,! 


If H has a plane wave structure 


H ■ B. „p [i(,„, . «M . ,)] 

.h„e M . IHI i, th. refractive inder of the „edi«o, with », (i . 1,2,3), 

(66 llTee'oktei* ^ '’i ly eobetitoting (66.13) into 

refr'ective i.de" " ' '’"'’'"‘"““•I «qf.ticn lor the 


' '13^ 1«,A*2 '('ll-'isWA-ie,,!*!!!^) 

• ir 1. 


1 - 


(66.14) 


«l + Ml = il/2 sin2 e 

^3 = COS^ ^ , 


(66.15) 


where <9 denotes the angle between i-ke> 

these de.y .• . between the wave normal and the ^.-axis. With 

these desrgnatxons, the determinental equation becomes, 

(1 eilM^)ll - {(ejj + 633 ) sin^ e + 2ejj cos^ e}M^ 
^*11®33 Sin2 8 + (e2^ _ ^2^) ^^^2 


(66.16) 


Uie .,„.ti.a ie „f ei„i _ 

traneous and results from using the d^ve,. ... ^ 

rgence condition (66.9) to obtain 
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«T •' ='■.11 di.r.g.pd tu. f. 

eq. C66.16) we obtain the relation 


ctor. From 


tan2 e = - ~ - el^)M*] 


(66.17) 


for propagation alone the r 

plied magnetic field, (9 = oj we obtail ’ externally ap- 




®il ± «12 




(66.18) 


The waves corresponding to the oK <■ 

of the electric vector in the samH-"^ rotation 

ions respectively, rotate about the uL^forT ^^^-^trons, and positive 

particle coupling produces electron and ' " ^'^‘e wave- 

frequencies. resonances at certain 

the two values, ' transverse propagation and we find from eq.(66.17) 


= 


or 


'33 


'11 


(66.19) 


equivalent to. 




e?- - ^2 


= € 


3 3 or 


'll “ ^ 


1 2 


’ll 


( 66 . 20 ) 


which yield the 
shall not pursue 
in Chapter IV. 


ordinary” and 
the analysis 


"extraordinary" waves respectively, 
further since it follows that already 


given 


Isotropic, Inhomogreneous Plasma —By definition of 
tensors defined hy (66 3) or ^ mtion of isotropy, the 

n,ust set e,, - 0,7 V! .! ^ quantities, hence we 

tion. Accordingly, ^eq (66 lol “ function of posi- 

3e/Bx. = O/B, 77 3-plxfied and terms of the form 

/^-,)(l/e) appear m the vector wave equation It is i . 

M anon. it IS interesting 
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to compare eq. (66.10) for this 
which has the form, 


case with ordinary scalar wave 


equation 



(i = 1,2,3) 


( 66 . 21 ) 


and which contains no gradients 
geneous eq. (66.10) reduces to 
already know from Chapter I. 


of e. If the medium is isotropic and homo- 
cq. (66.21) but with e = constant as we 


67. PROPERTIES OF THE WAVES WHEN INHOMOGENEITIES ARE PRESENT 

e.tio!' ‘k* ,I i„h«.„ge„=itiea o. p,op.. 

g.t.on utilising th. equation ( 66 . 10 ). 

a • >"=■" P-Pag.ting along th. 

the medium vanes onlv alnno- i-iine. 

r;:n«r!ioor:o“'‘^ 



*■ * ‘ (k 5?:) "i 


k e, 




(67.1) 

We note that for . homogeueo.a „diu., ter., of tl,. for. . . .OV3*f) occnr 
W ereas in the inhomogeneous case we have 3yB [e (B/B )1^ i ^ 
th.t - 0 in either oaae. Ree.u.e of thi. 

on ! ZrZll - rr- E. depend! only 

guides at * 1 '‘Sing the language of wave 

guides, a transverse electric and magnetic mode. The initially given 
plane wave remains a plane wave ^ ^ given 

are in 1 equations for and components 

general different and this implies that the right and left handed 
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polarized waves have different phase velocities Ac 

^ J-ocities. As a consequence of this 




®33^Ui + + ~ e,, —U, 




3*1 ” Bzj 


33 57^2 ®2 = 0 


(67.2) 


lir2+-^e -L + ^.^ 3 X B 3ei2 b\ 

3*1 “3*1 B*2 3;.2 ■ 3*2 = 0 . (67.3) 


Equation (67.2) yields the ordinary wave (the eleec • 

<.u •/. viMxaaiy wave (.the electric vector is narallel 

o the uniform magnetic field) and ea (fil 2 •» j ^ 

ordinary wave (the m ^ (67.3) corresponds to the extra- 

field) If „ ''' 

g.tion' „d r ? '!>« Jireotion of pro,,. 

Tl.er.foro th‘ T »i •• find «, . 0. 

in th. Iri'Lr 

S.tinn horn too .7 - 7 “ longitudin.l propn- 

».v.a in . h /7 »f idtk ordinary .„d oxtraordin.ry 

motor B i. r oonponnnt. nrn nUnrod. The 

nlnnyn traaav.rn. to , tho dir.ction of prop.gntion. 

For tho otdin.ry ,.vo, o,, (js, 4 , g 

ZITITb T ..r. Fn, hnn only . oa„pL„ 

in tho r.-dir"oot'L Th ror°" T 7' ‘ 

.iootrio7.gnoti:tr.:7::7::7::r7:ri"::7o7Ti:7L'“-" 

Tho io in tho honogonoono pl.ono, ovon thoL 

oonponont. of tho motor, in tho inhonogo.o.n. pin... difforonT 
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the dielectpil't'^*'*'*^””* **^“*““*“•1 P'tP^g^tieii)—Suppose now that 
«t " ttanetetsely to the s.-.nan and let the di- 

rection of propagation be alone the x = t ei.- 

of all coetdinete. (t,B„e (J.’ ya, , . J 

(66.1c) becomes in this case: ' The general equation 

ni'^3 «33^2 + «12^?2 ■^^2«33^2>^1 + ^ (^U ' -^2^33^l>^2^ 

- - 33)^?2 - -,^e 33 D,}/i, .e 33 D? . 03,^3 - 

^ ^^‘*i 2 ^ 23 -(^iei 2 ~i® 2 «i 2 )V^l + Hei 2 i)| 3 -(D 3 e 3 i +iD^e^,)D^}H2 
+ {K ■^^ii^ + (^2«u-^iDiei2)^2 + (^ieii-iZ)2«i2)^i>^3]e3 


(67.4) 

We see from this equation that there eipiorn h 

tion .1 ppop.,.tio. and that th . ' " '“T"‘ 

This is due of eontse to the i.ho™" , , no'^:;:’ ‘"d” 

Similar alteration Th^tr^f “ vector undergoes a 

wave are transverse to the directill propagating 

to me airection of propagation. 

If the mediiini varies *i n 4 • 

ponent of H in the * dire f the E vector then the com- 

tensor e Zo, dielectric 

other hald, if the LML'^nrarl i^the^r''"''*'' 

then H • e, is due to e V, • u • irection of the magnetic vector 

to a,,, wh.nh .0 . no.snno oi th. n.diu. oonplin,. 

Ordinary and Extraordinary Waves ^t»= » 

P.tf (66.7) and assn., that both I ™r"d^"T'"”’~" 

than for ptop.gatinn ttonstots. „ th. To ‘ "‘’“t'' 

uniform magnetic field thp H n ’ ’ transverse to the 

fxeld, the e vector depends only on and .3. and therefore 


sflfl. ff)f= t-1, J.\„l 

^* 2 ; Sxj *33 I 7/2 *2 


0 , (67.5) 
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(_ 3*1 3«, a., i-a,^ a,, "57 Srjpra ■ o . 

For E parallel to x, .« (fi 7 ti (67.6) 

»t» the .r.aients are 1. ’ the'dir.o.lon'o"T'l'’ il -.a 

vaniahing component (and if 3e /a, jQltk ’ *2 “ «»ly ao«- 

liraotion of propagation ariaea; ’ “ component of H along the 

•hnn the Uradien'ta’nre’parluo? tlT'^ua^the” i!hor'”"'*‘“"’' 
the component of H. ” omogeneities change 

For the ordinary wave with gradients aloni, H 
non-zero component in d- along H, even though H has a 

tranaeerae to the d ' ' '**"<">»» Pf propagation, the E vector i. 

»ith gradienta along Propagation. For the extraordinary „,e 

-e direction of pr^tno!'.:—‘ ^ " 

For t::::::::::;.::; ■— ■«- 

fiPld. for the ordan ^ F"» “anavera. 

the ordinary ,a,e nith gradients along B 


i -L e -L + 9 \ ' 

^*3 ^^2 3;c 3 "ll + 


• ^ B 32 \ 


■ {(‘•" SX ■ '■■ =?:;)•. -(-.. 5^ • •„ 

•['■•■■■&• 5)1+.. . 
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the E d.reot.oo. Wo .„ooi.„ .k. o„„po„o„n „ g ^ * 

ordinary wave and the H H ■ ^ extra 

for both th ^ ' "0"'P°nents with the ordinary wave. Hence, 

«rdi!.n! «th , gn.dioot .long H, .nd for the 

° LT r.' H -I”"*- 

11 three axes. The same is true for the E vector r i 

t-T«onowr^ 1 . ^ ^ vector. Consequent ly, no 

ansverse electric or magnetic fields exist. 

■”•1''”= "« •■»'=ludo th.t for . ho.og.„oouo 
.. otrop.o „odr„„ th, ordin.ny 

v.oto,. ».„o.or.. OP a, prop.g.*i.„ oh.*.., 

a"!'::::.:::' "r -*— =• t-- — = -Kfoh 

and «.„.f fidld .1.0 h.„ both th. oUotrio 

and magnetic vector transverse to the direction of 

iaho„g..o . anfoottoplo .odf„ .„d for"L'IILT::::":”;.. 

of prlp.l.:i:n".f”h'" ‘-ovor.. to th. dfr.cLo. 

electric nor mis f ^ ’varies along the electric field neither the 

i . ... r r"" " “■ P”P-*otfo» lit.otlon, 

tr.L:.;:.:: i" ^-o «foctric ...tor i. 

if th. t...or v.ri.I°"i!nTth.'‘d”''"””' *•'« •"■i 

...tor i. tt.„.v.r.. for t.n P”P*«*'io» only th. ..gn.tio 

ib. ..g..tio ...tor 

■awn.tio ...tor ..fth.r th. al.otr 

For th. ..... l....b.d in th. dir. i n O b f" 

co..i':i:!: 

propagation both the ei:ctLc air" """"" 

t-Vi*. r •nagnetic vectors are transverse When 

the tensor varies along the electric vector onlv rK ^'hen 

transverse, but for tensor variation al \ magnetic vector is 

electric vector is transverse ^ magnetic vector only the 
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68 . REFRACTIVE INDEX CONSIDERATIONS 


Hils .ppro.ch is the s.me ope .hich »e foU d”' "'rh'"'' 

The princip.l r.,. . t«ll<.»ed lo Cheptere I ,„d H. 

Ti.it.ti„„ i„ the „lh" 7’“’"”* - bees, of the 

e..bet of pteetse solptions of ff.„eirs e,..tio„. 

7; 7 7““^- - - --etioe fo, th, tefoe.tiee 
i^ussiDie only for those waves which havf, 
transverse tn hV.= j- • ” tave field components 

».ve itself or one ;"7“, ’Tbis .e.ns th.t either the 

for tr.ns.etse elect ' ' ’ roctors is el.eys plane. Consequently, 

*r. obtnined fro. TtT’'T“° "f”«ive ind.r equations 

••res the e,n.7„s " “• tr.—rse electric 

If none of the field! ” " •1«onion. 

fields ere transverse, the reduction is not possible 

-v.!: otthTf*:::" - - p*- 


H ” Hq exp [i(cot - K • r)] 

( 68 . 1 ) 

■.on.ode.eons n.t.re of the “di‘u“.“ ‘ ‘be 

fn.pli!!'t!::"!!t:;V'' ‘”b™Pfn-ous pi.,.. tb.t », h.,e a.su.ed 
th.t the dielectric tensor is a function of position i e th. 

.‘Ct'ion'oTp^ittn'^T”- h’"'"'”"’ 

S.rdi.d the foL !! !. —If of the previous sections re- 

saw that if the u m the homogeneous case, we 

purely tr n. ' ‘-"•dn«ic or 

suggests tharilr Ihrinr “^gnetic vector remains plane. This 

H or E which is a ^ o®ogeneous plasma we consider a structure for 

we have a^rL ! doneT T" ^ 

y one this, and we now follow the procedure set forth th 
Consequently we talr» pu • i-xuv-caure set forth there. 

tly, we take the magnetic vector in the form of an Eikonal 
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H - Hj, exp[i(cc)t - / K • rfr)] 

which clearly reduces to (68 i f If ■; „ -r 

^s uniform. Now set 


K = m 


( 68 . 2 ) 


(68.3) 


( 6 ^ 2 ^ "int^t^'f-elV ' Position. By substituting the form 

general differential equation a formid bl writing out the 

we shall consider some simpler example! i" manipulation, 

into the general case. insight 

Dielectric Tensor Tarying in the 

case M is a function of x alon! 7 P'^P-S-tion-In this 

(68.2) into the ^en l ' ^ ^ substituting the form 

into the general equation (66.10). gives 


iKMixJh , 


- iK 




(68.4) 


Ih. disp„»i«„ .ki,H 


1 - Sli^'(^3) -1-L (e j 

® K 'bx^ 




3 y neglecting all higher order terms, 


( 68 . 5 ) 


/W.V l^y /a, 3. 

r=/ ' U., • 


v/e obtain, 


bM 


1 r 

' + ij 


( 68 . 6 ) 
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1"!,“.;,”“;';”'" *• »«not. th.. .i„.. 

«. n.t u„ifo.„. ” ' ''■'“‘Otonts of th. d.ri,.ti.. 

* .„d B .long th. t,-dit..ti.„. 


and eq. ( 67 . 5 ) 


^ 2*2 = ^0 ^xp{i[cot - J(fM(x^)cix^]} 
d 

Sxj = /fEl - a33J/*(a:j)] 


(68.7) 


( 68 . 8 ) 


tnt .i... I ZIe'ti" J"' P'op.g.tins in th. t..dir.otio„ 

-einotti........f th. 


B 

' 3 xj = /([I - 


(68.9) 


69 . REFLECTION COEFFICIENTS 


conniJ^: -- 

»ith diff,t..t di.i.ttti. ‘'t t »»« 

of calculating th. t.fl.cti.. oo.t£ici,„t f. J'" “>« P'obl.. 

free span. ,„d . u„if„„ plas.a. «■ a p an. boundary bet..en 

Aaau.. that th. pl.„. ^ t , n a t 

occupies *, < 0 The .... i. ® *2^0 and the free space 

« 3 -.nia. The c! rdin t ^ t! 

fielrl system is shown in Fis 13 tu 

tield IS out of the plane of the paper. ">agnetic 

.* •■•• ■■ • ... 


B exp(-i 


*2 cos <p„jexp^-x _ 3i„ ^ 


(69.1) 
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FIG. 13 


1": l::r;::- ^ 


)rm 


^3.r = ® expfi 

where R is the refl 


(‘ V, n) 'xpl'-i =i„ »,j , 


ection coefficient. 
Since the fields by assumption do 


equations become 


not vary with a:. Maxwell’ 





























































































-ifJxM = 


(69.4) 




given by eqs. (66.5) and (66 6^ tv, 

and Kbb.t) . The component satisfies 


K^\. 


(69.5) 


«^hile £ satisfi, 


a^ 32 ^2\ 

- + - + - £, 

ax2 «33/ 


The refracted or plasma wave must have the foi 


^3 = hix^) expf i sin qpj , for > 0 


hix^) is a function of Xg-alone. Since 
function hix^) satisfies the equation 


(69.6) 


(69.7) 


^3 s-atisfies eq. (69.5) , the 


a 2 / 1 r 


^0 " fj. = /^.g/zi. The solutions of eq. (69.8) are 


(69.8) 


^(xj) = exp i±iK 


1 \y^ 




^0 *2 


(69.9) 
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but since we are concerned with the region 0 < < rr, 

negative sign solution. The plasma i 

llie plasma wave therefore is given by 


^3 " exp i 

f-.f 

/ ‘ 1 

9 

^ 1 



sin"' (p 

■^9 1 




f W 

] 


0*1 sin (Pj , (69.10) 


boundary \^‘d.^7rTILT!!gl1nrc ^ 

.. ™.t b. ^ ^JZ7Z °T° 

*2 “ 0 gives 2 "* Thus, continuity of H, at 


1 + R 


(69. 11) 


and from eq. (69.3). for the 


continuity of find at = 0 . 


(1 - R) 


Put, 


cos qj. 


1 


sin" 


[/Lie 


11 / 




'11 “ *ei 2 sin cp 


^ . (69.12) 


8 = 



1 




- sin2 (p 


ruj 

^ 0 




M 


'll ~ *^12 'P 


0 ’ 


(69.13) 


then eqs. (69.11) and (69.12) yield* 

cos qPg - 8 


R 


cos Tq + 8 

2 cos cpg 
cos q)„ + s 


(69.14: 


(69.15 


Stratified Media —The results f i-t. 

to a stratified medium. The str ^ Preceding will now be general! 

parallel to the interface x - 0 consists of layers which are 

^2 " 0 as shown in Fig. 24 . 

with 


d =00 

n 


^ in r,ig. 24 . 

We have n parallel layers each of thickness d., j - 1 2 

■ The free space region is 


ru ^ thickness d , / = i 2 wif 

' subscript zero. ’Assuming 

see, N. F. Barb< 

Transverse Magne 


?::;3v;rr. 
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free space 



FIG. 14 


“ th?" IL" -“or 


^3 ~ cos cp.) + R evD (itc „ \^ , 

° P ^"^0*2 <=08 qpg)] exp(-iK^x^ sin cp^,; 


for X. < 0. 




(69.1 


wave 








(69.17 


/r: = —i 




(69.18 


wh e r e + 


means we use exof-y-v -v ^ 

pi. means we use expCiy.* 












and, 


>'/ = ^0 



' 1 

1 

1 _ „i 2 „ 


_ ^ 

1 Sin (Pj 





(69.19) 


(69. 20) 


Eqs. (69.17) and (69.18) lead to 

sin <P(,) , 

+ iei 2 ,y sin cp^,) , 

where 77 s (il!^ • u 

.ni.otropio ^ ;V" “■*" ‘"P'X*”"- Sine, the .tdiue is 

O' - 1). h «7,4 L the 


"/-I 




^1-a 

^~3 

•^>-1 

K 

at the 

<y - 1) 


- K-^ 

j 

^;-x 

^k; 

•1 i 

^5. 

II 

i)-^ - 


(69.21) 


all quantities are eicaluated at the (,- - n , 

7 )-th layer. Therefore, 


t Up-' ■ 

-d (y - i, H.te 

- h-. 

^ 7-2 + 2 . ' 

} Z / “ 1 


(69.22) 


J-2 






(69.23) 


v7 2ki;“i?aT 
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where Z. 


j-l IS the impedance at the (7 - IWv, u j 

\3 IJ-th boundary. By definiti. 




1 + 

1 + ■fty-i J 


(69.24) 


and 5.,^ defined by e,a. (69.21). Replacing , - 1 


t>y j, 


= K. 


then for j = 1 , 


At the lowest interface 


^ ^ exp(-2iy.d,) 

■' 1 exp(-2iy^.£/^,) 


K - Z 2 

K~ + Z2 


(69.25) 


(69.26) 


if- + Z, 


(69.27) 


cos (p^i - a 
cos cp' + 8 


(69.28) 


^ (because - K~ - -n 

-.iiv bv a/.' . I'La - 

letting - 00 . ^ single homogeneous case by 

“(O- CYLINDRICAL WAVES 

"■e. ..i=otropic pl.,.. 3 , 

oo„s,.„t a„d u„i£„„ iTi/ti.’nr”’' . 

the fundamental equations in cylindrical coordinLII.^* consider 

at, 1 -^!!^ ‘^yiindrical coordinates will be denoted by (r 6 . 

applxed magnetic field direction along the z-axis Wi^h tkl /T 

tensor gxven by eq. (66.3), its inverse by eq. (55 5 , a^d d ^ 

the unit orthogonal vectors along r ^ and and denoting 

eq. ( 66 . 7 ) becomes, ' ^ respectively by e,., and 
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+ i., 1 3/1 3. 


'“U= ■* STr 3 : 


1 ^®33 1 B 


Be 


11 B 


r -be ^ bz bz 


■ 3 3 


H + 


r ^9 r be"" ^*12 TM7 ^'‘ 


■ 3 3 


i — fi i. 1 

r d9 \r be 7 


33/1 B 


+ ie + 1 1 _ 

''\b22 r be rbej ~T b; "J ^ ^ 


bfl 3 

Brlr be 


^«12 B 


'Be 


Be . 


-i3 ± + . Ililfi 1 
Br ^ L 2e 




H, 


be 


*11 — 


1 B 1 B 


' 3 3 1 3 


^ ^ r r 3r 
Be 


J- 1 ^ 
^ 7 95 


U’ 3r r 3r y r 3« ‘ j; 


'12 B 




K^ ^ e (^11 + 1 ^ 1 9 

® 1 11 - +-- 1 ^ g ^ 


B 1 3 


^ 3^2 r 'be r 'he j ^ ^ ^ 3r r 3r 


Be. 


^ ^ 3 3 1' 3 Be 

Br 7i; ^ 1 ; 


1 1 


s]'- - (-^7 


bib 

Br 7 ^ 

^«12 B 


^ “iT d ^ 


‘* 12 - 


1 B2 I be 

7 ^ 


re 


'0 


/.IBB 

' n_ - lie,„ — — r 


r be bz <■ 


'"2 r Br 37 


1 Be,, ^ , -3 


12 3 1 ^e , - 

^ ~ — U 4 


+ i — , __ __ 

Br bz r be bzj ^9 


K^ ^ e 


til 

r 


^ !!ii . ^^12 
L Br - ^ 1 i 


jBr Lr B. Jb7 


f~— —+1±11. 

“\r Br Br ' r 3(9 r B(9 ^ 


Bz 


N 


r®, = 0 , (70.1) 


the fiel(i components are al«« ..«i .. j , 

Isp related by the divergence condition 


divB = ^divH = ^\L 

r dr 




1 ^ B.g , 

B5 “Bz 


° ® > (70.2) 


. ...uU .hich h.. b..„ e, ,70 ,, 

i.otropic «»di«. i, oifin.d by s.ttiog . H. 


®33' *12 
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..uo„ (.0.,. ,4.- 

alone and eq. (70.1) reduces to ^ functions of r 


1/2 , 3 1 3 , 

3r 7 sT 


\i(2 . 13 3 \ 


= 0 , 


0 . 


The first equation takes the form 




3if. 


~ Jll 

3r2 r 3r [g 

V 3 3 




(70.3) 


(70.4) 


which is recognized as Bessfl'c 

function of the first kind with solution is a cylindrical 

is written as rgument [K/(e^^)'^r]. The second equation 


dr^ r dr 


(70.S) 


' ‘^^^-d-cal function of zero order 

direction of propagation for the extraord' ^ along the 

of the anisotropy. However, the magnetic L^eTl “ consequence 

— on Of propagation for both the ordinarTanVe^t^^-^IrV:::. 

of r. Hen^T7JTalt - « f-ction 

^ symmetry, eq. (70.1) becomes 


+ 


[d^ 


3 3 

r 3r 


■•■ ie 


\3z^ ^r 

(k^ + e -^ + B 1 3 \ 1 

[ 3z2 ^33 

['.. j'l)- 5 ]..).. 



^^,31 3 


+ 


^ 0 




-ie 1 ^ 3 

r 37 " ^^^0 


(70.6) 
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.... p“-* 

an inhomo ^ ''®"®®<I“ence of the anisotropy.* For 

an inhomogeneous anisotropic medium it r-ar. i, u . 

r..uU. obt.i„. For th. o.di ’ " " 

.1... th. f " t.nso. 

t..„L... .. th. diltlTL"'" *" 

B -ith.. th. „„ .i.ct"n.“t”ri.‘V'’' 
tf pt.p.F.tio„ .„d«th. t...„ t„i:r:. rz7:::T: 

t. trm.,.t... For th. .xtt,ordi„„, t J *' 

along the direction nf • ’ ^ dielectric tensor varies 

..ti! If th! t ''>« —.Iting .... i. tr.„,.,t.. 

iietic. it the tensor varies alnn„ I? 4 .k , . ® 

magnetic but if t • ^ resulting wave is also transverse 

Siicuxc, Dut It the tensor varies H a-u , . 

transverse electric nor ^ resulting wave is neither 

eiectnc nor transverse maffnei--iV va n 

along the z-direction and if the dielect ' ’ ^ propagates 

there is neither a transverse elect * direction 

-en the dielectric varies :L::T::\L:;r^" 

for Plas^-Ponowing the pattem 

homogeneous cylindrical plasma of infinitr^'' scattering from a 

nite length as shown in Fig. 15. 


{r,5) 



---polarized wave such that E = H e inhere 

* ^ ^ 


ZZ 

For a solution to eq. (70.6) see Y « p • l 

W.V.. ^ ¥;cr- 

••our. Tech. Phy. (USSH) 29, 549-562 (19S9). 
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e, IS a unit vector along the 
the form 


2-axis. 


We take the incident field in 


H 






(70.7) 


here I is the magnetic current or strength f tk 
factor r is defined by ^ second kind. The 


2rr^ cos {& - 




(70.8) 


Q^j we can writ 


ons, in particular foi 


JJ 


e^c^I 


^ t i 


4 ^ ®XP r-i 


^ ~ ^q) ] for r < r 


0 ' 

/f(2) , j (70.9) 

0 0 y o'^- The incident electric field is 




o'"0^^O'K o’’^ exp [-isi(6l - e )] 


(70.10.) 


where the prime denotes diff«^ .. • 

'To'-- The ecttered field („ 

•P.»e end h.eee denofi ' u / h‘ ““ “ 

c'lOLing It by subscript r it ron 

r, It can be written as 


H 




4 ^ ^ (^0^^ ®xp [~iii 


E 




, 

(70.11) 

o'o/^oL^i'^ ' exp 


(70.12) 


See for exanipis, J B w.i. mpi 

Preaa, London-New York (loioi Radiation from CvlinM,< i e, 

Boulder Lab., Bo«lJ,r,'color.d;. “ **"• NBS Report 67 J?! f^gu^ymo. 
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where the coefficients B are tn >, j .. 

a, pu... 

jQ mil * 


must satisfy the wave equati 


on 


see from eq. (70.1) that 


1 B 1 32 Kl \ 

\r Br ^ 2 ;— +-= 0 


whose formal solution ii 


H 





(70.13) 

1.V J 

represented by 

^.^i^^(^o'‘o)'^.( 7 r) exp [-in{e - e )] ,( 70 . 14 ) 


where the are to be determined and y = a: /(g w ,,, 

in cylindrical coordinates are ^ ® equations 


/ -N 





.-1 


2 

' rdS 

dz 


dz 

dff 

2 

dr 




^ \ 

r39 



dE 

_ r 

Bz 


dz 

B£ 

Z_ 

Br 


13, 1 

. — ^ (r£.> - i —: 




with = Hg ^ 6, we find 


(70.15) 


i^oCoEg 


Bff 




Ue 


12 


r39 


(70.16) 
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therefore, 


(yr) + . yj., ,1 

" “ L r exp 


The boundary conditions at r = a, 


(70.17) 


* * * z , r 

h.r 


(70.18) 


from which we obtain, 


J„iya) 

^ ^ ' (S,«) 


.^y ^.<r.) V 


(70.19) 


(70.20) 


radial direction. “ledium stratified in the 

Cylindrically Stratified Media~I 

up of n concentric layers. Here too we hlTll 

waves placed at (r„, .„) we want the field ll i ^7^ f 

procedure given above we define tb.» • ' ^°^^owing the 

ueiine the wave impedances by 


(70.21) 


the positive and negative signs again refer to tb . i- 

wave solutions, JJy r) and/l(2)(y^) ® ° linearly independent 

(y^.r) in the ; th layer. (See Fig. ig) 
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where j runs from 1 to n At th» ,• 
layer, the reflection coefficients 


K j-i - Z . 

• J ^ m , j 

K~ . , + 2 

" - i- 1 j 


(70.25) 


, 1 . - u. 

M 2 ,p-‘ ^ 

i«y(r. If '’“r“ “i' ■'"' ■ ')-'>■ 

the fractional change of a wave i T’* „ which represent 

across an interface, we can wri 

coefficients as reflection 

^ a ) 

^ ^ a.) ’ (70.27) 




!’«,£ (aj + ^ a.) 


(Oj + i) 

^~e. M (ap 
^e. u (a> + i) 


( yj»;.l) * ■■«l;,j-'.(y,-a,.,)/» ,^, 

(70.28) 




(a) 

z , in 


'1. (7,.ap 


(70.29) 


(70.30) 




Now, given fl . anH 9 j .t- , 

aao ^K,j-i defined by 
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- 1 


* . j -1 


* 




* , J - 1 


- u:,,)-' 

<*F7T-' + (*:.,)-■ ' 

the coefficients i? . 5 (70.32) 

boundary between th;';ediu;'hence also at the last 


R 




■'«, 1 


with. 


0 + 2 


«> 0 




^:,o 


/f 


«. 0 


‘ •'. «or) ’’• 

*r te.r) 


(70.34) 


(70.35) 


By writing 




€,CiJ - = “> 


* > r 


exp [-,« 


(e - «.)) 


we obtain 


(70.36) 


B 




(70.37) 


if we put ttj = 0, 
c/. eq, (70,20) 


th. eeeeU t„ ek, ho.„,.„eo». plee„. 


is recovered, 


^en the line 
column, i.e., many 
greater than unity, 


source is sufficiently far 
»«r.lengthe ,k„ ^ 

we can write 


removed from the plasma 
0^0 and K^r are very much 


H 


* . i 


^ fof / 2i 

4 \nKjj 


(70.38) 
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f”h f,„„ th= ,sy.ptotic 

function.. In , 


representations of the Hankel 


H 


z , r 


2t “ 

^ K'-.j onp|;.g 


note that 


(® - «o)jj 

(70.39) 


thus, 



^0^1 2i \y^ 

4 [TTK^rJ 


(70.40) 




2 


r 


For a particular plasma 
plasma parameters. 



-00 


(70.41) 


we need to evaluate Cjj 


and 6^2 in terms of the 
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71- CONTINUOUS STRATIFIED MEDIA 


The stratified raedia treated in the f 
tions obtained for a homogeneous plasma '^as based on the solu- 

outset a continuous stratifies! j- ® t is section we assume at the 

•"“"tropic, the co„,t„t .nd „„if„„ " “ ••’"“■'bite „d 

All the red.XrthT‘V"'' 

dielectric tensor e which i, & he medium is subsumed in the 

t-ot it theteiote eo.ple' .oV.”""””" *3 

•iJer.tiot ie h.„„ded .beve „d bel^rb'vT"' 

y ree space as shown in Fig. 17. . 



The coordinate system is right haoH.H 
into the plane of the paper Th • cartesian with the axes 

P»l«i.ed end it, '”t PL.e ».,e i, elliptic.Ily 

•»8l« of incideec. i, gi,,, “ the pl.n, . o, The 

rection. The problem here is to f ^ normal di- 

*3 < 0 and *3 > o, respectiTely^*' Th ^ transmitted waves 

can find the amplitudes and polaril ^ ^ 

polarizations of these waves. 

At the houndaries j :3 = 0 and x 

formulate the problem in an abst ~ ^ ° ^ matrix. We can 

the total field, E. the incident^ ilir’^Tr-'^’'' compactly. If E is 
medium, we shall seek an equation of thI”form scattering 
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(I + L)E ^ Ei + HE, 


(71.1) 


where L and K are linear operator, f u 
-presentation however has a ph^I 7nt ' 

of the incident field and a field it is the 

of all the induced sources within the effect 

region 1 defined by r <0 th ' medium. * Further, in 

the reflected field, and L - 0 required to reduce to E , 

0. so that we can write '' 


' '■ * ’ (71.2) 

where is the value of the operator K in 

y -3 > a, again t = 0 and the transmitted 2lTE]\s'lil2X 




(71.3) 


'Where K, is the value of r K 

of th. operator 1 i„ ,.gi„ 3 

H.fU., 10 ,. .„d Oper.t»rs-Th. , , 

>« a .ioplo re ^ *”■“ ’ho foroul.tio, obov. p.r.ioe 

folloxo. U R .„d I do.o.e th.o. opopit ' opor.te,, „ 

th.o. opopot.rp ro.poctivoly dofi,, R b. 


- 1[,E. 


in Xj < 0 


(71.4) 


and T by 


R = K 


where S is 


T = r + s 

scattering operator defined hy 

S = iC.E. 


(71.5) 


(71,f) 


with K, obtained from K hv a i 

sequently. * w'ill be determined sub- 


D* R« Hftrtreef loc cit i 

PRrj.moi, Pre.s, L.ndoa ( 1959 )."*" "Prineipl 


*» of Opt»os," Chapters II, XII, 
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Hie Structure of the Operators L and K—Our 

that the operator form given by eq. (71.1) and 

basis can indeed be constructed rigorously. For 
equations 


task now is to demonstrate 
derived on a heuristic 
this we consider Maxwell’s 




\ I 1 


VxH ~ i € a €&) E = 0 


(71.8) 


ti!l"nu Hertz vector poten¬ 
tial Indeed, if we put 


E 

H 


grad (div n) 4X2n = 

curl II = iwe„Vxn 


(71.9) 

(71.10) 


we find by direct substitution, 

VxE 4 = 7i[V(7 • H)] - 0 , ( 71 . 11 ) 

VxH- icoe.cE = 4 /f^n 4 (g - i)e> , (71.12) 


v^n 4 + (e - i)E = 0 


(71.13) 

exi..= a ,.cto, („„=Uo. of 

E,H 0.0 *f,o. by 0 , 0 . (,1. r :V" ’■ 

V'-I-IO) respectively.* 

We shall find a solution for TT -in i o- i r 
equation from which the structure of the” 

In region 1 a: < 0 operators can be found explicitly, 

Bi.n 1, ,, < 0, .o .o.„„. .1, fi.ij 

~ *'"4^, = Fo e:£p aJn ^ ^ 9)] + F on, T-ift- I ■ n 

3 . 'F.fj Fg exp L uig(xj^ sin qp - acj cos tp)] 

(71.14) 


This theorem ie a generalization of the 


isotropic oaae. Soe for example, Stratton, J. A., lo 
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where F stands for either V n 

" ' ^ oo, „J , 

where F^ is a complex constant vector. It ■ 
an Fj. when Fq is given. Also we t u ° 

arbitrarily because both £ and H given 

^3 < 0. The same is true ^^-ions in 

satisfy Maxwell’= ellected wave, i.g. it mnor i 

y maxwell s equations TV,o^ k „ =•. it must also 

Maxwell', equation, in region I i. .L ' V' ‘'Pa'ately ..ti.fy 

To ,■ d t ’’ ‘"'■'"‘“'y aq. <T 1 .I 4 ,, 

find the form of FT i« 

^<^3) ■ 1.0 tut itow;rr \n .L’' *3 < 0 

•a h... ’ (71.10), (71.u, J 5 J 

■ n.aap[-*.(x, 

*n.exp[-i..(t..i.,_.^„^,,j • laa a, < „ 

'I'ata n., n, and H, ate co.plex con t 

" » *t in the .... ..y I' - aa.y to ... that 

ior n(x 3 ), the equation '' ly eq. (71.13) yields 


and 




0(x2 


aa.iqnU,) . . 


(71.18) 


which IS an inhomogeneous vector differential 

fnuon of .. the tight .id. of (yi'^ > 

*, , hence w. „„ equation in the for.'’”*""''”” 




dxl 


cos^nix,) = 


(71.19) 
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We shall transform this vector differenti'al » 
equation by means of a Green's tensor 


C(* 3 ,x') = 


**^0 I *3 ”*s I cos (p 
-2iKf^ COS (p 


■I 


(71.20) 


ap^icatiL'ofT"" homogeneous equation, i.e., with P = 0. By the 

we iiud for an arbitrary but positive r,, v k , , 


-J 

—CO 


cdl 

Gix^,x'^) - 


^(^3.* 3 ) 


B*' 


n(:c') 


*3 = *3 "■'7 


U^=-a> 


dn(*p BG(r3,r') 

1 da:' 


x,=oo 


^3"*3 


this formula holds in 

in the limit as 77 - 0. Now at *' =- 00 , 


(71.21) 


G = 


■ i^Q (. - x^) c o a cp 

~"2iK^ COS qp 


while n(*') = Ho exp cos <p] + n exn UlC 

from eq. (71 ir) Bv ..I I- ^ ^ follows 

«id. J 2u ij r' w”” 

simple form [-m exp (-iff x ^ the first term reduces to the 

ncj) - n, exp ;] t »3 - » h.,e iro. e,. C71.17), 


■1^0^ Xg- *3 ) c OS cp 


‘2iK 


0 (p 


H. S.,.n. Boundary .„d Eigoarnlne Proklen. i. Ifathenuticl Phy.ie., 


Chapter K, Joluj Wiley & Sona (l^dl). 
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ty substitution into tKo = j 

taUng into account the coltinuity^^fV 

" °°' yi.w, D<v. 


'• L ■ -n. „p 


but si 


since P - 0 outside (0,a) 


(71.22) 


we can write 


“ IIq exp (-i/if 


and 


0^3 COS <p) -f- -i- ^"^^0 I^3“'*3| cos op 

(p J * P(Xj)clx' 

V 


(71.23) 


= n(;c3) exp (- 


iJ{ 


0*1 sin <p) 


= Do exp [-iir 


‘^0 '1 » in Cp p 

."‘^ol *3-*3| *»•<?„, ,. , 

“1^3 )dx 


costp 


3 ^“*3 

T . ^^^- 24 ) 

the condition that must further hold f nr 

"!*■ (71.9), (71.14) ,„d (71,15) j,, obt.id *' "‘k* "se of 

«iv) f. 

- E. .,p ,1„ , , ^ 

wliich is a necessary condition on n and h 

the structure of n(x, x ) Th' ” ° necessary condition on 

the plane of the incident ’wave w'thlre 

that it is satisfied. * exists infinitely many II5 such 
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The Integral Equation-Froni eqs. (71.9) and f 71 9-^1 

E(*i,* 3) = Eo exp sin <p + cos (p)] 


of 


s in (p 

+ [grad dir +/fg] - -- j g"‘-*^o |*3~*3| ““s^P 

2ieQ/((, cos(p 


P(*')dx:' . ( 71 - 26 ) 


Let us define t«ro matrices A(x^,x^) and B(xJ, 


Mxj.x') = 



Mx^ .x^ ) 


^ Gos^ q) 


V sin q) cos cp 


which IS a singular matrix and 


0 

1 

0 

0 

1 

0 


Sin (p cos 
0 

sin^ (p 


sin qp cos q) 

0 


sin^ qp 


for 


> (71.27) 


for x'^ > *3 


8 (^ 3 ) = €<*;,) - 


(71.28) 


from which 


^oB(^ 3)E(^3) = P(*j) _ 

‘k' -.H ,id, „i 

left for the reader leads to, ^ ^ 

E(^3) +^P3(x3)e3 = E, exp i-iK,x, coscp) 


(71.29) 


26) which is 


iK, 


SEq cos (p J 




3 * 3 l'®»' 


A(ac3,x')P(x')dx! , (71.30) 
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where P, is the r 

3 the ^3 component of p and e, is a 
direction. 'Vo is a unit vect 


rection. IVe note that 8 (^ 3 ) = Q in 
matrix L(i: 3 ) by 


regions 1 and 3. We defin 


or in the * 3 - 
e the 


L(^3) 


0 

0 

■31 


0 

0 

'32 


0 

0 


'33 




then it is clear that 

■^3<*3)«3 = fol-(*3)E(*3) 

therefore eqs. (71 29) fn -iiw 

equation ' gi 

(l + L(x^))E(x,) = Eo exp cos cp) 


(71.31) 


(71.32) 

ve the vector integral 


^0 

COS cp 


liS^o I *3 -X 3 coa 


A(* 3 ,xpB(A:pE(xpof;e^ _ (71.33) 


which holds for E(x ) in i-i. 

«'■» it siv.s th. n.id .v„'" 

1 1 ''^“*ywll6r6 in SDarp T-P *1 . 

by th. d.p„d„t If »t »«it.ply botl Sid„ 

tion for E(ri,r3) and re can then ‘d e tector Integral equa- 

the operator eq. (71 j) I„ f ^ tesulting equation with 

l-U- In f.ct I ra already gir.„ .„d hance. 


^0 sin (p) 


^ 1 __ 

---« cos CD 


(71.34) 


F.oa the theory of iat.gral eqn.tioaa., 
ion- e integral equation and the 


eq. (71.33) has 
originally posed ; 


a unique solu- 
cattering problem 


E. Gour.at, Cour. D-An.ly,. Vol 3 Fif.h P.-w 

a . loi. 3, Fifth Edition. G.uthier-Vi 


P«Pia (19S6). 
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are completely 
tinuous except 
this point. 


eq.iv.lMt. W. not. th.t the k.rn.l „f (71.34, 
“ «3 . ,hioh ro.nUs from th. di.oontinuity 


is con- 
in A at 


It is 
matrices. 


possible now to construct 
From the linear character 


the reflection 
of the problem 


and transmission 
it is obvious that 


luio 






lE/i 


(71.36) 


Ihich ar^LV"'* the reflection and transmission matrices of the medium 
wnicn are in general functions of co and m w 

*3 < 0, then = 0 and and A = A 

(71.27). Equation (71 33 ) yielLa ®<I««tion of 

yields according to eq. (71.14) 


-iK. 


2 cos (p 


‘“'iJ^QX^cos (p 

® A^B (*3 )E(a:3 )dir3 , *3 < 0 , 


, (71.37) 

while for the region at > a; x. > *' r x _ « , . . . 

of eo r?! 07 ^ u . ^3^ - 0 and A s A from the first 

eq. (71.27), hence eqs. (71.15) and (71.33) give 


Eq + 


2 coscpj 


HCq x^coa <p 

® A^(*pE(rpofe' , xj > a . (71.38) 


Let (u^ijOj) be an orthonormal 
incident wave, then this set 
Similarly, let (n{.u') be an 
V/e can then write 


set of vectors in the wavefront of the 
serves for the transmitted wavefront, 
orthonormal set in the reflected wavefront. 


Eo 


> 

(71.39) 

Ey. 


f 

(71.40) 

E« 


> 

(71.41) 
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denote by E-Cr,), (7 = 12) m, 

to . Ohoiee'o/E. - ^ (^1-33) 

the ree.Uipg retipotipi .„d traeeX"' »>'E.,, .«d E, ^ 

eq. (71.37) .e have wave amplitudes. From 


2 cos <p 


“ os cp 

A^(*PE/jc')qJ*' , 0 =1^2) ,(71., 


anii from eq. (7^ 


E *^ 0 7 ^ f 

7 * • “ U + — i«A*oCoa(P 

I, j «y - e ^ ^ ^ 

2 cos (p 


<«;)*; , a. i. 


Eq. (71.39) 


gives, 




together with the definiti 


2 ) . 


(71.43) 


(71.44) 


ion of Eo.^., we have 


Equations (71. 


" ^iJ ’ (J.l = 1,2) 

44) and (71.45) when used with eq. (71.35)' leads 


(71.45) 


‘^ - n E 

•.here fl,, t,,. 

"!■ ( 71 . 41 ) ei.ee “•tri* K. By ..ttiag E, - E,, ,, 


(71.46) 


=«./ ■ 3';>i ^ 


®nd therefore 


(71.47) 


“Sing eq. ( 71 . 46 ), 


’ »:• = -R,,. 


(71.48) 
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Substituting eq, (71. 45 ) 


into eq. (71,36) also 


since 

gives 



T, j 


bttt from eq. ( 71 . 40 ) for = E 

T j t 


and therefore 


= 1 , 2 ) , 


(71.49) 


(71.50) 


■ “< ° . ii.j = 1,2) 


(71.51) 


Eqe.tiona (71.42) .»d (71.43) give r.epeotively 


R.. 

i; 


-iKr 


2 cos 


_ “ os (p 

qp I “i ■ . (i,J = 1,2) , 


■^0 

T.. = 8 .. +- i- 

*■* 2 cos <p 


(71.52) 


i^Q XaC 08 Cp 

« • A^(*PE.(*pd*' , (i.j = 1,2) 


(71.53) 

These formulas show that if we know P -u i 
i-i’on = 0,1 ► • • know , the elements of the reflec¬ 

tion and transmission matrices can be calculnh»rl h 

0.11 uc caicuiated. However wp 

principle. Hetore proceeding with tfiic 

• 4 ? i. problem we want to examine some 

properties of the matrices A and A • i. 

these properties. ' t g her with some consequences of 

Properties of the Matrices A and A « i 

u 1 1 r ^he singular nature of these 

matrices has already been mentioned i 

Dronerf-v if ■ • We can now demonstrate the following 

property, if u js any vector Ivinc in hk<, t.i j> , . 

fleeted wave front incident or re- 


A,a = u 


(71.54) 


A,,u = a 


(71.55) 
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To 

we 


prove eq. ( 7 I. 54 ) we note that in .K , 

can write ® of the incident wavefront 

/ “2 ^ 


V = 


\ ^3 sin qp 


(71.56) 


hen 


ce 


A^u 


Ui C0s3 <p + ^ 


-“1 Sin cp cos2 q, - 3i„3 


“ - (71.57) 


in a 


similar way if u f 


s in the reflected 


wave front it has the form 


u = 


! “j cos cp \ 
“2 

sin (py 


(71.58) 


and It IS easily verified that eq. (71 5 . 5 ) . , . 

proved show that every vector which lies ’ Properties just 

-fleeted wavefront are eigenvectors of A^and 

values equal to unity in both cases ‘ respectively with eigen- 


Now let W be any vector normal to the incid r 
front. In the former .... . incident or refl 


er case it has the form 


acted wave- 


W = 


f ^ sin cp \ 
0 

^ cos (p j 


(71.59) 


and in the 1 


atter case 


w = 



(71.60) 
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from which it follows directly that 


and 


j W' sin (p 

0 

\ V cos (p 


= 0 


(71.61) 



= 0 • 


(71.62) 


These last two results show that every vector which is normal to the in¬ 
cident or reflected wavefront is respectively an eigenvector of A and A 
wxth eigenvalue zero. Thus eqs. (71.54), (71.55). (71.61) and (71.62)" 

assert t at the matrix A maps every vector orthogonally onto the incident 
and ref ected wavefronts, hence it maps a three-space onto a two-space 
w 1C also shows that A is a singular matrix. 


The relations ( 71 . 54 ) 
pressions for R^. and T ^ 

“ = u'., (i = 1,2) we have 


and (71.55) can be used to simplify the ex 
In fact if we put u = u., (i = 1,2) and 


and 

u. • A,BE. = 

A,u. • 

BE^ 

(71.63) 


»; A,BE^ = 

A^n'. • 

BE^ 

(71.64) 

therefore eqs. 

(71.52) and (71.53) 

become, 




(i.j = 1,2) , 

(71.65) 

(i,J = 1,2) , 

(71.66) 


R.. = - ^0 ( ^ , 


2 cos cp 




T.. 


§ _ + . 

2 cos (p 


X9CO8 0 

« Hi • B(xpE/xpdx' , 
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P-«.»ed j. a.d ,e .p. 

72. functional ANALYSIS AND VARIATIONAL FORMULAE 

The concepts and formulas ^^.a^ 

can be generalized in a formal way. That -^Iv-a 

for us to think of the formal opeJatio convenient 

space. Here the points or vectors 
<*.».!>, ...) d.iined p.et the d , 

fT.ptiable propaptiea. »e first der dif- 

:::r" ^ rr " 

-.enl. iRt ittar Rtadlri:":! -"“'"La"::." ^ ‘ 

(ocf,b) = a*(f,b) , '1 

where 0 ^ is or.tr 1 

any complex scalar, 


(f+h.g) = (f,g) + (h,, 

(f.h) = (li,f)* 


(72.1) 


(f,f) > 0 


(f,f) = 0 if and only if f = Q 


Siva its dafi„i.7pr»p7rty“"Tl‘a* a'p^^tIr“^7 r' - 


K(af + / 3 h) = aKf + /3Kb 


(72.2) 


SO that the vector af + Ak * ^ 

»P.C.. In order to fi.d^.;i. I:"' "”"' *” 'h* •«.. 

the eonoapt of tka '■.dioinf “ nine introduce 

the property ^ V K' and defined by 


(K'f,h) = (f.Kh) 


(72.3) 



Now consider two linear operators K and H; by definiti 


on 


BKf = H(Kf) 


(72.4) 


ll< is K H . To make these formulas more concrete let 

be a matrix function of the variables shown and let f(xO be 
vector function of position, then 


Kf = 


K(*g , X3 )f (x J ) dXg 


(72.5) 


(f.h) 


r 


f. • h dx! 


(72.6) 


and if K is a square matrix function of x' alone 

(K f.h) = I (K'f)* • bdx' = 1“ f* . = (f.iOi) , (72.7) 

.here K' eh.t i„tercha„s. ro,e „d col.„e ef the s,e.re ..trix 

.nd t.ke the eo„pUx co„J„s.te „f .11 n. j, g „ 

..tr.x £.„ctr,. o£ (x,,.;) the .djoipt operation ie defined by 


K'f = /“ K'(*-3,x')f(x,)dx, 


(72.8) 


and finally, 

(K'f,h) 


( I" • hixMdx 


{ <f»,f<x,) • I[(x,,r')K*;)drJ . gi,) (,2 5 ) 

To find e for. .hioh ie e..tio..ry .ith re.peet to ,..11 oh.nse. 

bo.teo.e vector .e coneider f. end fj fixed vector, end t.o linear 
operators K and H such that 


KHF 


f'o = K'H'F'. 


(72.10) 

(72.11) 
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I.« £' 1 . independent cenplex p.r.„etere .hieh .ne , ■ 

of the yeotore (f,h,.,.), ”« foot'* 


ons 


f = F + eh 

f' = F' + e'h 

where h and h are arbitrary vectors of th 
defined by 


(72.12) 

’ (72.13) 

e space, then the functional 


Kf.f') = 


(H^f',fo)(f' ,Hf) 
(f'HKHf) 


(72.14) 


Since arbitrary but small variations* in f and f'. 

or minimum is meaningl^s'" ^ stationary in the sense of maximum 

meaningless. By stationary we mean the relations 


■f(F + eh , F' + e'h') 

«' = 0 


Be- 


•C(F + eh , F' + e'h) 


€=0 


0 . for all e , 


= 0 . for all e' 


(72.15) 


must hold simultaneously. For the form rlof j i 

relations are easily verified At tK ' 

setting e = e' = 0 * stationary point we also have after 


5ove 


•f(F,F') 


CH'F',fo)(f< hF) 

rF'UKHF) 


(fofHF) 


(H'F'.fo) . 02.16) 


To derive a stationary form for R.. we renlacp -f k 4 ? / • 

the fixed vector f,, is either u ^ ° ~ ^-.2), so that 

fixed yentnn irnUh T n “<> 

(> ■ 1.2) Jr ' rj ' •” lie -o yncPnnn 

functionals ' ' espective y. We then obtain four different 
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(i.J = 1,2) 


(f'f.HKHf.) 


(72.17) 


hence, I{t f.) ig stationarv witVi 

about F^, and F'. where aspect to small variations in f . 


and 


fo; = KBF^. , 
f'oi = K'H'F'. 


At the stationary point we write 


(j = 1 , 2 ) 

(i = 1,2) 


(72.18) 

(72.19) 


r,, s j(F.,F'.) = 

(F;,BKHF; ' = (H'F'.,Fp , (ij = 1.2) . 

(72.20) 

In eq, (71.65) we malep hVii i 

spondences), ° '‘g identi fi cations (or corre- 


. ■«—» o'e *3Cos (p 

‘ I t 


H 


■i/fo 


„ 8 (^ 3 ) , 

COS cp ^ ’ 


henc e, 


R . 


a = (fJi,HFp 


But since E/r, ) satisfies the i 


integral equation 


“ iKn x-c os CD 

V - (r + L(.,»E,fa,) 


iKo 


2 cos cp 


■^*^0 


A(^3,*;)B(*^)E^.(A:3')dr' 


then 


^0/ 


"/® KHF 


j ' 


(7 = 1,2) 


(72.21) 

(72.22) 

(72.23) 

(72.24) 


U = 1 . 2 ) , 

(72.25) 

(72.26) 
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Also if 


KH<-»(r +L(»: 3 )) + -?- L-‘'^o|* 3 -- 3 | «=<>•'?>,. , 

2 cos cp j A.(*j .^iCj )BU 3 )<&' ^ (72.2 7) 


and from eq. (72. 22). we find 


K^fr.L(.3)]i^B-^(.3) 


To complete the identific 


r3“*3l ^ 


Mx^,x^)cbc^ ,* 


( 72. 28) 






2 cos 


(72.29) 


and from eq. (72 28 ), 


w/t ^ ^ COS (p 


i«o rs^^s 9 .. , 

A(*3,X3)obfg 


since ig real and 


( 72 . 30 ) 


can write 


-rn,.„,ic, A-U^«,) . AC,;,..); 


(,,)«'(. 3 )] - , 

2 cos 9 I 


fro* .qs. (,1.28) „d (,1.31, ^^3 


»ifo h-*3l '“•'P .. , 


A(*3 ,*3 )B' (rjlcfjCj 


(72.31) 


/O 0 o\ 

= 0 0 0 B- 

\0 0 1 


0 0 0 \ 
®31 ^32 B 33 / 


__ (72. 32 ) 

No coafusion should ariaa h.i.,. k a. i 
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and eq. (72.31) becomes 


2 cos cp I \^x^)dx^ . (72,33 


( 72 . 19 ), (, 2 . 21 ), ( 72 , 33 , 

'"<^e;(..) , 

•e .rri.e ,t th. ".djoinf e,„ati„. „f ,72.2s), 
= [r + L(*3)]E;(:c3) 


(72 34) 


-- .*'‘0 |»3-*3 «=<>«<)) ., , 

2 cos <p J * -^(*3-*3)B'(x')E',(;c:)dr 


3)h.{x^)dx^ , (i = 1,2) 


(72.20) and (72.24) we finally obtai. 


(72.3S) 


(H'F;,fop(f;.,HF.) 


(F' ,HKBF.) 


(72.36) 


as the variational form for the reflp,<i-- 

we obtain explicitly, “atrix. By direct substitution 


( r ‘^^0 *q c os CD 

-iK. U« 


a ^ -------- 

,.[ E'i (.X 3 ) • 8 (^ 3 ) p[ + L(;c3)]E^,(x3)dx3 


^ f f h- 4 ... ,. 

2 cos(p| J E 4U3)A(*3,r')B(xpE/r’>rx'(ix3 


In eq. (71.66) we 


aj = 1,2) 

(72.37) 


cos cp 


0*3« os (p 


“t ' BC*3 :)Ej. (*3)dx3 , (72.38) 



and if we also set 




(72,39) 


where F'. satisfies eq. 




( 72 . 19 ) , we find 


(72.40) 


= (f;,.HF,.) 


(72.41) 


It is a consequence of eo f 79 io^ , 

th, v,ct„ e;(, 3) sL'fie/ " 


^ *3 ® ®s Cp 


= tl+ L(a:3)]E;(:t3) 


2 cos cp 


. ‘^0 CO® 9 


A(«3,*3)B'(*')E'(jc^)dx^ , (72.42) 


ich is the equation adjoint to ea (!’) 9 '?^ i l 
fro. th.t i„ eq. (72 35 ) for V 

»e obt.in the r.ri.tion.l ■ r <^ 2 . 41 ) 

ne vanatxonal expression for .S namely, 


and explicitly 


(F'.,IIKHF,) 


(72.43) 


i; 9 

^ cos cp 


If” ^^0 c os CD * \ / a 

it>i m ^ ' ' _ 


I ** * 

(* 3 ) •B(x 3 )[I + L(»:3)]E^.(x3)(fX3 


+ -- ( ” ^^0 1*3 “* 31° os cp ^ m 

2 cos cp J J ® E' (X3) •B(x3)A(x3,xpB(x')E,(x')dx'd*, ► 

1 ) 0 J o 6 i t 


341 


(hJ = 1,2). 

(72.44) 



(72.37) „d (72.44) jive th. 

•xpr.a.ion. for tlio r.fl.ction „d tr.r,„Uoio„ ..tticos, tlio l.t.or ir 
given by r. . = S + ,<; i 

*■' ‘J" know the solutions of the integral 

equation (72.25) and the adjoint equations (72.35) and (72 42) 

e.. (72.34) 0.4 (72.44) vUU t.o or.or r.)„o. f!, rH.'Ln:’;).. ..d 

transmission matrices. However ^ f w.. i, , 

However, if we have only a trial solution of 

roopocr". rj. st.tionor, .ith 

.on."on Th fro. the er.ct 

. .so trt.l sol.tio.s yield epp,oxi.,te v.l.et of R. . „d 

I'J. ’m doT ?r “ tv " 

V ue 1 1 “ *" 

values of the variational formulae. 

It should be clear to the readt^r 4 -k x . 

there is nr. i j ^ foregoing sections that 

e” d 't /“ “ inhce,e.e- 

J'r. 1 t ” e.ee. erect „d doted 

exists^air*** T despair since there 

exists approximate methods which can Ka ^ 

in this flr«. ^ ^ brought to bear on the problems 

in this area and much yet remains to be done. 
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CHAPTER VII 


introductory remarks 
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with inhomogenous media The addit' ^ Problems associated 
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of propagation in such media. If -j icate the problems 

so that we can ignore the comcli T' unbounded medium 
there are several ways in which resulting from boundary conditions 

problems of propagation. Clearly regarding the 

gation of electromagnetic oscillations Th • 

would then arise from the • ' ^ anisotropy and absorption 
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for in isotropi .0 medium. On the conttaty, the ray theory yhieh wield 
reeult fro. the full rector ,.re equ.tion can not be expected to be 
erirable from a tingle ecal.r function of poaition. The vector .ere 
equation should yield in the transition an -Eikon.l Wanrir" .hich .ould 
then constrtute the gener.li.ation of the single sc.lar Eikonal equation. 
The determination of the rays from the more general rector Eikonal equ.ti 
1 . not a simple task and for this reason it is suggestive to seek a some¬ 
what different approach in .bich the mathematical analysis is simpler, 
but which .ill retain some of the flavor of the .are picture. Fortunatel 
since about a century the apparatus for such an approach already exists. 
The original researches of Sir William Ro.an Hamilton provide the basis, 
as they hare in so many other branches of physics and mathematics, for 
the development of the simplified approach. 

This approach was recognized by J. Haselgrove in 1955 who derived a 

compact formulation of the theory for the study of ray propagation in the 

ionosphere under the influence of an external magnetic field. The origin 

0 the formulation and method of approach has its roots in Hamilton’s 

classical work in optics and mechanics. Haselgrove, in her development 

of the theory, followed the patterns laid out by J. L. Synge. Synge's 

pment, which is clearly the most elegant, formulated the theory of 

propagation of rays in anisotropic, inhomogeneous media for other purposes! 

ame y, or the study of De Broglie waves, and he appropriately called it 

a theory of geometrical mechanics, and which incorporated relativistic 
considerations. 

Wc hare utilized the for.ul.tian end derelop.euts of beth Syuge aud 
Baaelgtova to generalize the theory i« au obriou. .ay to include a fre- 
queacy dependence and absorption. Thin generalization haa aino, found 
at. ..y r. applUations, one of which in in the stndy of .histling 
atmoaphurres. Its utility i. the more recently developed theories of 
magneto y rouynamics, electron optics, seismic theory, sound theory, and 
pla.ma ware, rn general in under serious study. R.y theoretic method, iu 
the study of propagetio. of ,eak hydrom.guetie discontinuities have proved 
to be qurte uaefn already. Althe.gh the use of ray theoretic method, in ' 

gaseous f o. pr.hlema and electromaguetie, is not new h, nny means, a clear 

and aetailed exposition of a • j i 

. V ained theory for absorbing, dispersive 

mnomogeneous, anisotropic media i in r • . 

. ■ ^ It IS hoped that the followir 

exposition will prove to be a step in that direction. 
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In the exposition we will arfromr,*- 4. j- 
important and useful relations both f ^ interesting, 

point of view. In order to aid the '"'"d ^ ^ mathematical 

whenever possible inject the wave thl^^ ^ “"<^erstanding we shall 

mentioned that a ray theoretic d " It should he 

divorced from the wave theory conIe^tTlL\r\L7T''°"- 

to each other. This intimai-*:. • ^ intimately bound 

quantum mechanics and which formTthTbas^s'oVL'L^'V^ 

will be put into evidence in the • ■ Schroedinger s equation 

waves is inherent in the the of -ys and 

may well be familiar with thl^V I” f interpreted. The reader 

equations in mechanics and hence*at*fir!r"^T°”^ Hamilton’s canonical 
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siv. i. . 'n"“T 

useful geometrical background In th 1 Provides a 

g.o«,trio background in no.c.h.t isno^r^nd'ZT”'^ ” 
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equations in our treatment doe • • ’ derivation of Hamilton’s 

Besides, the ultimate aim here iHorr? 

equations, ^ ^ attainment of canonical 
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characterized by an “inde f • given medium which is 

tim. f an ^"dex function,” t.e., an index of refraction th 
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ambiguous. Nevertheless we shall adont th ^ 

.in .odify it and „.k. precis, its Penning "riLn 

.eain„ nnder connider.tion in ch.r.oterir.d'hy no indeo L^i:!" 
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position r, and direction a which we denote by il/(r, a). This is an 
invariant (scalar) function of six parameters, three of them specifying 
the position r and three of them specifying the direction a. The function 
M(x, a) is called the ray refractive index. The inhomogeneity is charac¬ 
terized by the positional dependence of M on r, and the anisotropy of the 
medium by the dependence on the direction vector o. Physically, the 
®^S^iiicance of M is that it is the ratio of the speed of light propa¬ 
gation in some reference medium (say, vacuum) to the speed of propagation 
along the ray in the medium. The vector a defines the direction of the 
ray at the point r. We have already seen examples of the directional 
dependence of an index in Chapter II, i.e., the indices of ordinary and 
extraordinary wave propagation as obtained from the Appleton-Hartree 
equations. The inhomogeneous property in this example is obtained by 
allowing the electron density, appearing in those expressions, to be 
functions of position. However, the directional dependence in the afore¬ 
mentioned example is in terms of the wave normal direction, i.e., the 
vector de.fining the normal to the surfaces of constant phase, which as 
we shall see does not coincide with the ray direction. 

It will be convenient at first to let r and a be referred to a right 
handed rectangular cartesian coordinate system so that r = (xj, x^, *j) 
and the line element is defined by 

ds^ = di ‘ dr = dxj + dx^ 4 dx^ . (73.1) 

The direction vector o of a ray at the point r is then defined by 


a = 


dr 

ds 


( 73 . 2 ) 


so that a is the tangent vector to the ray and is therefore normalized 
by the identity, 


= 1 


( 73 . 3 ) 


This normalization of a will be used advantageously in the subsequent 
discussion. We shall assume that M(r, a) is a homogeneous function of 
degree one in a. That is, if k is an arbitrary but positive parameter, 


Mir, ka) = kMir, a) 


( 73 . 4 ) 
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If the .ndex ie not initi.lly ho.ogeneons of degte. one in n it c.n 
elweys be ..de no by nsing the nornelitetion condition on More 
epee.f.oeily, »hen ,e eeeett th.t M it . function of poeition end 

d. rect.on it in eufficient to define the direction.! dependence by 

e. vtng only the r.t.os, e.y a,/a^. Consequently, «.hen U is 

tLT “ • '■“oeen.ous function of degree zero in 

I- us, if ,e define • new index A((r, n) by the formula 


^(r, a) 


^ r. — , — 4" • a 


(73.5) 


we have then en homogeneous function of degree one in the «,. I„ ,h,t 

follows we shall assume that such a homogenization has been ‘effected and 
henceforth omit the b,ar notation. 

The reason behind the construction of this homogenization stems not 
so much from mathematical convenience alone but rather from a more funda¬ 
mental consideration. It stems from the requirement to be able to label 
points on a ray independent of the mode of parameterization. This state¬ 
ment will be made clear subsequently. 

The basis of the pure ray theory is now postulated according to the 
variational principle, 


5 / Mix, (t)ds = 0 

^1 


(73.6) 


where S is the sign of variation P and P «- r- j 

® aiiacion, r-j and F^ are two fixed points of the 

medium. In words, it states that we are seeking all curves, 


C; 


r = 


r( s) 


(73.7) 


which make the first variation of the integral of (73.6) vanish. In this 
sense, all we require is the stationary property of the integral with 
integrand M. The integral .is not required to be either a maximum or a 
minimum. Stationary principles of this sort are common in all branches 
o physics. But besides being a formal tool for analytical exploitation. 
It has an underlying fundamental philosophy. Variational principles 
involve no statements about reference frames, i.e., coordinate systems, 
ey are coordinate free principles and are therefore eminently suited 
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for the description of physical laws. A physical law by its very nature 
must be coordinate free. This property is also easily demonstrated by 
proving that the Euler-Lagrange equations, which are the necessary con¬ 
ditions for the first variation to yanish, transform in a covariant 
manne.r (a term which will be defined in a later section). Before we 
carry out the consequences of (73.6) let us examine the integral itself. 
From physical considerations it is clear that M(r, a) must be a non¬ 
negative function of its parameters. If M were constant we could define 
ds = Mds and hence the integral ds is a monotone positive increasing 
function of its upper limit and would vanish at 7 = 7^. Therefore the 
integral defined in this way has the properties of a distance function or 
a metric as it is called in mathematical parlance. These same properties 
carry over when Jl/(r, «) is not constant and the integral 

= r M{t. a)ds 
*1 

can be interpreted as a distance function. The abstract geometric space 
associated with F(s) is called a “Finsler Space” in honor of the man who 
developed the theory. The close connection between the properties of 
this space and those of Hamilton’s canonical equations has been given in 
a very clear fashion by Synge. 

We use the well known result from the calculus of variations to 
exhibit the necessary condition for (73.6) to hold, namely 

d_^ 

ds B« " B; = ° (73.8) 

which are the Euler-Lagrange equations. The notation employed in writing 
eq. (73.8) is equivalent to writing the three equations 

d_ 

ds Ba. ^ ° ’ (^ = 1- 2. 3) . (73.9) 

I X 

However, eq. (73.8) seems more compact and we shall adopt it as far as 
possible. The use of the mixed vector and tensor notations should offer 
no difficulty in the exposition. 


3S0 



«q (Ts'sr' l! f *’ ' fo, th. d.soription of 

« to di! h i .onotooo paowoler, a.y 

u, to describe the curve, we have ^ 


dr du 
du ds 


( 73 . 10 ) 


where, 


( 73 . 11 ) 


The homogeneity of J/(r, «) i„,piies the follo,.ing 


relation. 


( 73 . 12 ) 




and here, da/ds plays the role of \ in the definiti 
There fore, 


( 73 . 13 ) 


ion, eq. (73.4). 


M{t, a)ds - M(t. r') ~ ds 

ds 


= Mir, r')du 


( 73 . 14 ) 


and the Euler-Lagrange eqs. can equally well be expressed in terms of 
the parameter u by 


^ r') 3ilf(r, r') 

Br' “ 


( 73 . 15 ) 


mo in.orioooo of th. for, of th. EoUr-L.gr.ng. .,a. „„dar a tranafor.a- 
t.on of param.t.r fro, a to a i, ,e,„ i. thia oaa. to aria. fro. th. 

o,ogp.,ty of « it, aaooad a.t of vari.bl.,,- Th. c»r,.a that ,.ti,fy 
( ■ ) or (73,15) ar. d.argn.t.d ,a '■gaodoaica.■’ A ray i, oo. for.ally 

* E°°<>.aio, t.a., a solution of aq, ( 73 . 3 ) ,„d having fix.d 

* The necessary and sufficient condition that the integral l/fr r,).d k • j 
«cs is th. ho.ogen.ity condition «(r. Aft) = )W(, „) witl k I 'o f n 

A lucid proof of chi. i. • ■ r. 1. 0 for »U positive numbers X. 

cid proof of thts ts gtvon tn C. C.r.theodory. "Variationsrechnung „nd Parti. 11 . 

Dafferentialgleichungen Erst. Ordnung, •> p. 212 B. G. Teubner, Berlin, I 935 . 
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end points. In general the function M{t, a) can give rise to more than 
a single curve which satisfies the variational principle with fixed end 
points. However, for the sake of keeping the exposition simple, we 
shall assume for the present that there exists only one curve satisfying 
our requirements. 

Eqs. (73.8) or (73.15) are second order differential equations and 
we should like to simplify the description of a “ray” in terms of a 
simpler set of equations. Such a simplification is always possible as 
is well known by transforming the second order system into an equivalent 
first order system. The first order description has both a practical 
and theoretical significance. The practical aspects are reflected in 
the computational considerations of actually calculating a ray path. 

This facet of the description will be dealt with separately. 

There is another motivation for seeking a simplification and this 
lies in the fact that we do not ordinarily know the ray refractive index, 
but we do have information on the phase refractive index n) which is 

a function of position v and “wave normal” direction n. Consequently, we 
want to free ourselves of a description of the rays in terms of il/(r, a) 
and obtain a description in terms of the function iJ,{r, n), the known 
quantity. By expanding eq. (73.8) it is clear that this equation expresses 
the rate of change of the ray direction dr/ds along the ray path in terms 
of the index M and its derivatives, which are second order; hence it 
involves the curvature of the path. But since we do not know M{r, a) we 
can transform Eq. (73.8) for the curvature into equations which give the 
rate of change of wave normal direction n along the ray path in terms of 
the function /i(r, n) and its derivatives. In this way we eliminate the 

ray refractive index and ray direction and obtain a simpler description 
of the ray paths. 

The simplification is effected by reducing the order of the differ¬ 
ential equations for the rays from a second-order to a first-order 
description by introducing the variables a., (i = l, 2, 3), defined by 

V = — M{r, a) . (73.16) 

oa 

We then solve this system of equations for the in terms of the a., and 
A<-(r, n). Before we discuss how this is done we want to examine some of 
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t«d. f ' " The coeeeetion b.t.ee, the 

hud, of the vector end the phee. refr.ctive iuder ^(r, ,) „iu 

he ehom to be rel.ted ei.ply. Fro- the definitiou (73 IS) 
the ray equation (73.8) in the form 


magni- 
also 

can write 


( r, a ) 

* (73.17) 


The task 
going is 
(T and r. 
we find 


involved in effecting 
to ultimately find the 
Let us first take the 


the simplification alluded to in the fore- 
two vector differential equations relating 
scalar product of a- with a; using (73.16) 


a 


a 


^^(r, a) 

3a 


(73.18) 


Since Jlf(T, a) is homogeneous of degree one in a 
homogeneous functions gives 


Euler’s theorem on 


a • a- = M(t, a) 


Alternatively, we can write eq 


("73,18) in the form, 


(73.19) 


-1 . _ 7 y(r, a) 

,, a- = 1 = - 


a * a- 


where, by definition. 


a) 


y(r, a) 


(73.20) 


(73.21) 


and K(r, a) is the 
convenience let us 
choosing the units 
development of the 


speed of propagation along the ray in the medium, 
put = 1 unless stated otherwise. This amounts 
of measure appropriately and is not essential in 
theory. If we now define V by 


For 

to 

the 


V(r, a) - F(r, a)a 


(73.22) 
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then eq. (73.20) reads 


y ■ a = 1 . (73,23) 

This important symmetric relation stemming from the assumption of the 
homogeneity of M{t, a) contains a wealth of information. Already, the 
idea of duality of waves and rays is inherent,. For, if <r- is considered 
as defining the direction of phase propagation, the relation (73.23) 
intimately binds the ray direction to the wave normal direction. In 
mechanics of course such a relation is interpreted as binding waves and 
particles, where V would then represent the velocity of the particle, 
i.e., it would define the trajectory of the particle. In this case M 
would be the Lagrangian. The duality of waves and particles of course 
IS well known by now. However, the relation as expressed in (73.23) is 
not exploited much, if at all, in mechanics and we shall exhibit here 
the geometrical significance of this simple appearing equation. 

GEOMETRICAL REPRESENTATION 

It is useful to be able to visualize the vector relations above and 
to seek their physical significance in terms of a geometrical representa¬ 
tion. The vectors a- and V are illustrated in Fig. 18. Since the 
relation between the ray refractive index a) and a gives rise in a 

natural way to the relation between M and V, it is of interest to consider 
the relation between the wave normal direction n, the phase refractive 
index /i(r, n) , the velocity of phase propagation W(r, n), M, V and a. If 
n and o are the unit vectors in the directions of a- and V respectively 
and if e is the angle between them, the speed of phase propagation in the 
wave nprmal direction, called [f(r, n), is the projection of V on n, that is, 

V • n = H'(r, n) = V cos 6 . (73.24) 

The definition of the phase refractive index, jM, gives 


° - (73.25) 

"(r, n) 

(we are omitting the factor , since we are using as a unit of measure 
as discussed before). From eqs. (73.21) and (73.23) it can be seen that 
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^(r, a) 


V(T, a) 


Ip'l COS 9 


(T 


a- 



Now n is defined by 


CT’ 



And, by eqs. (73.22) and (73.23), 


so that 



_Af_ 1 

Ul- " vM = ^ 


V cos 6 



and therefore from eqs. (73.24) and (73.25), 


ir = 



y- 


(73.26) 


(73.27) 


(73.28) 


(73.29) 


(73.30) 
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(73.31) 


We conclude from this; along a ray path 


i.e., the magnitude of a- is equal to the phase refractive index. 


RECIPROCAL SURFACES 

The symmetrical equation (73.23), as stated before, reveals some 
interesting and useful geometrical notions. These notions will be 
utilized to obtain the additional vector differential equation to com¬ 
plete the description of the rays in terms of the phase refractive index 
^(r. n). We first note that eq. (73.23) which is repeated here for 
convenience, 


^ 1 (73.23) 

implies that a and V are reciprocal vectors in a certain sense. Referring 
to the previous figure, we see that the points P" and Pj are reciprocal 
to each other. That is, if we construct a unit sphere about the point 
P(r). then P" and P^ are invers^points with respect to this unit sphere. 
For, according to eq. ( 73.30), PP" • pP^ = . i. jhe relationship 

of the points Pj,and P' is similar. A further consequence of (73.23) is 
obtained from the subsequent considerations. 


With P(r) fixed, let the end point of the vector V sweep out a 
surface in such a way that eq. (73.23) holds. We may consider this sur¬ 
face to be constructed as follows. At P(r) we construct a local rec¬ 
tangular cartesian coordinate system. Then, since P(r) is fixed, V(r, «) 
is a function of the direction a. Now for each direction o at r mark off 
a distance, say s, which is numerically equal to the magnitude of V(r, a) 
at r, that is, V; when this is done for all directions a at r, we have 
generated a surface. Further, if we let ^ denote a point on this surface,* 
(that IS, f designates the local coordinates, whose origin is at P(r), of 
a point on the surface), then ^ is given by 


e = Va = sa 


(73.32) 


Physically this surface represents all the points reached from P(r) in 
a unit time traveling at a velocity V(r, a). To find the equation of 
this surface, referring of course, to the local coordinate system we have 


The reader is advised to perform the construction in order 


to grasp its meaning. 
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FIG. 19 
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, , ' ' ujj/s . (73 33 ) 
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generated geometrically as folloaa (See Fig. 19 ). 

Let aSj be given by V(t f) = 1 o«ri c i 

^ be a point on S dri. thl f ’ ? ’ bet 

oj, araw the tangent plane to S at P j 

perpendicular to this plane from P ^ construct the 

h. j ^ at P". Now let P 

be the end point of the rector o along pp- s„th that o ■ f = 1 . irclu 

1 n 2 reciprocal points .because their resnecti 
the above relation If thfr .k ^ ^ Projections satisfy 

on 5 .. ; construction is done for all points / 

1 . then the resulting surface generated by ^ that is S' n ^ 

the surface reciprocal to <J u • ^ ^ ^ called 

ciprocal to , an obvious nomenclature. Moreover if at 

thit ir:;; "b." 

--J-llL!^- ^^ 3 . 23 ), this perpendicular must cut the 

C. Caratheodory, toe. eit. 
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surface at P^. The plane tt^ tangent to Sj at Pj and perpendicular 
to (T is called the polar plane of the point Pj respect to the unit 

sphere centered at P. A similar statement applies to the plane shown 

in the preceding figure. 

We inquire now further about the origin of the surface Sj, and seek 
its equation with respect to the local coordinate system whose origin is 
at P. The relation 


a) y 1 

Ba " Ba V{i, a) 


(73.16) 


asserts that the right hand side is a homogeneous function of degree zero 
in a since [^^(r, «)] is homogeneous of degree one in a. This implies 
that the right side of (73.16) is a function of the ratio of the compon¬ 
ents of a, say Equation (73.16) is equivalent to three 

equations; we can therefore eliminate the two ratios among the three 
equations and obtain a functional relation between the components of a-. 

We shall denote this functional relation by 

<r) = 1 , (73.35) 


which must be the surface reciprocal to Sj. The surface ff(r, a) = 1 is 
called the wave normal surface associated with the ray surface defined 
by [l/T(r, ^)] = 1. It should be stressed that already the anisotropy 
of the medium is put in evidence. For, since f is in the direction of 
the ray and if o- is considered to be in the direction of the wave normal 
(in a wave picture) then in general ^ and d- are not co-directional in our 
local coordinate system. If the index M is a function of position only, 
M{t), then a- coincides with f and the medium is isotropic, i.e., 

Mir) = fj.ii);, otherwise stated, the index function M is invariant under 
a rotation of axis. 


Another way of viewing the relation between the wave normal surface 
and the ray surface is to consider first the wave normal surface as 
given. This is, we emphasize again, the surface generated by the vectors 
whose directions are those of the wave normals and whose lengths are the 
phase refractive index in these directions. We determine the ray direction 
associated with a wave-normal by the following geometrical construction. 
Through each point of the wave normal surface we construct the plane 
associated with that normal. The envelope of these planes forms a new 
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lies in the direl^M of «>■> ”»« plene and the envelope 

on this tay aatf.oe have a T 

the angle bet.een ray and „ve nor.a/ f " ^ “ 

y ve normal, [see eqs. (73.29), (73.30)]. 

We can find another representation of eq (73 35) N 
vector f .aa „aed to deacrihei!,, through it. magnitude'IfI thr"' 

":di^h\\:::i:;ror:oti^"r:: 

we can equally well describe S, in the poUr forl"""^" coordinate system, 


J <^2 

/ r , — , — 


^3 ^3 


(73.36) 


where / is writtena as a function of (a,/cr ) (a ) • 

of the vector a- which is u h ^ since / is a function 

- /a Th r direction components a,/. 

a surface in auh.r 7 T nnalogoua to .riting the equation of 

spherical polar coordinates, il (9 ci hv rKaa 
« - /(«, (h), ao that .a,/=r, ,„d tr /tr . 1 ^ i-epreeantation 

that ,e can .rite th. „ ’ correapond to angl.a 6, (recall 

tiona,. In J: fo™ „re ^ “ 

i-a .e therefor, define .(g, I, [ aero in 


ff(r, <r0 


J 1 ^2 

/ r , — , — 


°-3 °-3 


(73.37) 


T e conatructto. of th. reciprocal a.rface gfv.n in the foregoing .an 

e, (is'ur It” 'n «0“‘val.nt of analytically inverting 

.r 7 ■ 7 '■ ' T”' •" alternativ. for. for 

•q- (73 37) rn term, of the ape.d of propagation »(,, .), 

f;::.:^;::;;):'.. :a„‘::;t?^ 


»'(r, u) = wL , — ,~ 


(73.38) 
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Therefore, 


a.i a.j 


Wt . — . — L 


°-'3 


(73.39) 


and if we compare this with eq. (73,36), we find 


or by eq. (73.25), 


H{r, a) = H'(r, a) |o-| 


(73.40) 


Hir. a) 


M(r, n) 


(73.41) 


This form which was adopted by Haselgrove as a basis for her studies in 
radio wave propagation is essentially a normalization of the Hamiltonian, 
Hit, a). We note that it is a homogeneous function of degree one in a 
just as [l/V(r, a)] is homogeneous of degree one in a. This property of 
homogeneity permeates the entire structure of the ray theory. An impor¬ 
tant property of our construction is that the ray direction is perpen¬ 
dicular to the phase refractive index surface, i.e., the surface defined 
by I&-1 = fj.[T, n). 

It is perhaps instructive to illustrate in a more concrete fashion 
the concept of reciprocal surfaces. Such surfaces play an important role 
in many branches of physics and mathematics.* Let us consider two quadric 
surfaces whose equations when referred to a rectangular cartesian coordi¬ 
nate system (a:^. Xj, * 3 ) are defined by 


*S, ; CL . . X • X . = 

1 ^ j 


b . .X .X . = 

w I j 


( 73 . 42 ) 


( 73.43) 


where and Cj are parameters, and the summation convention is implied 
for repeated indices. We- shall write these equations in matrix form. 


r'Ar = 


(73.42') 


(73.43') 


The Th.ory of EU.ticity, ..cond .diti.;, Co j 



where r is a column vector and r' its 
assume that A and B are reciprocal to 
matrix A can be assumed to be symmetri 


transpose 
each other 

c. 


is a row vector. We 
) that is, A"” ^ 


now 

The 


The tangent 
relative to the 


plane 7 /^ to at 
rigin 0 , which is 


the point whose 
also the center of 


position vector r 
the surfaces, is 


R'Ar = Cl 


(73,44) 


where R 
distance 


is 

f 


a running point on the tangent plane. The 
rom 0 to the tangent plane is given by the 


perpendicular 
well known formula, 


d 


1 



(73.44') 


^2 the point 
is perpendicular t 
normal to 77 ^, the 


(vector) s on the quadric 5^ in the direction which 
O t e tangent plane then since Ar defines the 
vector s is proportional to Ar and we write 


s = kAr 

where k is a constant of proportionality, 
written as 


( 73.45) 

Eg. ( 73.45) can also be 


rA'^At = kr 


(73.46) 


which shows that the tangent plane tt at P to S • 

A-s defines the normal to 77 ,. The Hne OP tU / 
to this tangent plane. We exclude L: ^Hstlt iTo^ 
ular to the tangent plane at P, then OP is • T' 

Pl*»« .t P, .„d th. relation in a tacipioca/IZ"' T “ 
...lyticuy. The „it veot.t in the dit.otio. s iTlulTy" 


kAx At 

UAtI ” |Ar| 


(73.47) 


If I is the length of OP^ then lu lies on S 
equation of namely, 


and hence satisfies 


the 


(lu)'A-i(lu) = Cj 


(73.48) 
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or, 




(73.49) 


But from eq. (73.47), obtain, 


(Ar)‘A-i(Ar) 

lArp 


I—T 
|Ar|-2 


c 


2 


*hich according to the rules of matrix theory and the symmetry of A 
i.e., A = A* we find 


|Ar|-^ 


r'Ar 


(73.50) 


from (73.42 ) and (73.44*) there results. 



or. 


l^dl 


^ 1^2 


(73.51) 


which links the product of and Cj. Therefore if 


we put 


CiCj = 


(73.52) 


then 


Id, 


(73.53) 


In an exactly similar way we can show that if d^ is the distance from 0 
to the tangent plane and q is the length OP, then also. 


<ld. 


(73.54) 


Consequently, the points and are inverse points to and P, 

respectively in a sphere of radius e whose center is at 0. 
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^point P, i. o.lUd the pole of .„<1 the point P, i, ,h. pel, of 

P,d^. ..th respect to the sphere, . teretinology edopted free projective 

geo.etry, Th. quedrio surfaces S, .„d P are said to K • , 

, 1 ^ said to be reciprocal to 

each other ..th respect to this sphere. The reciprocal aspect is seen 

of tL'*th '!l' reciprocal 

oar. t * by 

n " 'V" 'brouph th. relation 

of ^ec'ipr;..! s!rf:::: 

74. DERIVATION OF THE RAY PATH EQUATIONS 

The concepts developed in the previous section permit us to derive 
on a s..ple ..„.er, the t.o first order equations descrihinq the rays. ' 
Let us f.rst note that the surfaces defined by the end points of f and 

w! have l"T"' ‘"•“T •Ihorn.tiv. for... 

' ■‘""ibed th. surface defined by the end point of o in 

po ar for. by eq. (73.36) or in the for. defined by eq. (73.37). The ,«ne 

s. uattc. applies to the surface defined by f, .hich can be JiSl 

une polar form 


f ^2 

K r, — ,~ 

V ^2 ^3 


ii £i 

^3 ' 


M(r,a) 


(74.1) 


or in the form defined by 


nr,£) = IfNr.a) = 1 


(7-4.2) 


these representations are still with respect to the local coordinate 
syste. .hose origin is at P(r)) the for. ( 74.2) is an.logo.s to 
q. (73.37). No. both surfaces, »(r,o.) - 1 and P(,,f) . 1 „„ 

s.dered to be single ...bers of a family of reciprocal surfaces. These 

x&niilios are defined by 


F(r, r') = A/(r, r') I j 


(74.3) 


Mr,n) 


fUr.v) 


(74.4) 



where, 


r' 


dv 

du 


( 74 . 5 ) 


with u a positive monotonic parameter. In writing ^(r,r') we mean that 
M IS a function of postion r and the ratios of the components of r', 
hence M is homogeneous of degree zero in this second set of variables. 
Consequently, is a homogeneous function of degree one in the com¬ 

ponents of r'. Clearly the directional dependence of the index function 
M IS represented equally well by r' as by a since these vectors are 
proportional to each other, i.e.. colinear. However, in discussing the 
properties of reciprocal surfaces we are not restricted to use the 
parameter of arc length. These properties hold independent of the mode 
of parametrization of a ray. By setting c, = c, = 1 in eqs. ( 74 3) and 

(74.4) and also putting u = a (the parameter of arc length) we obtain 
the surfaces of eqs. (73.37) and (74,2). 


Now consider any two reciprocal surfaces 
®<is. ( 73.4 ) and ( 74.4 ). The normal to the 
point Pj is defined by (Bf/Br'). Since a- is 
is therefore proportional to (BK/Br') and we 


and Sj defined by 
tangent plane to F at a 
also normal to this plane, tr- 
write 



, B/ 


O’- 

* X.<| “ 

^ Br' 

(74.6) 

where is the proportionality 

plane to at a point we can 

constant. Similarly, for th 
write 

e tangent 


W 


r' 

■ V ■ 

(74.7) 

with also a constant of proportionality. By the property 

surfaces, 

of reciprocal 

/ 



T • (T = 

k.i' • - » 1 

^ Br' ’ 

(74.8) 

and, 

BH 


cr • r* 

rH 

II 

b 

CM 

(74.9) 
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But F is homogeneous of degree 
one in a, we also have. 


one 


in r and H is homogeneous of degree 


\,r' 


dF 

3r' 


dH 


= 1 , 


■ * 


(74.10) 


..d £„. ( 74.6 ), ( 74.T) .n6 (74.10) „ d.du.e the 


i. 

~ F -dr' 


(74.11) 


_1 ^ 

H -dx- 


(74.12) 


gam, since F is homogeneous of degree one in r', then (Bf/Br') is 
homogeneous of degree zero in r' and consequently o. is homogeneous of 

as a Lctio f considered 

the d f • / ’ '' degree -1 in r'. Therefore, using 

efinition of a homogeneous function, we can write. 


^(r, r') = \F(r,r') ,] 

= k"^H(r,T'), 


(74.13) 


•her. K i, „ .rbitr.ry positive p,r„,ter. Eli.ipppi.j ), b.t.epp the 
pair of relations in eqs. (74.13) gives. 


F(r,\x')H{r,kT') = F(r,r')/f(r,er) = c^c^ 


(74.14) 


Tltne f.r .e have ueed only the property of teeiproeal serfaeea and the 
ho.o,e„erty of the foneti.ne P .„d B. »e „o. invoke the variational 
pr.ncrple of e,. ( 73.6). Thin eq.ation ia repeated here for o.nvenie.ce 


Md$ s= S 


ds 

— = e 

V 


(73.6) 
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then, 


dr 


dr 

du 


, , du 

ds 


du 

ds 

= 

Ir'l - = 1 

as 




du 

nr.r') 


S ^(r,r')|r'|du 


“ 2 F(r,r')du = 0 


which gives the Euler equations: 


_£ 5f(r,r') _ 5f(r,r') 

du 3r' ® 


If, now, we let the parameter u = t t-ha rimo «-f «i, • , 

» ''"® time of phase propagation along 

the ray, then by definition. 


. di 

r = — = V 

dt 


and therefore. 


which, together with eq. ( 74 . 14 ), 


gives 


(74.15) 


(74.16) 




(74.17) 


This relation holds for any two reciprocal surfaces of the 


eqs. (74.3 ) and ( 74.4 ). Since \ 


iprocal surfaces of the families of 
IS an arbitrary positive parameter 
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then also \r is arbitrary, 
now are written as, 


The Euler equations, with parameter u ^ t 


_£ ^F{r,r) _ 9F(r,r) 

3r Br ° ■ (74.18) 

From eq. (73:50), we have 


Br 

and from eq. (74.14) with \ = 1. we find 

£ M _ /jA 

dt \h) ~ Br U/ ' ® ■ (74.19) 


The relation (74.17) 
are reciprocal with 
the ray path, /( = 1 
However, the partial 
sarily zero, and eq. 


shows that the family of reciprocal surfaces F and H 
respect to a unit sphere centered at F(r). Now, along 
and the total derivative is zero, that is, dH/dt = 0 

derivatives with respect to r,i and o are not neces- 
(74.19) becomes 


dt ~ ~ > (74.20) 

also eq. (74.12) becomes, 

* ^ B^(r,g) 

dt " • (74.21) 


These two equations are usually written 
in the order. 


together as a system of equation 


— = ^^(JT.q) 

dt “ -a,- 

da ' 
d t 


(74.22) 
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These are two first order equations fully equivalent to the Euler equations 
for the description of the ray path. They have the form of Hamilton’s 

canonical equations in mechanics with n playing the role of the generalized 

momenta. We note that the ray refractive index iW is not required for the 
etermination of the ray path, only Mr.n) the phase refractive index need 
be known. The integration of these equations, which are more convenient 
from a numerical integration point of view than Euler’s equations, deter¬ 
mines the ray path in the form r = r(t). 

75. AN EQUIVALENT FORMULATION 

Th. deriT.tion o£ p.y p.th eqo.tionp in H.miltoni.n form involvii,. 

o» V . kno.lodg. of tho ph.., rofrootiro indo, Mr,.) ou.gosoo oh. poooii;. 
brl.ty of doririnj tho o.no.iool oqnoti.no ..i„g „ , .tortinj point . 

no.l.dgo of « nlono. Suppote thon given tho invariont fnnction 

«{r,<T) 1 and the definition 


B 1 


Br' V(r,r') 


(75.1) 


where, 


r' = 


dr 


•ith a ao .0 pooitivo monotonit p.r.n.tor, and 1/V a ho.ogonooo, function 

dogro. one in r . According to (,3.10) .„d tho hon.gonoity of 
we can write 


and 


But since, 


ds 


du 


F(r,a) 


dr = 




° 1 dr 

Br' K(r, r') du 


1 


Br' V(r,r') 


du 


(75.2) 


(75.?) 


Br' K(r,r') ^7 Euler’s Theorem. 


(75.4) 
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therefore 


a- • dr = 


du 


ds 


K(r,r') ]K(r,a) 


The variational principal, . 


ds 




= 0 


is therefore equivalent to, 


(75.5) 


(75.6) 


S 



di 


0 


together with the constraint 


(75.7) 


H(x,a) = 1 


(75.8) 


Equation (75.6) expresses Fermat’s Principle and eqs 

Hamilton’s Principle. The preceding discussion shows 
equivalent. 


(75.8) express 
that they are fully 


If we carry out the variations on <r- and r which 
for the fact that the vector field a must satisfy the 
and Sr the variation of r vanishes at Pj and P^, the 


are arbitrary except 
second of eqs. (75.8) 
end points, we obtain. 


(So • dr + • Bdr) = 0 


(75.9) 


which upon integrating by parts, using the end conditions for Sr (and 
the commutativity of the 8 and d symbols), gives 




(So • dr - Sr • do) 


(75.10) 
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for all variations, subject to 


, W 

^ ^ • So- = 


3r 


Eqs. (75.10) and (75.11) together imply that 


- du~ , da- = - du~ 

3r 


or. 


dr 

du 


^b- 


da- 

du 


— 

Br 


(75.11) 


(75.12) 


(75.13) 


must hold along the ray. If the parameter n is not the time t th 1 

tion between u and t can be found as follows The n 1 ^ 

tion W, we recall is ’ ^ normal speed of propaga- 


fy = — 

I 

\a- 


•ith unit vector u ,lo„g by I . „/U,| - »„ n f 

Ho-ilton'. e,...i„„e ,eletec r vitb I by ,,S iL' !' V r"“ 

the projection of on th. unit 



FIG. 20 
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is just 


, ar 

dr • n = — du • n = Ji^dt 
du 


(75.14) 


since dr is the displacement along the ray direction in a time dt. Thus, 


dr • a 


dH 

v‘'“ ■ " 


du • Hiy. 


(75.15) 


so that, 


. W 

dt = 0 . • — 


B// 

(T- ■ du 


(75.16) 


(75.17) 


which relates t as a function of u. that is, f(u) can be obtained if we 
so ve eqs. (75.13) to obtain r(u) ando(u). If Hir.a) is homogeneous of 
degree one in cr- (and we can always make it so), then 


W 


(75.18) 


and if we put = 1, eq. (75.17) 


gives 


“ (75.19) 

Consequently, if we are given or obtain H = 1, then Hamilton’s equations 
give the rays as a function of the time. 

It is not difficult to demonstrate how to obtain the function l/V 

an prove that it is homogeneous of degree one. starting with a knowledge 

of and the ray path equations. This will be left as an exercise for 
the reader. 
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76. RAY PROPAGATION 

Thus far we have been using or rather carrying along the notion of 
wave propagation in developing the ray theory. Although we can develop 
the ray-theoretic concepts completely independent of any wave theory 
notions, it was found useful to continue with it. Moreover, 
we did not use any wave theory parameters except to indicate that a- was 
considered to be in the direction of the wave normal and that o- was 
hound to the ray directions through eq (73.23). In this section we shall 
examine the manner in which rays propagate in an inhomogeneous, aniso¬ 
tropic medium. The connection between wave propagation and ray propaga¬ 
tion IS also brought out more clearly by means of the characteristic 
function of Hamilton. This characteristic function denoted by ^(P,,P ) 

IS defined by the formula ^ 






(76.1) 


.here th. i, ^ ^ 

point P, .1.0 0 . the .... ray. „ i. . ..Itipl. f...ti.„, 

t ere can exist more than one ray between and P^. As before, for sake 

discussion we shall exclude this case. The function 

n 1 , 2 ) clearly exists if a ray path exists, for then, a- is defined 

a ong the ray and therefore the integral has a well defined meaning. The 

unction IS also proportional the the “optical distance" in a 

medium, We shall show later that \b(P P i o i-i, i. • 11 i i 

^ spatially dependent part 

O t e p ase of a wave in a nonhoraogeneous medium. The reader is advised 

to review Chapter I briefly to establish more firmly this connection. 

Consider V' as a function of the upper and lower limits of the integral. 
By varying the end points we obtain the pair of relations, 


). = ■ g] 




(76.2) 


From the definition of ct, (eq. 73.16), 


^ >^(^2,0) ’ Ur, 


^ F(Pj ,a) 


(76.3) 
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and by recalling that B/3a 1/F(r.«) is a function which is homogeneous of 
degree zero in a, we can therefore eliminate the ratios, (a,/a,), (Ct /a ) 
from eqs. (76; 2 ) and (76.3 ) to obtain, ^ * 



= 1 

= -1 


(76.5) 


Equations ( 76.4 ) or ( 76.5 ) are the Hamilton-Jacobi equations. In me¬ 
chanics use IS made of the first equation of either set. In optical 
studies, particularly in the design of lenses, both equations of either 
set are useful. We observe from the definition of H in terras of a-, (see 
eq. (73,41)]| that along a,ray, 


"90 

^ • tr- = |or-|2 = iJ{T,n) . (76.6) 


We see from this equation, that is, the Hamilton-Jacobi equation (76.6) 
is nothing more than the Eikonal equation of geometrical optics. However, 
we must also recall that the Eikonal equation as usually derived from a 
wave equation (see Chapter I) in the so-called geometrical optics approx¬ 
imation assumes an isotropic medium. In that case, the right side of 
eq. (76.6) is a function of position only. In eq. (76.6), the right 
side as indicated is a function of position and wave normal direction n, 
and so can be considered as a generalization of the usual Eikonal 
equation.* 


.nto con.ider.tion. Hist.ric.Uy, Schr^ding.r w!. ruf5:d Sy'a. 

q tion of geometrical optics resulting from a scalar wave equation and the HamiIt on-lacobi 
-quat.on xn mechanic. S,. in thi. connection H. Gold.t.in-cL..i:::i MecwL ' 
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77. THE CHARACTERISTIC SURFACES 

As we have stated above, the characteristic function ip{P^,P ) define’ 
only along a ray plays an important role in the understanding of the prop¬ 
agation of waves and rays. The characteristic surfaces derived from the 
c aracteristic function is an additional aid in this understanding. These 
surfaces are constructed in the following way. 

Suppose we are given an arbitrary function of position defined by 


f(r) = 0 


(77.1) 


•kiol. i. . ^ 

except for the r,q„i,„e.t th.t the eore.l to the eerf.c. is coot.i.sd i. 
the set of directions (r(?j) which satisfies the 


equation. 




(77.2) 


Celcul.t. the cher.cteristic function fro. P, .long . „y to . point P, 
on th. s... r.y, Thn. the ch.r.ct.ristic function h.. . fir.d 

conII.i“°T' "I’,; ">■ ‘ 

condition of eq. ( 77.2)^ i. e,. 


= 1 . 


(77.3) 


Celcnlet. V, fro. Q, to . point (?, on the r.y e....ti„g fro. Q„ rith 

^2 chosen as to satisfy ^ 


W,,p,) . . (77.4) 

so that we find points B S T n , , 

^ "2 ’ ^ 2 ' •‘ 2 ’ ••• etc such that 


= constant. 


(77.S) 


The toflity of .11 ..eh point. 0,, ... 

'P = constant. (77.6) 
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Starting with this new surface we can continue the construction so as to 
generate a family of surfaces of constant >//, as indicated in Fig. 21. 



FIG. 21 


78. the group property OF THE CONSTRUCTION 

The construction of the surfaces just described gives rise to an 
important question. Namely, if by starting with the arbitrary surface 
/ = 0 , by the construction we arrive at the surface say 'P - and con¬ 
tinue to a surface how do We know that the direction of the rays 

on = ,/-3 has the correct direction? More precisely posed, if we con¬ 
struct = .//j from the rays starting on / = 0 , is the direction of the 
rays which terminate on >^3 the same as if we start from and terminate 
on 1 // 3 ? To answer this question we must show that the normal to has 
the same direction as a on We start with the characteristic function 


” / <r- ’ dr “ constant. 


(78.1) 
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and consider i/; as a function of and P,. The change in 4 >, denoted by 
ixjj, which is obtained by varying the end point o£ the ray on 0 = 
gives, 

= - aiP ) ■ (Sr) +<r(P 3 ) • (8r) = 0 , (78.2) 

^2 ^3 

for, by the definition of a ray, the first variation of the integral of 
eq. (78.1) must vanish. But since proportional to 

we can write, 

(78.3) 

with K a constant of proportionality. However, in the consttuction, the 

normal direction defined by (B(///Br)p is chosen to be compatible with the 

■*2 * , 
condition, = Xi and the displacement (Sr)^ on i// = v/Zg 

the tangent plane at Pg • Hence, 

cT<P.) • (Sr)p = 0 , (78.4) 

so that this result together with eq. (78.2) implies the following 
relation 

<T<P^) • (8r)p^ = 0 . (78.5) 

Therefore, ^'(Pj) is orthogonal to the displacement (Sr)p^ on = ^3 at 
Pj. This proves that the ray has the correct direction at P^. 

Summarizing the construction; we start with an arbitrary surface, f « 0, 
and construct surfaces of constant ^ according to the foregoing. The 
construction takes us from / = 0 to V' = along rays then to ^ = v /^3 along 
rays and this is equivalent to going directly from / = 0 along rays to 
xjj - \/j^ (bypassing the surface \p = 4^2^* 

We may visualize the construction as a transformation, abstractly 
symbolizing it as follows. Denote by the transformation from / = 0 to 
\p = vjj^, by Tg transformation from i// = ^2 to , and by the 

transformation from f - Q to \p = Then we write symbolically, 
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(78.6) 


and we say, mathematically speaking, the construction (i.e., the 
transformations) has the group property and this is indeed the defining 
characteristic of the propagation of rays. The above will be recognized 
as a statement of Huygen s Principle when we think of the surfaces 
xjj = constant as surfaces of constant phase in a wave theory description. 
The condition imposed on the construction by means of eq. (77.4) is made 
to insure that we are actually obtaining properties of rays through 
eq. ( 78.2 )j this follows from the section on the equivalent formulation. 
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79. REFLECTION AND REFRACTION 

The discussion on ray propagation thus far assumed that the medium 
in which the ray is propagating contained no surfaces of discontinuityj 
that is, surfaces,across which the index of refraction change abruptly. 
Consequently the only results we derived were the ray path equations in 
Hamiltonian form and certain of its implications. If we now admit dis¬ 
continuities in the medium, the variational formulation gives rise to 
boundary terms which in the continuous medium case vanish. These boundary 
terras give rise tbso^ealled '“natural-boundary conditions,” which in our 
case are nothing more than the laws of reflection and refraction for an 
anisotropic medium. The results of the analysis presented lead to an 
interesting practical usage of the refractive index surfaces for the dif¬ 
ferent media. For simplicity we restrict ourselves to the case of just 
two media; the results are easily generalized. 

Let Mj and A/g he two distinct media separated by a surface of dis¬ 
continuity S, whose equation is denoted by 

Sir) = 0 . (79-1) 

The variational principle now reads: for all curves starting at in 
and ending at P 2 in determine those curves which give a stationary 
value to the integral 

P 

J" ^ <7 * dr , with H{r,‘cr) = 1 . (79.2) 

The first variation gives 

^2 ^2 

S r <r ■ dv = J (S<r • dr + cr • 8dr) , (79.3) 

■Pi Pi 

which after integrating by parts and taking into consideration the fact 
that H{t,o) is discontinuous across S(r) = 0, we obtain 

S r a ' dr = - Co • 8r]P+^ + J (S^ • dr - Sr • dr) + J (So • dr - Sr • cfcr) 

Pi p 

(79.4) 
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where P is a point on »S(r) =: 0. It is understood that in the first integral 
P is considered to lie in and in the second integral to lie in The 

boundary terms vanish at P^ and P 2 , so that the only part of the boundary 
term to survive is the first term on the right side of eq. (79,4). 

Now P ■“ € is clearly in A/jjwhilePd-e lies in Afg 1 and € is an arbitrarily 
small positive number. The boundary term involving e is due to the surface 
of discontinuity. If we take the limit of the expression (79.4) as 
e -♦ 0, and invoke the requirement that the first variation vanish, there 
results, for fixed P^ and Pj, 


Acr * Sr J* (So * dv ~ Sr • da) = 0 


(79.5) 


The symbol Ao denotes the jump in a across *S(r) = 0, that is, 


Ao = lim [o] • 


€“*0 


Equation (79.5) must hold for all variations Sr, Sa subject to 


S/i = • Sr + ^ • 8a = 0 . 

or oa 


(79.6) 


Therefore, we obtain Hamilton's equations 


dr 

du Ba 


dg 

du 


W 

Sr 


in and Afj 


(79.7) 


and the boundary condition, 


ZV • Sr = 0 


(79.8) 


one 


for arbitrary variations 8 r on S(r) = 0. If there exists more than 
surface of discontinuity, then expressions of the same form hold for eac 
surface and medium. M,, M,, M„ etc. Since Sr is arbitrary but lies on 
S(r) = 0, the “natural boundary” condition, eq. (79.8), shows 
is orthogonal to S(r) = 0. Hence, if lies in and ^2 ^2’ ^ 

since (BS/ 3 r) is the normal to S(r) = 0, we can write eq. (79. as 


kn 
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(79.9) 



where n is a unit vector normal to S(r), and is a constant of propor¬ 
tionality. This last equation expresses the laws of reflection and re¬ 
fraction. In accordance with the ideas set forth in Chapter III, we can 
consider the surface S{r) = 0 as a singular surface relative to the vector 
a. In the spirit of Chapter III we also think of eq. (79.9) as a shock 
condition. It is also easy to see that by taking the dot product of both 
sides of eq. (79.9) with any vector tangent to the surface S(r), that 

this equation implies the continuity of the tangential components of o 
across Sir). = 0. 

Let us now examine how to determine whether a ray is reflected or 
refracted according to eq. (79.9). Consider first the case of refraction. 
Assume and the point P as given in where both and the coordinates 
of P must satisfy the condition = 1 which is given in We also 

assume that the vector which is given by and likewise oi. 

which determines the ray in M^, are also known. Since the surface of 
discontinuity 5(r) = 0 is also known then the unit normal to it, n is 
known. Hence eq. (79.9) together with the condition 112 ( 1 , 02 ) = 1, which 
IS defined in M 2 , are four equations for the determination of the vector 
Oj and the constant k. Having obtained (Tj, the refracted ray defined by 
is determined from, 



where c is a proportionality constant, and the normalization condition, 

<02 ■ uj = 1 : (79.11) 

these are four equations for determining c and 0 j. In order to find the 

reflected rays, we replace by because now the rays emerge back into 
instead of il/g. 

More generally, it is possible that either refraction pr reflection 
occurs, or that both occur, or that neither occurs. The reciprocal 
surfaces (which would correspond to the wave surfaces in a wave theory 
treatment) are useful in giving the information on the occurrences. 

Draw the surfaces = 1 and “ 1 shown in Fig. 22, 
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FIG. 22 


Let us indicate the direction of the normal n to <S(r) and the point P 
on *S(r) schematically in the same diagram. Construct from P the vector 
a^; its end point must be on the surface = 1; call this end point 

as shown. The vector found by constructing a line through A^ whose 

direction is parallel to n, and finding its intersection with the surface 
= I since the end point of Og must satisfy /f 2 (r,or 2 ) = 1. In the figure 
we have shown the point A 2 to lie on and, since which is parallel 

to n does not intersect //g = 1, no refraction occurs. But reflection can 
occur and in the situation just stated, total reflection occurs since there 
is no refraction. In order to ensure that reflection occurs it must be 
shown that the reflected ray actually does emerge back into if 

02 is not directed into M^) then neither reflection nor refraction has 
occurred in this case. For the other situation shown in the figure, let 
o^ be given by PB^, the line parallel to n intersects ^1 (^ 2 * 
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and also intersects =1 at Bg• Hence there exists the following 
possible cases; two possibilities for refracted rays, and one for a 
reflected ray. For these possibilities we must test to see whether 
the refracted rays emerge into whether the reflected ray emerges 

back into The situation can be summarized by stating that the laws 

of refraction and reflection as contained in the shock condition,^’ 
eq. (79.9), do not yield unique solutions, as illustrated by the above 
considerations, and each case must be treated separately. 

A practical application of the technique described above; that is, 
the use of superimposed refractive index surfaces on the same coordinate 
center and with the same reference direction, to determine the direction 
of reflected and transmitted waves at a sharp boundary, is given in a 
thesis of R. L. Smith.* It is possible that different practical applica¬ 
tions can result from the above construction or by variants of this 
construction. For example,the construction can be extended to determine 
the differential refraction in a continuous medium where the resulting 
refracted waves are examined only in the neighborhood of the incident 
wave-normal direction. In this case, n, the normal to the boundary, is 
taken to mean the direction of the space gradient of refractive index 
which is calculated holding the wave normal direction constant. 

80. SNELL’S LAW FOR AN ANISOTROPIC MEDIUM 

It is interesting to note that besides yielding the laws of reflec¬ 
tion and refraction, the variational principle also contains Snell’s law 
in a generalized differential form. Indeed, it is implied in eq. (74.19) 
which we now examine. 


d /a\ B /1\ 

^ UJ " ir iff) “ ° 

Put ff(r,a) = into this equation and obtain 

d I iJia\ ^ B/x 

|a|Br 


(80,1) 


(80.2) 


R* L« Snith, The Use of Nose Whistlers in the Study of the Outer Ionosphere, Technical Report No. 6i 
July 1960, Stanford Electronics Labs., Stanford University. 



But, 


then, 


a = IcT'In 


d 

Tt <'“> 


1 'dfJL 
|ct| Br 


(80.3) 


(80.4) 


Before proceeding we mention an important point regarding the appearance 
of this equation. Although 3/x/3r has the appearance of a vector-i.e. , 
it resembles grad /z—it is not a gradient since jjl is ^ function of both 
position and direction. Hence, neither the left side nor the right side 
of eq. (80.4) a vector. However, the difference of the two sides is 

a vector (a fact that we shall prove and use later). Let us accept this 
statement tentatively. We define now a constant unit vector, u, whose 
components are numerically equal to the three numbers calculated from 
with the wave normal direction held constant. With this under¬ 
standing we form the vector product 


which gives 



or since u is independent of 


— (/inxu) = 0 

dt 


(80.6) 


from which we obtain 


fJixxxL = constant 


(80.7) 


By using the definition of a vector product, we can also write 


JM sin <j> = constant 


(80.8) 
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which IS the usual form of Snell’s Law. In this form, is the angle 
between n and u. Because tKe usual form of Snell’s Law results from 
eq. (80.2) we say that eq. (80.1) or eq. (80.2) is a generalized 
differential form of Snell’s Law. We nute that the form of eq. (80.1) 
does not depend on the fact that H = 1 which holds along a ray path, but 
depends on the fact that FH = 1 which also holds on a ray path since 
there F = H = 1. As we have already remarked in the previous section, 
the generalized differential form of Snell’s Law is a useful form in the 
computational considerations of ray tracing. 

81. CURVATURE OF THE RAYS 

The curvature of a ray at any nonsingular point is most easily 
formulated in terms of the Hamiltonian. Although the Euler equations 
are second order differential equations and therefore contain the curva¬ 
ture implicitly, these equations are not necessarily the most convenient 
means for its calculation. 

By considering the Hamiltonian, we have along the ray 

a) = * 2 ' *3> 0^1- °' 2 - <^3) = 1 • (81.1) 


Differentiating this equation with respect to the arc length s gives, 

Jff ^ dH ‘^i 

ds Bo-i ds ' ° ® 


Differentiating again gives, 


a — ~ J. 

^ ds 'dx . Ox. ds 



= 0 


and since doc^/ds - d^x^/ds^ = n^/R^ where denotes the normal to the ray 
and R is its radius of curvature; thus 


ds 3*. R -dx. dt ^3a. ds j ds 


(81.3) 
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We can now replace all of the partial derivatives but one by their 
equivalent from the canonical equations, which yields 


Since, 


y_ 

'dH 

H- — 1 

( da^ ] 

Y _ 

\ d 

dcr i 

R 


dt 

[ ^ ds ) 

' * dt 

ds 



j dcr. dV. dcr. 

V ^ ^ ' 

^ dt ds dt ds 


we can rewrite eq. (81.4) 


V 1 

R dt ds- ’ R 'dx. ~V dt ~dt 


(81.4) 


or, using the canonical equations again, 

r W d W 

R "dx, ^ eft Bcr. 


(81.5) 


By definition, (Bff/B^^)n^ = Bff/Bn which means the directional derivative 
of H in the direction of the normal to the ray, but with a held fixed. 

We should not mistake Bff/Bic. as representing the gradient of H. Since 
1/V = /X cos we have for the curvature, the expression 


2^ 

R 


W d Bff 


(^62 cos^ 9) r— — 


Bx . dt Bcr. 


Bn 


(81.6) 


By writing out, 

£ ^ _ B^/f B^ff Bff 

dt "dcr. Bo-.Bcr^. ^ ^cr.’dxj ^ dcr.daj dxj dor.dxj dcr^ 

^ dH _ dH B Bff 
Bo". Bcr Ba: . Ba;. Bcr. Bo*. 

J ^ j J ^ j 
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the expression (81.6) becomes a function of the index and its derivatives 
and the or^ , namely 


(^2 cos2 6) 

W 

B 

Bff 

- ^ 

Bff 

B 

Bff\ 


3x . 

3o-. 

dx . 

'bx . 

'bx . 

3cr. 

da. 

1 

1 

J 

J 

1 

1 



2n 


(81.7) 


If the medium is isotropic the expression simplifies. But for instructive 
purposes we shall derive the result for the isotropic case starting from 
the Euler equations. Since M(r, a) = /i.(A;)v/orcr. we write 


or, 


hence, 


— JL 

ds 'da^ 




'djj. 

^Xi 


0 


d 

ds 


/xa. 


B/i. 

. 

I 


0 


T 

ws ^^2 ds ds dx^ 


so, 


(81.8) 


dfJL 

R ^ "dx^ ^ ds 


multiplying by n., summing as usual on i, and noting that OL.n. = 0, 
we find, 


1 1 1 3ft 3 log ft 

R ft ' ft 3n 3n 


(81.9) 


a much simpler result than for the anisotropic case. In eq. (81-9) 
3ft/3x. does represent the gradient since ft is a function of position 
alone. The cos 6 factor which appears in eq. (81*7) gives a measure of 
the degree of anisotropy as would be expected. 
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8 2. GROUP VELOCITY FROM RAY THEORY — An Imbedding Process* 

Thus far we have made no assumptions about the index M other than 
its dependence on position and direction. We have developed only a pure 
ray theory and its geometric implications, even though we have carried 
along a wave picture in the background. It is of interest to seek the 
implications of ray theory if we somehow widen the class of admissible 
functions of the index M. That is, we consider the class of index 
functions Mir, a) to be imbedded in the wider class of functions denoted 
by ^(r, «, V) where v is a parameter. We shall see that the apparatus 
of the ray theory already developed together with some “generalization 
postulates” carries with it the concept of group velocity. This concept 
in classical physics is usually associated with a wave theory, but we 
shall derive an expression which if the parameter v is interpreted as a 
frequency, leads to the ordinary notion of the group velocity. In this 

sense, the pure ray theory is interpreted as a theory associated with a 
monochromatic wave. 

Let us follow a moving surface, which is abritrary except for the 
requirement that the normal to it is included in the set of directions 
a which now satisfy the equation 


H(t, v) = I 


That is, since a depends on v, through the definiti< 


(82.1) 


<> = — Mir, a, v) 


(82.2) 


hence H also depends on v through this definition. The surface defined 
by eq. (82.1) is then considered to be a single member of a two param¬ 
eter family of reciprocal surfaces, the additional parameter being v. 
Let the moving surface be denoted by 


0(r, t) 


(82.3) 


&mbridg;,'’i9si)^"**’ M«ch.nic. and daBrogli. Wave., (Cambridge University Pres., 


387 



with H now defined by 


cr, v) 


M(r, or, v) 


(82.4) 


We winh to find the velocity of normal propagation, denoted by W, for 
the siirfnce Propagated in a given direction, n- This means we want a 
to lie proportional to n, and we write 


a = cn 


(82.5) 


where c im 
reciprocal 


a constant of proportionality. If <^(r, t) is to be a possible 
surface (i.e. a wave surface), a- must satisfy the relation 


ff(r, cn, v) = 1 , (82.6) 

which is only one equation for the two parameters c and v. Thus if the 
veiocity W is to have the same direction as n, eq. (82.6)' shows that 
instssd of m unique velocity in a given direction, there exists, for an 
arbitrary choice of values of v, a range of velocities. Because of this 
lack of uniqueness eq. (82. 6) contains implicitly the concept of disper¬ 
sion* To calculate W, we consider in a time increment dt that the sur¬ 
face is displaced along the directions an amount or distance | dr | ; and 
we therefore define W by the formula 


Wdt = n • dr 


(82.7) 


Since m i» proportional to we write 


^ 4 > 

n = 

dr 


(82.8) 


where H i n m constant of proportionality. The vector dr lies in the 
surface </>(!*, t ) ** 0, after a time dt, hence 


3^ dr ^ 'dep 
Br dt 


(82.9) 
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and from eq. (82.7) we obtain. 


r-*"^ ■ » 

Br 


(82.10) 


from this expression we find K, namely, 


and also, 


K 


30 

Bf 


B<P 30 

3r 3r 


(82.11) 


W = 


Bt 


_ ^ 

Br 3r/ 


(82.12) 


Sut tr is also co-directional with 30/Br, so that. 


^ t (if a proportionality constant), 


(82.13) 


Thus far the parameter v was arbitrary and we remove this arbitrari 
by choosing it suth that 


ness 


V 



(82.14) 


where K is the same as in eq. (82.13). This choice was governed by the 
fact that if 0(r, t) had the form vt - 0(r), then B0/3t = v. We note 
the analogy with the phase of a wave. The multiplier K is obtained from 
the equation. 


H 





(82.15) 


an equation which uniquely defines K, and which gives 



(82.16) 
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From eq. (82.5) we obtain 

w = 

V 

-n 

c 

• 

(82.17) 

The constant c is easily evaluated 
scalar product of both sides of it 

from this 

with n, 

V 

equation 

V 

if we take the 

II 

— n • n 

c 

c 

(82.18) 

But by definition, 

W • n 

consequently, 

|W| = 

V 

w . 

(82.19) 

c 

Let us define, 

f 


(82.20) 


3 / 

v\ 



3v 1 

w) ’ 

(82.21) 


and make the “generalization postulate'', 

/x(r, n, v)y/ = 1 , (82.22) 

which amounts to preserving the relation of eq. (73*25), where now the 
functions fM and ^ are dependent on v. From the relation 


II 

M(r. n, 

V) ~ yi ' 

(82.23) 

and from the “generalization 

postulate 

”, eq. (82.22), 



H = 


(82.24) 

therefore 

3v 

1 

(82.25) 
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Since n is given, that is, it is fixed at the outset, the relation of 
eq. (82.6) defines c as a function of v. 


c = c(v) 


(82.26) 


Differentiating eq. (82.6) with respect to v, holding a fixed, 


gives 


dv 'dff- dv> dv ^ 


(82.27) 


c'(v)o 


(82.28) 


and by eq. (82.25), eq. (82.27) becomes 


W 

— ■ e'(v)n + 1 


(82.29) 


Solving for c'(v) and using eq. (82.21) we get 


c'(v) 


(82.30) 


and finally, 


i- (z 

dv \W 


(82.31) 


The left side of this equation is recognized as just the expression 
defining “wave group velocity”, say 


± (z 

dv Iff' 


(82.32) 


The right side of eq. (82.31) now implies that 


(82.33) 
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The foregoing treatment shows that ray theory, when extended to 
include the additional parameter v in characterizing the medium by an 
index, gives the usual formula for the group velocity if we interpret 
this parameter as a frequency (or as proportional to frequency). More¬ 
over, this treatment leads us to consider the appropriate ray velocity 
to be associated with Wg, To this end we recall that in the absence of 
V, we have V = B/f/Bcr-, defining the velocity along the ray. If we define 
a “ray group velocity'*, Vg by the formula 


Yg • n ^ 

we can take 


V 


e 


— (r, g-, 
Ctr¬ 


l') 


and therefore write, 

2 M . _L_ . ± 

" Y g n " Wg 


(82. 34) 


(82.35) 


(82.36) 


We must now interpret these formulas by considering instead of a 
single ray, a thin bundle or tube of rays. The different rays comprising 
the tube have associated with them a parameter value v = + Av, with 

some central or average frequency. The velocity is considered as the 
velocity along some average ray associated with the central frequency 
The vector Dq or Wg = is in a direction which is the average of the 

cone of directions of n. This situation is visualized in Fig. 23. 



FIG. 23 
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With this int 


erpretation, the equations above should now read, 


V 


s 


(82.37) 


UtJ ’ (82.38) 

/ v = l/ „ 



(82.39) 


83. THE EQUIVALENT PATH AND ABSORPTION 

The developments in the preceding section can be used to define 
certain concepts in a dispersive medium. In what follows we shall use a 
scale in which is the speed of light propagating in vacuum and is not 
numerically equal to unity. 

The time of group propagation (which can be considered as the time 
of flight of a pulse of energy) is defined by 


** ° ^ ’ (83.1) 

where ds is distance along the ray path and is the “group ray refractive 
index’', which is defined by 


% " (83.2) 


with the “group phase 
of frequency v is itself 



refractive index”. This 
given by 



index which is a function 



’ (83.3) 
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The time of flight of a pulse is then given by 


t 


s 




+ V 



cos d ds 


but, if t is the time of phase propagation, 

ds = Vdt 


and 


V cos 6 - W 


therefore, 


and since. 


(cos 6 ds) = (V cos 6)dt = Vldt 


(83.4) 


(83.5) 


(83,6) 


(83.7) 


we obtain. 


_1 



(83.8) 


which expresses the time of group propagation in terms of the time of 
phase propagation. Using this definition of we define the equivalent 
path length P by the suggestive formula 


P 





(83.9) 


and which represents the distance traversed by a pulse in free space during 
the time of flight. We can easily find the differential equation satisfied 
by the path P in terms of the time of phase propagation. Differentiating 
both sides of eq. (83.9) with respect to f, and using eq. (83.3) gives 


dt 



(83.10) 


as the desired equation. 
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84. ABSORPTION CONSIDERATIONS 


In a variety of practical applications there is sufficient absorption 
to warrant asking the question; how does the absorption of the medium 
affect the ray path. In general the ray path in an absorbing medium 
should be different from the ray path in a non-absorbing medium. Conse¬ 
quently, It is important to know how to modify the variational principle 
to obtain the ray path in a medium which is inhomogeneous, anisotropic 
and absorbing. This amounts to finding the appropriate index to use in 
the variational principle if we still wish to characterize the medium by 
an index function. The manner in which this can be accomplished is 
suggested by the KamiIton-Jacobi equation, that is, the Eikonal 
equation (76-6). However, we are also incorporating into the description 
the frequency dependence as discussed in the preceding sections. 

We repeat here for convenience the Eikonal equation (76.6),, 



la-M = /A^(r, n, v) 


(76.6) 


To take into account the effect of absorption we formally extend eq. (76.6) 
so that the right hand side is now complex. Therefore we put 


(^\ ^ 

\Brj ' - (84.1) 

where both p and q are real valued function of position, wave normal 
direction and frequency u. The vector is therefore complex and we 

can write, in general, 

^ - iX (84.2) 

with ft a vector in the direction of phase propagation and a vector in 
a direction in which the absorption changes most rapidly. The scalar 
product of 3i///3r with itself gives, 

■ X • X - • X , (84.3) 
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and by equating the real and imaginary parts of this expression with 
those of eq. (84.1), we obtain, 


(>■' (I - X ’ X = = p 

2ft • X = 2fiX cos 7 = q 


(84.4) 


where y is the angle between fi and We note that the vector character 
of ft and X ^^s been taken into consideration since in general the 
direction in which the absorption changes most rapidly is not the same 
as the direction of phase propagation. This fact has been overlooked by 
several authors* in their attempts to generalize ray optics for an 
absorbing medium. This lack or oversight of the vector character leads 
to a certain arbitrariness in the resulting formulas.* This vector 
character has already been demonstrated in Chapter I, section 2, in the 
discussion of inhomogeneous plane waves. Indeed, we were governed by 
this treatment in our generalization of the Eikonal equation. Similar 
considerations arise in the problem of refraction in a conducting medium 
in which a pair of equations known as Ketteler's equations describe the 
phenomena.^ 

By solving for and from eq. (84.4) we find 


= “ [p + Vp + (g/cos 7 ) 2 ] 
z 

= ■” [-p + v^P^ + (g/cos 7)2] 


(84.5) 


These relations are analogous to Kettleler’s equations mentioned above. 
If we define a function ff(r, a-, v) by 


Hix, a , v) 


n, v) 


(84.6) 


but with p. now given by eq. (84.5),, then we make the following 
“generalization postulate". 

* Proc. of the National Acadeno- of Sciences. 

♦ J. A. Stratton, Electromagnetic Theory, p. 503 (McGraw-Hill Book Co., New York City 1941). 
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In an inhomogeneous, anisotropic, dispersive and absorbing medium, 
the ray paths are obtained from the solution of the variational equation 


o ‘ dv 


subject to the constraint, F(r, a-, v) = 1, 


(84.7) 




'BH W 

—• hr + — 
or Bff- 


8cr 


(84.8) 


with H given by eq. (84.6) and /u. given by eq. (84.5). 

This postulate shows that the problem of finding the rays in an 
absorbing medium is in principle the same as that for a non-absorbing 
medium. The index function however is more complicated and clearly con¬ 
tains the effects of the absorption of the medium through the inclusion 
of the function q. Consequently, all the apparatus developed in the 
previous sections for obtaining the rays and its properties carries over. 

It is easily seen that as X - 0, we recover all of the formulas of 
the non-absorbing case. Summarizing thus far; the Eikonal equation 
provided the basis for extending the theory to an absorbing medium, and 
the variational principle (based on the section of equivalent formulation) 
defines the rays through an index which djepends also on the absorption of 
the medium. 

If the medium is weakly absorbing so that q is approximately zero, 
then X vanishes and we may use as the index, that is, we treat the 

medium as though it were non-absorbing. We define the absorption of a 
pulse along a ray by 


D = expE-/)f(r, n, v)cos 8 ds] , (84.9) 

where K{t, n, v) denoting the absorption coefficient (see Chapter II), 
is assumed to be given, and is a function of position, wave normal 
direction, and frequency. The differential equation satisfied by D in 
terms of the time of phase propagation is obtained from the following 


397 




and since 


therefore, 


U>L/ /I 

— = - KD COS 0 

ds 


cos d ds 


dt 

Wdt = V. — 

0 II 


dt 



(84.10) 


Equations (83*10) and (84*10) can be adjoined to the ray path equations 
so that all of these properties, that is, the equivalent path length and 
absorption, can be determined simultaneously with the ray path. For 
this, we must consider the integration of the simultaneous system of 
differential equations, 


di 

Bff 

dt 

B<t 

da- 


dt 

3r 



M 

dt fjL 


(84.11) 


If the absorption affects the ray path, the system of equations (84,11) 
remain the same, but the index must be replaced by equation (84.5) and 
the absorption coefficient will depend on x, (see Chapters I and II). 

The practical significance of the system of equations (84.11) or its 
generalization to include absorption as just described, is that they are 
completely general and there is no restriction on the medium, such as an 
assumption of stratification, etc. Although we have used a rectangular 
cartesian reference frame for the basic derivation, we shall show in 
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another section that the formulation or rather the resulting equations 
hold for any coordinate system. But for explicit calculation in an 
arbitrary curvilinear system, we shall exhibit a useful representation 
for computational considerations. 


85. THE CONNECTION BETWEEN HAMILTON’S EQUATIONS 
GENERAL VARIATIONAL PRINCIPLE 


PULSES AND A 


In Chapter I, section 5, we gave a treatment of a pulse in an 
absorbing, inhomogeneous and anisotropic medium. From this treatment 
It followed that an extension of Fermat’s Principle was possible in 
terms of a variational principle more general than what we have given 
in the present chapter. The variational prescription used in Chapter I, 
was obtained by setting 8t = 0, only, holding the other parameters r 
and w = 2tw fixed. Now, consistent with the assumptions made in 
Chapter I, section 5, let us examine the consequences of varying all of 
the parameters, i.e., let Sr = Sc. = Sf = Q. The new variational principle 
thus obtained will give results which will be compared with the varia¬ 
tional principle for obtaining the rays using the Hamiltonian method in 
this chapter. 

For convenience we write the basic equation of Chapter I, section 5, 
from which we obtained the extension of Fermat’s Principle. This equa- 
tion has the following form 


F(,(a) - ojfl) / dt + Wfl ; ^0 ■ M ’ dr = const. 

(85.1) 

By carrying out the variations, and setting Sr = Sco = St =■ 0, we obtain, 

CO / 8^ • = 0 , (85.2) 

where dv^ is the vector element along the group path. This equation is 
satisfied if the integrand vanishes 

8p * dr^ - 0 , (85.3) 

and conversely. But this equation asserts that the group path is orthog¬ 
onal to the vector S^ or in other words, the group path is orthogonal to 
the surface svfept out by the end point of ^ for fixed values of the 
parameters r, t, co. But this surface is precisely the surface defined by 
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H(,t, ft) = 1, so is perpendicular to the latter, a fact we already 

know. The variational principle defined by 


ft • dr = 0 , 

subject to the constraint 

H(t. ft) = 1 

leads to Hamiltons canonical equations in the form 


(85.4) 


, W 

dr = — dt , 

dft 


dft = - — dt 

dr 


(85.5) 


where t is some positive monotonic parameter. The condition BH = 0 
with 8r = 0 gives 


and since, 


— ' h - 0 , 

dft 


dr = — dt 


(85.6) 


we have 


dx • Sfi = 0 (85. 7) 

so that Hamiltons equations give the group path which is also the ray 
path. Therefore we have demonstrated that the variational prescription 
Sr = So) = 5t = 0 to find the group path is nothing more than finding the 
ray path by Hamiltons' equations. The vector ft has a magnitude which is 
the index of refraction, and this index is a. function of position, 
direction, absorption and frequency. The vector index ft is identical 

with the vector a in our “generalization postulate” for an absorbing 
medium. 
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We can derive some further interesting and useful formulae, if in 
//-space, that is, for fixed r, we represent the vector /x in the form, 

// = /ua (85.8) 

where n is a unit vector, and suppose that n is given in terms of its 
rectangular cartesian components, i.e., local cartesian coordinates 
attached to the fixed point r as the origin. We denote these components 
by (mj , rig , ^3 ) . From 

= yuSn + S/-ai , (85.9) 

and 

8// • dr^ = ixhfi ‘ dr^ + Sfm • = 0 (85.10) 

we obtain, 

BfJ. 

dr^ • u M ' (85.11) 

The denominator dr^ • a represents the longitudinal component of the 
group path, that is, the projection of dx^ in the wave normal direction 
and di^ • S/t represents the transverse component, since Sn is normal to n 
because n is a unit vector. Also, in //-space, we have by definition, 

S/t = grad^// • Sn = V^// • Sn (85.12) 

where grad^ means the gradient operator in //-space. Therefore, we can 
also write eq. (85.11) as. 


’ 8// \7^// • Sn 

• n jj, ■ ^ 

Now for any function H = )f(//) we have the vector relation 

grad= fl" (//)grad // , 

where H (//) denotes the derivative of H with respect to //, hence in 
eq. (85.13) we can replace by V^ff/Off/B;/) and finally write, 
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(85.14) 


dig • Sfi 
dig • D 


• Sn 



86. AN ALTERNATIVE DESCRIPTION OF THE RAY DIRECTION 

We have shown previously that at a fixed point r, it is possible to 
write the equation of the surface swept out by the end point of a or /z 
(which we use in the following description) in polar form. This means 
that we can write the equation of the surface in the form, 



( 86 . 1 ) 


in /z-space. For fixed r, this is a function of two parameters, namely 
the ratio of and ri^/n^ where the refer however to a coordinate 

system in r-space. The polar representation implies that we can use 
any two parameters for the description of the surface^in fact the 
description of any surface requires two independent parameters. It is 
therefore convenient to write the surface in a vector representation, 
that is, 

II = fiid, <t>) , ( 86 . 2 ) 


where we have dropped the r in writing the equation. The parameters 
e and 4> can be thought of as spherical polars in M'Space. In this space 
we introduce three mutually,perpendicular unit vectors e,, e,, e and 
therefore 


II = fj. sin 6 cos 4> + fj. sin 6 sin 4> + /j. cos 6 Cg 


where p. is the magnitude of the index surface, 
angle between p and e^. The vectors dp/dd and 
to the 6 and 4> curves, respectively and so are 
they are however not unit vectors. The vector 
product of these two vectors in the following 


(86.3) 

The parameter 9 is the 

are vectors tangent 
tangent to the /z-surface, 
formed by the vector 
sense 


B0 * 
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is perpendicular to the /-^--surface at the point (i9, c/>) and is directed 
outward from the surface. The ray vector is defined by 


'dfx 

'bp 'hd 

* 26) ' * 26} 


(86.4) 


and is of unit length. From the relations, 


sin 9 sin + /x sin 6 cos p e ^ sin 9 cos p 


2P 1 


^ B/^ Bu 

+ sin e sin 0 — e, + cos 9 — e. 

op ^ bp ^ 


^ X e, 


= fi cos 6 cos 0 + /-t cos 9 sin p - /ul sin 9 


+ 


(86.5) 


and the identity, 


II fM cos 9 
in 9 sin 9 ^ 


pL cos p jx sin p 


we obtain. 


Bii a f 2u \ 


( 86 . 6 ) 


consequently. 


B^ 'dp 
“dp d9 


— = cos 0 sin - 


ByU bfX 

^ — + CO e— 


(86.7) 
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let us denote the coefficients of pt, and ©gX/x by 4, /iJ5 and C, 
respectively and write, 


'djx 

30 35 


A/x 



( 86 . 8 ) 


From this it is clear that the right side is a vector which has the same 
direction as the ray vector a. Further, if both B and C vanish then the 
direction of the ray coincides with that of fi and hence the medium is 
isotropic. From this it follows that the coefficients B and C are 
measures of the degree of anisotropy of the medium. 


It IS instructive to apply these results to the case in which the 
medium is characterized by the Appleton-Hartree equation. For negligible 
collisions we can write from Chapter II, section 14, eq. (14.1a) putting 


= 1 - 


2a(l - a) 


2(1 - a) - n2 sin* e ± Vil* sin* 6 + 4n*(l - a)^ cos^ ^ 

, (86.9) 

or the alternative form, 


a - p ?- a) [(n* + a - 1)(1 - + ^ 2 ] + ^ 2(1 . ^2)^2 ^^32 ^ , 0 

(86'8l '"si!'l-r'' = 0- -nd the expreel^on^^^ 

the d f ^ ° ^ parameter e which measures 

the degree of anisotropy (or isotropy) by. 


e 


1 


W 


cos* 6 n sin 9 cos 6 


( 86 . 11 ) 


(it IS clear that this expression holds 
Hartree equation, i.e., it only require 
vector can be written as. 


independent of the Appleton- 
that = 0), then the ray 
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“ (1 “ €) COS <9 Cn 
fl 3 

( 86 . 12 ) 

We remind ourselves that in the Appleton-Hartree equation, the angle 9 
is measured between the direction of the magnetic field Bq and the wave 
normal vector hence is a unit vector in the direction of Bq. As 
^ 1, a tends to i.e., the medium is isotropic. By calculation 

'hfx/'bd from eq. ( 86 . 10 ) and after some algebraic manipulations we can 
put e in the following form 



( n ^ " 1)(1 - 

n2 \ 

- - 1(1 - 

1 " a / 


( 86 . 13) 


and this together with the expression for d defines the ray direction. 

It can be shown that if is the angle between and a then 

€ cos 9 

63 ‘ a = cos 0 = - — (86.14) 

)/siTi^ & + 

and, 

tan 19 

which gives a geometric interpretation of the parameter €. The treatment 
given in this section can be carried further* to determine the equivalent 
path length, etc. 

87. THE RAY-WAVE CONNECTION IN A GENERAL REFRACTING ANISOTROPIC 
MEDIUM 

In this section we shall establish the connection between rays and 
waves which hold for a medium which is more generally refracting than, 
for example, a doubly refracting crystal. 

The use of the approach in this section to determine the v ave normal in a stratified low density plasma 
like the ionosphere, and the electron density distribution, together with numerical procedures for 
obtaining both on a high speed computer can be found in the paper by R. J. Marcou, W. Pfister and 
J. C. Ulwick, Journal of Geophysical Research, Volume 63, No. 2, June 1958. 
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According to this Point of contact of the plane of the 

wave with its envelop® Point where plane waves whose directions 

are arbitrarily cloS® are also in phase. Equation (87.4) 

which corresponds to ®‘^- of Chapter I is given an interpretation 

which carries over isotropic inhomogeneous medium. We recall 

that eq. (3.30) whi^^ resulted from eq. (3.3) led to the equation for 
amplitude variations analogue. More specifically, 

l^jz - |y |2 ig ^ measure of the energy density. This leads 

us to consider the energy to be in the direction of the vector 

respectively 
whose components are / 


^ ^ .n 






Therefore, we can the ray is in the direction defined by 

these components. however show that this definition is consistent 

with the definition defined by the envelope construction. 

This will now be will prove more convenient to choose 

instead of the compo^^”^® etc., numbers which are proportional 

to them, namely, 


Ttf2 

n/i 


“ 1. 2, 3) 


no sum on i 


(87.10) 


Let us calculate the coor'dinates of the point where the plane of the 


n • r 


= C 


(87.11) 


touches its envelope- equation of the plane wave surface can 

be represented in the ®‘l’^^^®lent form, F = 0, i.e., 

F(t,n) = + n /2 ^ + (i - „2 _ „2)p;2 _ 

(87.12) 

The calculation of Partial derivatives lead to 
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The simultaneous solution of the equations f = 0, as given by eqs. (87.12) 
and (87.13) is 



n 



Cnj 

*3 = ~Y~ ^3 , (87.14) 


which are the coordinates of the point of contact of the plane wave with 
its envelope. By comparing eq. (87.14) with eq. (87.10) we see that they 
are proportional and consequently we have proved our assertion. 

In order to find the envelope of the planes of the wave we must 
eliminate the quantities between equations (87.14) by also 

using eq. (87.6) for . The result is 

It 





(87.15) 


which is an ellipsoid, and which is reciprocal to the surface of indices, 
eq. (87.9). Equation (87.7) is also called the pedal surface* of 
eq. (87.15). 

Equation (87.11) which defines C implies that this parameter C is 
the time taken by the phase in its displacement from the origin. Now put 
C = 1 in eq, (87.15), then the ray vector which joins each point of the 
wave surface to the origin is equal to the speed of the displacement of 
the phase along the ray vector. This speed, which according to the 
interpretation given above, is the ray speed V, and (which is also the 
speed of energy transport along the ray if the medium is not absorbing). 
The surface (87.15) with C = 1 is also the ray surface. Figure 24 gives 
the relation between and V. 

^2 =Wn 
0P| =V 
Wn = Vcos $ 

0 

FIG. 24 

*For a aon.what detailed discussion of index surfaces and other related surfaces, see A. V. Shubnikov, 
Principles of Optical Crystallography loe. cit. See also A. Sommerfeld, Optics, loc. eit. 
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88- THE RAY PATH EQUATIONS IN A GENERAL COORDINATE SYSTEM 

Till now we have developed and derived the ray path equations and 
its implications with reference to a fixed rectangular cartesian coordinate 
system. Although the ray path equations arose from a variational principle 
which we asserted is independent of any coordinate, system, the same i s true of 
the properties of the ray path equations. The geometry of the reciprocal 
surfaces likewise shares this property. However, we want to extend the 
utility of our treatment. For example, suppose we want to trace some rays 
through the ionosphere and don^t want to limit ourselves to a flat earth 
approximation. In such a case we would be obliged to use a spherical co^ 
ordinate system and consequently must know the proper representation of 
the ray equations in the spherical coordinate system. 


We shall however treat the problem more generally and develop the 
appropriate apparatus so that we obtain a representation of the ray path ! 
equations in any curvilinear coordinate system. The natural tool for ob¬ 
taining such a description is the tensor calculus. We shall utilize the 
concepts of the tensor calculus hut couch it in the language of vectors in 
order that the reader may understand the formalism better. 


In what follows we shall denote by y3) coordinates of 

a point in a rectangular cartesian reference system and by x^, x^) 

the coordinates of the same point when referred to an arbitrary curvilin#|ir 
coordinate system. We introduce two base vector systems; the first syst#iti 
labeled i ®3 is an orthonormal system lying along the axes, 

along y^, etc. , the second system denoted by is a local base 

vector system attached to the system at the point P as shown in Fig. 

The vectors a* are not unit vectors but are tangent to the coordinate 
lines which are not it general orthogonal. We associate with the base 
vectors another set of vectors labeled by a. which are biorthogonal 
(or reciprocal) to the set a‘. We mean by this term that the two sets 
of vectors satisfy the following relations. 


a. * a J 



if f ^ jf‘ 
if t = jf 


(i J = 


The vectors a^ are also locally attached to the x-system 
ducing these two sets of biorthogonal base vectors (i.e. 
pendent) we are able to give a precise geometric meaning 
of covariance and contravariance. 


1, 2, 3) * 

( 88.0 
at jP. By intro- 
linearly inde- 
to the concepfca^ 
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That is, if x is any vector it has a representation, unique of course, 
in both systems, and we write 

X = •+• ^ 2 ^^ + ^ 3 ®^ = (summation convention) 

X = + x^ag « x‘a^ . (88.2) 

The first representation is called the covariant and the second is called 
the contravariant representation of x. We note from these definitions 
that the inner product of X with itself obeys the conventional rule 

X • X = x.x' ^ jxp . (88.3) 

If the ^ e^, (i = 1, 2, 3), then also a^ = and the distinction 

between covariance and contravariance disappears. That is, in a rectangular 
cartesian reference frame the two representations are the same. 

Let us denote by = y^(x^, , x^), (i * 1, 2, 3), the functional 

transformation of the two coordinate systems, which is also assumed to 
have an inverse, say, x^ = , y^), (i = 1, 2, 3). The relation 

between the two base systems and is then given by 
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. 

3yi “j 


(i = 1, 2, 3) 


(88.4) 


According to the definitions, the superscripts denote the contravariant 
and the subscripts the covariant description. Thus, the vector <r is given 
by either 


<r = ct’Bj 


(contravariant) 


or. 


<j - 


(covariant) 


(88.5) 


Vi'hen the base vectors transform according to the rule of eqs. (88.4), the 
contravariant components of o transforms by the rule. 


cr‘(*) 


o-*(y) 




is = 1, 2, 3) 


( 88 . 6 ) 


where the notation cr* (*) = cr’(x^, , x^), etc. Wi th these de f ini tions the 

ray path equations when referred to a rectangular cartesian frame is written a# 


^ 

dt Bcr. 

I 


a = 1 . 2 , 3 ) 


dcr. 

I 

dt 


w 

3y‘ 


0 


a = 1, 2, 3) 


(88.7) 


and consequently we see that the first equation constitutes a contravarimt 
vector, that is, dy'/dt are the components of a contravariant vector and 
therefore so is ^Hfdcr^. On the other hand, neither da-^/dt nor B/i/Sy* ar« 
separately the components of a vector but it is easily verified that the 
sum da'/dt + 'SH/2y' constitute the components of a covariant vector. This 
means that a vector, say a, transforms according to the rule 

* 

■ (s = 1, 2, 3) . (88.8) 


Ihese results, incidentally, also prove that the Euler equations transfoCTi 
covariantly since they are fully equivalent to the canonical equations of 
.iamilton. With these preliminary definitions, we consider the second sat; 
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of Hamilton’s equations. Since this is a null vector we shall express 
it first in the base system as 



(88.9) 


and since the distinction between covariance and contravariance disappears 
in a cartesian frame, we can equally well write the vector a* in superscript 
form so that the above equation is also written as 



( 88 . 10 ) 


Now we want the same vector expressed in terms of the base system a^.. 

That is, we must write the components in the x-system and also change the 
basis from the to the a^. system. In order to understand this, let us 
write the above equation in the following form, 


da W 



( 88 . 11 ) 


with the understanding that it is still the sum of the two terms which is 
a vector, not each one separately. We treat the first term and seek its 
representation in the a^. system. First write. 


a 


a^a . 

j 


( 88 . 12 ) 


and we calculate the change in a, say dcr, when both the components a^ 
change and also the base vectors a^. undergo a change (the a^. are not 
constant vectors). Thus, we have 


but, 


da « de^a . + a^a , 
j J 


dai 




dx^ 


(88.13) 


(88.14) 
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and 


3a . 


da 


d*' 


3*' 


If ds denotes the element of arc length then we h 


ave 


ds^ = dr • dr ?= 




dxHx^ = g ^ ^dx ^ dx^ 


where. 




^x ^ dx* 


The metric tensor Sjj^ is also given, by 

^fk = S 

and its reciprocal denoted hy gJ* is defined by 

g/* s aJ' • a* 

We introduce the Christoffel symbols of the first kind, 

ot, 

^ V 3 */ 3 *“ / 


and the second kind by 


{/,} - UK .le“ 

and note that both symbols are symmetric in j and k. By util 
definitions it can be shown that 

3a 

- = a]a“ 

3*‘ 


(88.15) 

, (88.16) 

(88.17) 

(88.18) 

(88-19) 

( 88 . 20 ) 

( 88 . 21 ) 

izing these 

( 88 . 22 ) 
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in cr. 

dcr, is expressed 

completely in terms 

of the a^. 

is, 

Bo-J 

I 7 1 


da‘ = 

- (ix*a . + 

J L c(x*a . 

(88.23) 


B** ■' 


scalar 

, we can write 



dor 

/BctJ dx^ ( 

j 1 dx 


— = 


ka} dt j ^ 

(88.24) 

dt 

VBjc* 1 

in expressing dcr/dt in 

terms of the a ., npw 

we want to 

in terms of the a^.. For this, we write 


Bff 

B/l Bx * Bfl 

Bct* 


- = 



(88.25) 


B«* By' Bor* 

By * 



and, according to eq. (88.6) we, find, 


'dor^ 

-. = cr*(y) -; , (88.26) 

3y ‘ By"By ‘ 


a result which follows when we consider that eq* (88.6) states that 
cr*(Ac) is considered as a function of the two independent quantities 
o'^iy) and y. Eq. (88.25) then becomes 

B/i B/i B:*:* B^x® Bff 

-: --; + cr^iy) - - • (88.27) 

By' Bx® By' By "By' Bcr® 


Under a change of coordinates, say from one curvilinear system to another, 
the Christoffel symbols transform according to the following rule. 


B^ X ® 


By"B^' 


r'tBx®_ Js'l^Bx® Bx^ 
"‘*J By*- By* By' 


(88.28) 


where y{ } means evaluated in the y-system, } in the ^-system, If 
now we take the y-system as cartesian, y{ } * 0 since all the g.j are 
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constants. By replacing the second derivative term in eq. ( 88.27), 
using eq. ( 88.28 ) we obtain, 


W W 
By‘ Bx * By 


f B:c ® * ( ) r ^ 1 ^ 

* By' *V^J By" By' Bcr* 


Applying eq. (88.6), i.e., cri (x) = a-*(y) (B»>/By"), gives 


dh 


dH Bj(" 


— n-J 


O--' ^ 


By ' B* » By' 


B;«* 

J^idcr* By' 


Because s is a dummy index in the first term we can replace it by 
now write (dropping the subscript x on the Christoffel symbols) 


_ f ^ r s ^ Bfl\ Bx* 

By' \B** Bo-7 By' 


Now, we have, under a change of coordinates that 


dcx^y) ^ dcri(x) 

-:- e . becomes - a . 

dt '■ dt } 


B/f 

- e . becomes 

By' VB* 


3x ^ totfej 


dH \ dx ^ dx j 

'ha^j 3y‘ By‘ 


and a typical component say, the r-th is 


Ba^ rfjc* I r 

+ 0-°- 


Bjc 


k dt 


('■j 

W <" ] l‘“J 3o-‘J 


Bx* Bx'■ 

Sy' By* 


= 0 


But, 


g 


k r 


B* * B* '■ 
By' By' 


so that if we multiply both terms of eq. ( 88.33 ) by g^,., sum on 
use the property that 


(88.29) 

(88.30) 

k and 

(88.31) 

(88.32) 

(88.33) 

(88.34) 

r, and 

(88.35) 
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we obtain the covariant form of equation ( 88.33 ), namely 



where we have put 


(i - 1, 2, 3) , 

(88.36) 


da'' dx^ ^ dor^ 


For practical application we want to obtain do-^'/dt standing alone, in this 
case the form of eq. ( 88.33 ) is more useful. But we must examine the 
first equation of eqs. (88.7) and find its representation in the x~ 
system. Since dy^jdt is a contravariant vector, we can write 

dx J 'hx j dy ^ 

dt dt 


also, B/y/3cr‘(x) is the covariant component of the vector dv/dt. Therefore, 


dy ^ 




^‘(y) 


e‘ in the y-system , 


and, 


dx^ 

-T— a . 
dt 


2H 


'dor ^(x) 


ain the x-system 


(88.37) 


Taking the dot product of both sides of this equation with gives, 


dx ^ 
dt 


a . • a-' 


W 


a ‘ • a^ 


or, 


dx ^ 
dt 


Si 


dti 

dcr^ 


, with g = g-^ * 


417 



so that we finally obtain 


. . W 

rJ ^ - 


U ^ 1, 2, 3) 


(88,38) 


If we solve for dc^fdt from eq, ( 88.33 )> eqs. ( 88.34 ) ( 88.38 )i 

and employ the following identities: 


[ji, a] = —— - [ai, >] 


[j k, a] 


[afe, j] 


(88.39) 


g- [Ji. a] = I 

> 

e-“ «i . {‘J 

then, after an obvious change of index notation, there results 


dcr^ 


W 


dt 

- g'i - 

Bx‘ 

- g‘^g*V' - 

Bo-" 

B** 


which must be considered along with 


.. W 

. (J = 1, 2, 3) 

Bcr* 


(88.40) 


(88.41) 


(88.42) 


, ( 88.41 ) ftnd ( 88.42 ) constitute a simultaneous system of equations 
for the determination of the ray path in a general coordinate system. 

The general structure of this system is apparent if we put successively 
= .2. . ,3, „5 . ^2, ,6 = ,3, .^en, 

du * 

— = «2, u3, ^4, „6) ^ ^ 2, 3, .... 6) . 

(88.43) 



vv^hich is a first order system of differential equations which in general 
i s nonlinear. This system is closed in the sense that the parameter t 
cioes not appear in any of the f ^{n) * Consequently, it has a structure 
vvhich is suitable for computation by numerical methods on an electronic 
c omputer.* 

8 9. THE RAY PATH EQUATIONS IN TERMS OF THE PHYSICAL COMPONENTS 

It is well known that in many physical problems which are formulated 
i n a general curvilinear system we obtain, under coordinate transforma¬ 
tions, only the components of the vectors. This means that we obtain 
entities which do not necessarily have the correct physical dimensions. 
In a rectangular cartesian frame the components do have the correct 
dimensions. Thus after finding the components in the general system, 
we must modify them to obtain the ‘‘physical components,'* i.e., the com¬ 
ponents with the correct dimensions. These are easily obtained if we 
Icnow the metric tensor of the space. That is, if is known, then the 

length of a vector, say cr, is defined by, 

|cr|2 = gijcr'crj . (891) 

Along the i-th coordinate line, we have (in what follows there is no sum 
on index x) 




cr‘cr * 


(89.2) 


Hence, the physical components of cr are defined by 


i/iTT 0"* . (i = 1. 2, 3) 


(89.3) 


Similarly, for dx^/dt we have 



as the physical components 


(89.4) 


Let us define new variables 


Pi “ ’ (i = 1, 2, 3) , (89.5) 


The computational considerations for such a system are treated elegaatly end *yst:einstioally in the paper 
by Co Bo Haaelgrove and Jenifer Haselgrove, "Twisted Pay Paths in the IonosphereProc. Royal Society, 
Volo LXXV, po 357 (1960)o 
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as the physical components of cr. If the coordinate system is orthogonal^ 
= 0, for i ^ it and we have 


g 


i i 


1 


Sii 


(89.6) 


We want to modify the system of equations (88.41 ) and ( 88.42 ) to 
obtain the expressions in terms of the physical components. To effect 
this we need the following formulas. If /(*^, , p^ ) is 

any differentiable function of the /O* and x‘; then 





(89.7) 


where subscript xi means that all xi are kept constant in the differentia- 
tion process. Since, by eq. (89.5), 


V 


® i i 



The other formula needed is derived as follows; 


(89.8) 


df = 1 2L dp 

k=i dp^ 


(89.9) 


and by definition, 

/ ^f] _ 1 df bpk 

i] k ■ ~ > (89 10) 

/ .■ t=i Bo* Bx* voy.iu; 


where subscript cri means to hold all cr/ 
process. With a similar meaning 


constant in the differentiation 
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'dark ’^x’’ 


, (i = 1, 2, 3) 


(89.11) 


But, from eq. (89-.5) again, and for a fixed value of k, 


d - - - - 'dcr* 

a* — - (x = 1, 2, 3) 

dx' dx^ 


SO that 


(-1 = 

^ _9/ V ^ 


—) 

'3x:*/ . 

7 

3p* 3:e‘ 

3/0*^ ' 'dx'- 

dx'l 


and using both eqs. (ft9.5) and (89.8), eq. (89.13) becomes 

' df \ _ ^ + Zl j 

3** 3o'*' 3a:* /g, . Sac* 3/0W 

\ /crJ fc=l ' ®** / 


(89.12) 


(89.13) 


(89.14) 


which by eq. (89.11) yields 



E.\ ^ y IL 

/p^ ii=i ** 


(i - 1, 2, 3) 


(89.15) 

Equations (89.8) and (89.15) permit us to write the ray path equations 
in terms of the physical components. 

90. THE RAY PATH EQUATIONS IN TERMS OF THE PHYSICAL 
COMPONENTS FOR AN ORTHOGONAL CURVILINEAR SYSTEM 

The preceding formulas permit us to write the ray-path equations in 
an orthogonal curvilinear frame of reference. In this section also there 
will be no sum on the index i. The first of the set o-f ray path equations 
for an orthogonal system is obtained from eq. (88.42), and it becomes 


.3// 1 3W 


1 'dH 


dcr' ® i i 3cr* /g . ^ 3p‘ 
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, (i = L, 2, 3) 


(90.1) 



The remaining equations of the set which is obtained from eq. ( 88.41 ) 
is analyzed in greater detail. We repeat this equ^ation here for con¬ 
venience and for an orthogonal reference frame, 


dcr^ 

dt 








. m '^s a 


Be* Bx* 


- g**cr' 


2H 


Bcr‘ 



(90.2) 

where {2H/2x^) . is the derivative in the (x, cr) system with all cr^ held 

(T ^ 

constant. From eqs. (89.5 ), (89.8 ) and (89.15) with / now replaced 

by Hi eq. (90.2) becomes in the (jc, p) system 


dp ^ 


dt 


>- da^ 

Ve . . - + or^ 

■ dt 


3 ^g £ i dtx * 

I- 

fc=l 


(90.3) 


If we replace dx^/dt in this expression by its equivalent from eq* (90.1) 
and solve for dor^dt, we find, 


dcr ^ 
dt 


1 dpi _ 3 1 

’/gT'i 


From the identities 


(90.4) 


2x^ 






Bx' 


Jill 

Bx‘ 



(90.5) 


and from eqs. (89.5), (89.8), ( 89.15 ) and (90.4) we obtain-after 

dropping the subscripts pi since it is now understood that H is given 

as a function of the x^ and p^-the ray path equations in terms of the 
physical components 


dx^ 

dt 

dp^ 

dt 


1 W ^ 

v'77” 

/g77^*‘ Bp‘ V Bx‘ Bx‘ / ’ 
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for i = 1, 2, 3. These equations are in a compact form, suitable for the 
determination of the ray path and clearly have the same basic structure 
as in eqs. ( 88.43 ). We emphasize again that the utility of describing 
the ray path in Hamiltonian form lies in the fact that there is no 
restriction on the medium, such as stratification, etc. Thus, such a 
formulation is quite general. 


91. THE SPREAD OR DISPERSION OF THE RAYS BASED ON THE CONCEPT 
OF GEODESIC DEVIATION 

The concept of the deviation between two geodesics is not new and 
has been thoroughly explored for a Riemanian space, i.e., a space of 
n-dimensions for which the metric tensor g.^. is positive definite. The 
studies however utilize the second order Euler-Lagrange equations as 
the basis. It is possible however to carry over the concept of geodesic 
deviation for geodesics which are not based on a definite metric structure 
and also does not utilize directly the Euler-Lagrange equations. 

The rays as we have defined them are geodesics in a wider sense and 
are characterized in the Hamiltonian formalism. The geodesic deviation 
between two rays when formulated in terms of the first order system of 
equations has a surprisingly simple structure and utility. It allows us 
to determine the spread of two rays whose frequencies differ by an amount 
say Av. The differential equations defining the deviation can be inte¬ 
grated along with the ray path equations which together form a simultaneous 
system. 

We shall assume that the Hamiltonian H is given as a function of r, 

O' and frequency v so that the ray path equations are given by 


dx^ (T; v) 

dt 3cr. 

t 

cr\ V) 
dx* 





(i = 1. 2, 3) 


^ (91.1) 


where the coordinates ** are general and t is the parameter of time. 
Let us suppose that the solutions of these equations are exhibited in 
the following form, 
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= *‘(t, v) , 

cr. = 0-.(t, V) , (i = 1, 2, 3) 


(91.2) 


so that the rays are a two-parameter family of geodesics arising from the 
variational principle 


S f 


O' .dx' 
‘ 


H(r, 0 -; v) = 1 


(91.3) 


It is this two-parameter family which will be used to develop the concept 
g esic deviation. Cpnsider two rays having a common initial point 
.. .ho., i. Fig. 26; d..oto one of th... ray. by C, „d the other by 

The meaning of the parameter t in this discussion is made clear 
as follows. Let the curve AA' cut the rays orthogonally and let t be 
the time of phase propagation measured along each ray from AA\ The 
curves = const, are rays in the three dimensional space. The points P 
and P are corresponding points, that is. points which have the same 
value of the parameter when measured from a common point. The small 
d..t..te b.t.oo„ th... oorr.,po.di„g point, i. o.lUd th. deyi.tio. a.d 
the manner in which it varies is the geodesic deviation. 

It is convenient when dealing with a 
parametric representation such as in 
eqs. (91.2) to introduce the notations 


dt 


dl^ 




(91 .4) 



so t at x* represents a field of tangent vectors to the rays, but which 
TV, necessarily unit vectors unless t is the parameter of arc length, 

e vector is the infinitesimal vector AA' which must be perpendicular 
o * at since is a neighboring geodesic. Let g . denote the 

metric tensor of the curvilinear reference frame in which the geodesics 
are imbedded, then since i* and 77 ^ are orthogonal by construction. 




= 


(91.5) 
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where the summation convention is again invoked. We want to examine how 
Tj varies as we move along the geodesic This is most conveniently 

done by calculating the absolute or intrinsic derivative of with respect 
to the parameter t. The absolute derivative* is denoted by 


hi h (hl\ 

St St \/ 


(91.6) 


the derivative applying only to quantity in parenthesis since dv is a 
constant for the pair of rays and The definition of the abso¬ 

lute derivative of a vector gives, 

-i — - h hi ^ _ 1.'^ (917 

St "dv Bt \mn\ Sv 

and from eq. ( 91.6), we can also write eq. (91. 7) as 


Jt 



±f2A 


dv 


(91.8) 


If we return, to eq. (91.7), and write, 


St] * 

- - 


Tt 

VBv 

3t 

eqs. 

(91.1 ) 

we 

i'Tj * 

- -( 

'3fl\ 

Tt 

3v 



mn 


'dx * I 

Bt J 


dv 


dv H” 


Bc" 


(91.9) 


(91.9') 


and since 


IT 


dTj^ I i 
dt 


dx^ 


mn\ dt 


drj 

dt 


‘ Til W 


(91.10) 


The notion of absolute derivat ive is discussed in texts on tensor calculus. The concept of geodesic 
deviation is discussed in J. L. Synge and A. Scliild, Tensor Calculus, Uhir. of Toronto Press, 
p# 90-93 (I949)i T. Leve-Civita, The Absolute Differential Calculus, p, 208-220, Blackie £ Sons, 
London, (1947). 
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we obtain the relatively simple formula, 


drj' lm \ , 

dt " Bv (^BcrJ ^ 


(i = 1. 2, 3) 


(91.11) 


This formula shows that if we choose a given frequency v, and dv, we can 
determine the spread between two rays which are separated by a frequency 
difference dv. As stated above this system of equations can be integrated 
along with the system determining the rays. We note however that in 
eq. ( 91.11) we have the description of Bff/Bcr^ in terms of the covariant 
components of cr, namely cr Consequently in order to be consistent with 
the description in the foregoing sections we should transform to a de¬ 
scription in which we use the contravariant components of O", namely c*. 
Finally after this is achieved, the physical components should be intro¬ 
duced. These transformations are left as an exercise for the reader. 


Before concluding this chapter we should like to remark that although 
we based the development of the ray theory on an index of refraction 
characterization it would appear that this is the only way. This of course 
IS not true. In the field of electron optics it is true that the study 
of the electron trajectories proceeds from a variational principle in 
which the integrand is interpreted as an index of refraction and the 
success of this approach has been aptly demonstrated.* But as we have 
seen in the section on the equivalent formulation, the theory of rays 
proceeds from a Hamiltonian which is properly normalized. The connection 
between rays and wave fronts has already been made clear in Chapter I and 
"n this chapter by deriving the Hamilton-Jacobi equation utilizing 
the characteristic function which is the spatial part of a wave front. 

The rays are curves in r space obtained by solving a system of ordinary 
■ erential equations in (r, cr) space, i. e. , the canonical equations. 

The use of rays in the solution of propagation problems is of course well 
known. For example, as in Chapter HI. if 5(t) represents a moving 
surface on which a set of physical quantities suffers a discontinuity, 
we may assume that it is given by the equation, ^(r) - (t - t ). Q 

Where t is some initial reference time. Now suppose that we\ave iound 
.0 *<'>• ‘■V •«"» ut 

r - r K,, f,) b. tie equation of the initial ..aifold . sit ) of the 
discontinuities, with cr® = (/>(A A \ ^ ^ 0 ^ 

" § 2 ^ denoting the wave normal. In 

* See, for p. G. st.rrecl,. Static end Dy.«,ic Optic 
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principle then, we can exhibit the rays in the form r = t - t^), 

^ = cr(^i, ^2' ^ t > such that at t = r(^^, . 0 ) = r0(^j,^2) 

andcr(^l, ^ 2 » equation r = ^ “ *0^ gives, 

for each value of t, the equation of the wave front in parametric form. 

By solving for the set t - , ^2 in terms of the components of r, the 

resulting expression for t ’’ gives the equation of the wave front in 
the nonparametric form i//(r) - (t - t^) = 0; The application of the 
Hamiltonian method described in this chapter to the problem of propaga¬ 
tion of hydromagnetic discontinuities has recently been treated in some 
detail,* 


92. THE APPROACH TO RAY PROPAGATION IN ANISOTROPIC MEDIA 
VIA MAXWELL'S EQUATIONS 

As stated in the introduction to this chapter, the rigorous approach 
to a theory of ray propagation for electromagnetic fields is through Maxwell's 
equations. It is instructive to sketch here this approach and connect it 
with the exposition in the preceding sections. For harmonic time varying 
fields Maxwell's equations are, 


VxE = - icoB 

7 X H = icoB 


(92.1) 


and for plane wave propagation, with spatial dependence e^**^*^, in an 
anisotropic homogeneous medium, these equations reduce to 


coB = KxE 
coD = - KxH 

In Chapter II, we showed that the vector product of two vectors can be 
written as the product of a skew-symmetric matrix and a vector. There¬ 
fore, we replace KxE by 

''a 

0 -fei E s KE , (92.3) 

fe, oj 


For a concrota application of the method, «oe J. Bazer and 0« Floischman, "Propagation of Woak Hydro- 
magnetic Diacontinuitiea,'* The Physics of Fluids, Vol, 2, No. 4 , July-August, 1959. 


KxE 


(92.2) 
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and similarly for KxH, thus, 


cS ^ K£ 

cJi = -KH 


(92.4) 


If we have the constitutive relations, 


B = , 

D = eE , 


(92.S) 


with both fi and e tensors, and consider B and D, Band Has constituting column 

vectors, i.e., ^ the two constitutive relations can be combined 

into a single matrix relation. We write, 



(92.6) 


which is a 6 X 6 system. Eqs. (92.4) 


are likewise written in the form. 


CO 



T 

-K/ Vh; 


(92.7) 


and by substituting eq. (92.6) into (92.7) we obtain. 




(92.8) 


For non-trivial 


iHj 


to 


exist, the determinant of thi 


s system must vanish, i.e, 


det 




(92.9) 
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This is a dispersion equation for K; it is the wave-normal equation since 
the vector K is proportional to the wave normal vector n. As we have seen 
already in Chapter II, this equation is of fourth order in the components 
of vector K; there are only two solutions in , and four for vector K. 

The medium is birefringent in this case. If there is only one solution 
in the medium is non-birefringent, that is, in the language of crystal 
optics, the medium has an optical axis in the direction of K. 


93. NON-HOMOGENEOUS MEDIA 

For non-homogeneous media we assume solutions of the form (assymptotic 
representations, i.e., asct)“»oo)^ 




(93.1) 


(see Chapter I, treatment of scalar wave equation). Here, E^, Hq are 
functions of position. Inserting eqs. (93.1) into (92.1) gives 


B (V^xE) (VxEq) Q — ieoxl; 
D ~-(V^xH) -i.(yxH.) 6"*“’/' 

CO ^ 


Put, 


n = 

then as CO oo, eqs. (93.2) reduce to 

B nxE 

D ^ -(n^dH) . 


(93.2) 


(93.3) 


(93.4) 


and if K is defined as con, these are identical with eqs. (92.2) for the 
homogeneous medium. Consequently, as expected, we can treat the propaga¬ 
tion in non-homogeneous media locally as a plane wave in a homogeneous 
medium. This is true in the asymptotic sense. With this result as a 
guide we can proceed to discuss rays in the non-homogeneous medium. 
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The determinental equation ^92 9) i mn 1 i 1 

of refraction anH t ^ iniplicitly contains the index 

„d therefore c.n be identified the Heniltonien. Let 
US write this determinental equation in the form, 


where 


^(o-. r) = 1 


(93.5) 


<r 




(93.6) 


the phase function i/» is just the characterist 
eq. (93.5) is not necessarily a homogeneous 
ff we can still define “rays’* by the system of 


ic function. Even 
function of degree 
equations, 


though 
one in 


dr 

du 3cr 

^ _W 

du 3i. 


(93.7) 


l!ali“i!n PT...te,. Let u, ex.nine thie 

def ..tten „et. cletely. By substituting fe, ^ e,. ( 94 . 5 ) .e 

ti.n d,(rl -n, .,„.ti„„ £», the ph.s, tnnc- 

Y\ )• The result as we have already seen in q * 

rha T L. ■lireaay seen in a previous section is 

the Hamilton-Jacobi equation. V/e are t-hAn ^ j • , 

c„i„- ..L. concerned with the problem of 

solving this equation subject to certain - 

j certain initial conditions. That is 

■A assigned on some initial surface S. First suonose H( ^ ■ 
function of the six quantities (<t r) F . 

eq (93 5\1 i-i, j- ’ necessarily satisfying 

q- (93.5)], the ordinary differential equations 


dr 

dcr 




(93.8) 

■da 

'dr 



define a congruence of curves in the six 
curve passing through any assigned point 
equations (93.8) may also be written in 
defining the parameter u through 


dimensional space (o-, r), one 
in that space. The system of 
the form of eqs. ( 93 . 7 ) 


clu 


dr 


da 

~W 

Br 


(93.9) 
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Clearly, eqs. (93.7) imply 



for every displacement in the surface *S. There are two degrees of freedom 
in this displacement and we have three equations for the three quantities. 
So, even though the number of equations is right, there may be no cr which 
can be found. In order to examine this, consider a point r on S, and the 
space defined by cr, i.e., the space in which the components of cr are the 
coordinates. The first equation of (93.12) determines the orthogonal 
projection of cr on the tangent plane of S, and the second equation con¬ 
strains the end point of cr to lie on a surface defined by jtf(r, cr) « 1, 
Equations (93.12) have a solution cr if and only if the orthogonal projec¬ 
tion of //(r, cr) * 1 on the tangent plane of *S contains the assigned 
orthogonal projection of cr on the tangent plane of S. Moreover, if a 
solution exists, it is not necessarily unique. 

To continue, suppose there exists a solution, then with the initial 
values of 0 “ on S given by eqs. (93.12), draw the rays defined by 
eqs. (93.8). This congruence of rays emanates from -S and at any point r 
in the region containing these rays we define i//(r) by the formula 


i//(r) = /(P(j) + cr • cfp ( 93 . 13 ) 

where Tq is the point where the ray through r meets -S, and the integral 
is taken along the ray. In this formula, /(r^) is the assigned value on S, 
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and consequently ^(r) satisfies the initial condition. We must now dem¬ 
onstrate that this construction of V^(r) satisfies the HamiIton-Jacobi 
equation. For this, we vary r and obtain 




Sr = S/(ro) + S 


cr • dr 


(93.14) 


the variation being from the given ray to a neighboring ray. Since 
a) = 1 on *5 by assumption, it follows, from eq. (93.10) that 
H(t, a) = 1 everywhere, and therefore BH = 0. Thus, integrating (93.14) 
by parts, the last term in it is 



[a • 8 r] ** 
**0 


+ 


J (her • dr 

'o 


8r 


• da-) 


* [or • 8 r] ** 
'o 



[a • Sr]^ , (93,15) 

*•0 


hence, 


— • 8 r = 8 /(r,) + a- • 8 r - (cr • 8 r )5 , (93.16) 

the last term being evaluated on the surface S. By eqs. (93.12), we 
have therefore. 




Sr 


or. 


Bp 


= cr 


(93.17) 


and we conclude that ^'(r, cr) indeed satisfies fl(r. cr) = 1 . Summarizing; 
to obtain the solution of the Hamilton-Jacobi equation with i/c assigned 
on S, we first determine the rays by solving eqs. (93.8) with initial 
values given by eqs. (93.12) and then construct i/r(r) as in (93.13) 

It is seen that the rays so defined satisfy the variational principle. 

8 J cr • dr = 0 , subject to H(x, cr) . i ^ (93.18) 
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for fixed end points and for cr arbitrary except for the constraint 
f^(r, or) = 1. This is clear since the. variational equation with this 
constraint leads to eqs. (93.8). What we have sketched in the fore¬ 
going is nothing more than the well known method of characteristics for 
solving the Hamilton-Jacobi partial differential equation. We note in 
particular, that if the equation of the initial surface is given by 
*S(r) * 0 and if 'dH/'dor • B<S/3r * 0 on Sj then the rays never leave the 
surface *5. This is the exceptional case of ray propagation. 

For the birefringent medium we know there are two possible initial 
values for eqs. (93.7) and therefore two corresponding solutions for 
^(r) having the form of eq. (93.13). 

If we define the index of refraction, in the direction of the ray 
3///3cr, by the expression, 



(93.19) 


the phase function \//>(r) takes the form 

4j{t) = i//(0) + r* mds , (93.20) 

•^0 

where s is the parameter of arc length along the ray path. Suppose we 
define the vector 


then 


s 


w 

'dor 



now asymptotically, the following relation holds,* 

E • D => H • B ^ W' 

*R. K. Luneberg^ **Propagation of Electromagnetic Waves,*' Lectures at N.Y.U. 1947-8. 
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(93.21) 


(93.22) 


(93.23) 



where is the common value. Moreover, S can be expressed in the form, 


S 


ExH 

s 


(93.24) 


The vector product of both sides of this relation with B and D respectively 
gives the two relations, 


S*B = 7 [(B • E)H - (B • H)E] 
SxD = 7^(0 • E)H - (D • H)E] 


(93.25) 


by using (93.23), and (93.4) which gives B • E « D • H » 0 assymptot ica 1 ly» 
replacing the vector products on the left side of ( 93.25 ) by their matrix 
equivalents, we find. 



From this we have 


for 


non-trivial 



the condition, 


det 




(93.26) 


(93.27) 


which is an alternative way of describing the propagation of rays. In 
retrospect we can describe the rays in a non-homogeneous anisotropic 
medium by the Hamilton-Jacobi equation, i.e., through Hamilton's canonical 
equations, or by Fermat's principle, i.e., 8 J mds = Q, or if we interpret 
S as the Poynting vector the rays are defined through S by means of 
eq. ( 93.27 ). 


94. AMPLITUDE VARIATIONS-FIELD AND AMPLITUDE 


sider 


In constructing a theory of ray propagation, it is natural to 
the next logical step, namely, the manner in which the fields 


con- 

which 
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are being transported, vary. This means that in order to extend the 
utility of a ray theory it is desirable to construct an associated field 
theory to go along with it. This however is not easily done. Careful 
consideration has been given to this problem, particularly by the late 
R. K. Luneberg and his colleagues. 

For anisotropic media we can only sketch here an approach following 
the lines of development set down by J. B. Keller for the isotropic case.* 

If the field being transported is denoted by u(s), this field is 
then associated with each ray, where s is some parameter along the ray, 
usually the arc length. The field consists of an amplitude A{s) and a 
phase ^(s) in the form, 

u{s) = i4(s)e" ») (94.1) 

with k s o)/Vq the propagation constant, co the angular frequency of the 
field, Fq the propagation speed in a reference medium. This construction 
is applicable to a time-harmonic field The total field at a point 

P is then the sum of the fields (94.1) on all rays through P. If the 
field under consideration is a vector field, A(s) is a vector. The theory 
is applicable to many diverse scalar fields. 

We suppose first that if \p is known at some point on the ray and if 
i// increases in the direction of propagation of the ray it is determined by 

^(P) = i/f(Q) + L (94.2) 

where L is the optical distance of the ray from P to Q. Obviously we 
must require \Ij to be constant on some wavefront, i.e., some initial 
surface of a normal congruence of rays. Assuming further that a conserva¬ 
tion of energy principle is known for the field entity of interest; we con¬ 
sider a thin tube of rays. Assume the energy flux is the same at every 
cross section of the tube of rays. To calculate the amplitude variation 
we postulate that the energy flux is proportional to mA^, where m is the 
group ray refractive index. Invoking the energy principle for the thin 
tube of rays, we have 

nA^dl = . ( 94 . 3 ) 


Jo B. Keller, A Geometrical Theory of Diffraction; American Mathematical Society's Calculua of Variations 
and its Applicationa, 1958, McGraw-Hill Book Co. 
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In this formula m and A are evaluated at a point P on a ray in the tube, 
dl is the cross-sectional area of the tube at P. The zero subscript 
quantities are evaluated at Q of the same ray. It follows from eq. (94.3) 
that, 



(94.4) 


From this formula we see that if we know the amplitude at some point, 

A at any other point on the ray can be calculated. By considering the 
points in c/2 (which are also points on the rays in the tube) as the maps 
of the points in dl.^ hy virtue of the transformation r = r (r^j, s - s ^^) 

It IS evident that the ratio dE/dl^ is just the Jacobian of the transforma¬ 
tion. Consequently, the solution of the ray path equations gives the 
transformation and hence enables us to calculate the Jacobian, 

J det (Br/^r^j). Now, in practice, the ray refractive index is not given 
or known so m must be expressed in terms of the phase refractive index 
and this can readily be effected.* 

When A is a vector, we assume that its magnitude still satisfies 
eq. (94.4) but its direction is more complicated to calculate. If, for 
example, A is one of the electromagnetic field vectors, and if the medium 
is isotropic, the direction of A at P is obtained from its direction at Q \ 
by parallel displacementt in a space whose metric is given by dv = mds, 
where m is a positive function of position only. In the anisotropic case i 
m is a function of position and direction, so the notions of a Finsler 
space must be used to construct a suitable metric in order to define 
parallel propagation.§ 

The systematic study of using rays for the calculation of fields was 
employed by Luneberg, M. Kline, J. B. Keller, R. M. Lewis, I. Kay, 

F. G. Friedlander, H. Bremmer and many others. With the advent of the 
field of plasma physics, the use of ray theory in propagation investiga¬ 
tions can be expected to yield fruitful results. This may be particularly 
true in the microwave region for which ray theory finds its natural setting 


* 

J* Lo Synge, loco cito 

^ For the concept of parallel displacement (or propagation) aee anv - .. 

and Schild, Leve-Civita, loc. cito ^ ^ calculus,, e.g., Synffe 


Jo lo Horvath, Physo ReVo Volo 80, Noo 5, p 901, Dec. 1950. Sea t , « 

Special Theory,” (1956) and “Relativity, The General Theory," (I960), 'North-Holi Snd P^li^hing^Co^*^* 
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CHAPTER VIII 


PROPAGATION PHENOMENA BASED ON THE BOLTZMANN EQUATION- 
MICROSCOPIC CONSIDERATIONS 

INTRODUCTORY REMARKS 

In the previous chapters the analysis of propagation phenomena was 
based on a macroscopic description of the medium. It is natural to con¬ 
sider an analysis of propagation based on a more fundamental model of the 
plasma medium. By a more fundamental model we mean here a microscopic 
description from which the results obtained from the macroscopic model 
are recovered as a limiting or special case. It is inevitable therefore 
that such a description must fall back on an understanding of the statis¬ 
tical mechanics of a plasma. This is certainly clear since a microscopic 
description of a plasma is substantially a many-body problem. The means 
of dealing with such problems goes back to Gibbs and Boltzmann and their 
investigations of irreversible processes, and it is interesting to contrast 
their viewpoints. 

Gibbs adopted the view that irreversibility was due to the fact that 
for systems containing many particles such as a gas or liquid the initial 
conditions of position and velocity of these particles are never really 
known. However, some average values are known and consequently the system 
can be described as a function of time by giving the probability distribu¬ 
tion of the initial conditions. The rate of change of the distribution is 
then determined by the laws of mechanics and the resulting equation is 
known as the Liouville equation. Then according to Gibbs, if there exists 
two identical systems which deviate slightly in their initial conditions, 
this difference, in the course of time becomes larger and, as a consequence 
the probability distribution becomes uniform. The uniform distribution 
defines the equilibrium state of the system. Y/hat is involved in Gibbses 
view is just a probabilistic statement about the state of the system and 
the laws of classical mechanics to describe its temporal evolution. 

Boltzmann, on the other hand, viewed the irreversible behavior of 
gases as due to the randomness of the collisions between the particles. 
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Each system, in its approach to the equilibrium state, and depending 
on the nature of the forces between particles behaves in an individual 
way. Thus, after a certain mixing time r a first simplification or con¬ 
traction of the description of the system occurs. Bogolubov calls this 
the “kinetic stage” or Boltzmann stage because the parameter which varies 
in a secular manner and determines the further time development of the 
system is just the distribution function of the states of a single particle 
as in the Boltzmann equation. It is hypothesized that the distribution 
function is in this stage a basic secular parameter because in the time 
period r the distribution function is slowly varying while the other param¬ 
eters (such as the pair-distribution function) are rapidly varying with 
respect to the distribution function and have already reached their equi¬ 
librium values. This can be considered as an asymptotic property of the 
solution of the initial value problem associated with the Liouville partial 
differential equation. 

The further contraction after the kinetic stage is called the “hydro- 
dynamic stage” in which the secular parameters are the macroscopic param¬ 
eters such as temperature, density, and average velocity of the particles. 
The equations describing the further temporal evolution of the system are 
here the well known hydrodynamical equations given by either an Eulerian 
or Lagrangian description and the Navier-Stokes equations. This stage is 
assumed to result from the fact that during a time tQ, which is very short 
compared with macroscopic relaxation times which are determined by the 
spatial non-uniform distribution of the macroscopic parameters, the dis¬ 
tribution function of the particles attains its equilibrium form with 
respect to the velocities and then slowly relaxes to the full equilibrium 
distribution by the slow uniform!zation of the density, temperature and 
and average velocity. 

The preceding contraction processes can be conveniently summarized 
in the following way. For times t > r, the description in the phase space 
of the gas is given by Liouville^s equation; for times r > t > the 

description in the phase space of the molecule is given by the kinetic 
equation of Boltzmann and for times tQ > t, the description in ordinary 
space is given by the hydrodynamical equations of Euler and Stokes-Navier. 
These contraction processes are essentially successive approximations in 
which the parameter is the ratio of the two relaxation times and for short 
range forces in the kinetic stage this successive approximation is equiva¬ 
lent to the virial expansion in the kinetic theory of gases. The virial 
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A discussion of the Liouville equation and the hydrodynamic analogy 
of a phase fluid is given and here the material in Chapters III and VII 
is useful in understanding the development. 

A variety of deductions from the Boltzmann equation are given in¬ 
cluding the conservation equations, equations of heat flux and stress, etc. 

A detailed treatment of the development of the Fokker-PIanck equa¬ 
tion is given and considerable effort is devoted to the approximate solu¬ 
tion of this equation for a Lorentz type gas. This approximate solution 
is then used to derive the dielectric tensor of the plasma and hence the 
propagation constants. Because of the limiting assumptions only the 
transverse waves which propagate can be discussed together with their 
polarization. The statistical meaning of the dielectric coefficients is 
also discussed and a comparison is made of the microscopic and macroscopic 
theories. 

Although a parallel treatment of a microscopic theory for the low 
frequency case (heavy ion effects) is not carried out here we felt it 
worthwhile to consider collision effects on low frequency propagation 
from the macroscopic point of view. 

There are large classes of plasma phenomena that are not treated in 
this chapter since otherwise the chapter would become too ponderous. One 
of these classes is the Landau damping phenomena theoretically deduced by 
L. Landau. A treatment of Landau damping in the presence of a magnetic 
field for a heavy ion medium would be most interesting from both a theo¬ 
retical and practical point of view. But this and other topics have been 
purposefully neglected because they require a rigorous handling of the 
dispersion relations and involve the methods of complex variable theory 
which are beyond the scope of the present text. In the same vein, non¬ 
linear effects are not treated since this is a subject unto itself. 
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95. PRELIMINARY CONCEPTS 


It is well known in classical physics that the state of a complete 
dynamical system is characterized by the Liouville equation. Such a 
dynamical system includes a gas, or indeed any collection or group of 
particles. The Liouville equation is essentially an equation of continuity 
or conservation of volume, loosely speaking. In advanced mechanics or in 
statistical mechanics the term “ extensionis used in place of volume. 

This conservation of volume or extension does not necessarily take place 
in the ordinary physical space but rather in a space called the phase space 
and which will be defined subsequently. 


Let us recall that the fundamental feature of classical mechanics is 
its deterministic nature. That is, if we know the initial conditions, 
t.e., the position and velocity (or momenta) at time t = 0, and all of the 
forces acting on a system, its future is precisely determined. Subject 
to certain conditions on the mathematical form of these forces, the future 
istory IS uniquely determined. The only uncertainty which arises in this 
classical picture stems from the initial conditions. However, this un¬ 
certainty in the initial conditions can be incorporated in a probability 
istribution of initial conditions and the resulting state of the system 
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This latter situation can not hold strictly in a plasma because a 
charged particle is always subjected to the long range forces of the other 
charges in the system. More specifically, the interactions responsible 
for collisions between charged particles are governed by Coulomb forces 
which vary inversely as the square of the distance. Since the number of 
particles at equal distance from any point is directly proportional to 
the square of the distance, the Coulomb interaction exhibits a very slow 
decrease with the distance. Consequently, the forces involved have a 
long range. It is not difficult to argue therefore that the effective 
diameter for collisions between charged particles is larger in magnitude 
than that between neutral particles. Because of the large magnitude of 
the effective diameter for collisions between charged particles, the 
collis ion frequencies should not be seriously affected by the presence 
of neutral particles unless the latter are extremely large in number. 

Elementary physical considerations show that a charged body is gener¬ 
ally surrounded by a space charge cloud which shields the bodies' charge 
within a certain distance which is called the Debye shielding length. 

This shielding is brought about by the Coulomb repulsion between similar 
charges and is determined by the balance of thermal and electrostatic 
energies of the interacting particles. This shielding distance is large 
for high temperature and low electron densities. The space charge is 
spherical for bodies at rest and becomes an ellipsoid for body speed less 
than the mean thermal speed of electrons and a paraboloid for body speeds 
exceeding the mean thermal speed of electrons. 

Shielding -—Historically, the terra *‘plasma"was introduced by Langmuir, in 
his studies on oscillations in ionized gases; and who stated that except 
near boundaries or walls where there are sheaths containing very few 
electrons, the ionized gas contains electrons and ions about equal in 
number so that the resultant space charge is very small. Currently, the 
term plasma is defined to be the region containing balanced charges of 
electrons and ions. This definition differs little from Langmuir's earlier 
description, A typical term like the Debye radius enters into studies 
and discussions of plasmas as a “characteristic length.'' For, as we have 
asserted above, since unlike charges attract and like charges repel, there 
is a tendency for a given charged particle to be surrounded by an envelope 
which, on the average, contains one more unlike charge than like charge. 

The radius of this imaginary spherical envelope which includes the smallest 
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number of charged particles to exactly give this charge neutrality is the 
Debye radius. It is a characteristic length of the plasma, since, by 
definition, the plasma is electrically neutral. Therefore, this radius 
IS also called the plasma length. Another typical term that enters is 
shielding” or “ screening. This term has its origin in the concept of 
electrica-1 neutrality in a plasma. From the fact that the net charge is 
almost zero at distances greater than the plasma length, the long range 
Coulomb forces are very nearly cancelled. This cancellation is referred 
to as a shielding or a screening of the long range forces. The distance 
at which the force is effectively zero is called the cut-off distance. 

We can make the foregoing more precise by giving an'elementary derivation 
of the electrical potential created by an ion. 

Consider a positive ion and a coordinate system whose origin coincictes 
with the position of the ion. In the region about this ion there will 
exist on the average more electrons than ions since the positive ion repels 
like charges and attracts the lighter electrons. We now seek the equiliic 
rium distribution of these electrons in the region about the ion. To fi»d 
the equilibrium distribution we make the following assumptions. The elee- 
trons are in thermodynamic equilibrium at temperature T and that its 

yerage charge number density denoted by N^(t) is given by the Boltzmann 
formula 



(95.'ll' 


Here, e is the electronic charge taken negative, cp is the potential 
sought, k IS Boltzmann’s constant, and N, is the average charge number 
density of the ions of the plasma, which is assumed constant throughout 
t e plasma. The remaining assumption is that the density of the electrons 
as a slowly varying function in the neighborhood of the central ion, and 
that ji N. 1 X 1 this neighborhood, although the plasma as a whole is ' 
neutral. Because of the slowly varying character of the function we re¬ 
tain the first two terms of the exponential, i.e., 


But the static potential q) satisfies Poisson’s equation, 

-iV.)e (95.3) 
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which according to (95.2) gives 


V2(p = ^ f_ q, . 


The quantity h defined by 


h2 


kT 

N.e^ 

I 


(95.4) 


(95.5) 


has the dimensions o£ length. Since the potential is on the average 
spherically symmetric about the central ion, we can write Poisson 
equation as 


1 d 
^2 dr 




(95.6) 


The boundary conditions on cp are such that it vanishes at infinity and 
in the immediate neighborhood of the central ion it must reduce to the 
Coulomb field of this ion alone. Hence the spherically symmetrical solu¬ 
tion is 
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(95.7) 


where is the charge on the ion. We easily verify that for small enough 
values of r, the potential (p has the value e ^/r which is the Coulomb po¬ 
tential of the ion alone. This formula shows that the effect of the screen 
of electrons is to attenuate the potential of the central ion in an ex¬ 
ponential manner, The significance of the quantity h is that it is a 
measure of the order of magnitude of the distance within which the attenu¬ 
ation is effective. It determines the size or radius of the spherical 
envelope about the central ion. Consequently, h is called the Debye radius 
or length. From its definition, it is clear that this length becomes small 
as the density increases and gets larger as the temperature increases. 
These conclusions are in accord with our remarks made previously. 
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The elementary derivation just given, admittedly non-rigorous in 
many respects, nevertheless sheds some light on the concepts of screening 
or shielding and gives in a simple way a description of a mixture of 
charged particles. We shall not dwell on this aspect of the plasma here. 


E^ilibnim Considerations—In the standard works which consider the 
equilibrium of a gas, one of the principal problems which arise is the 
interaction between the constituents. The approach used in dealing with 
this problem is a statistical one. When quantum effects are negligible, 
classical statistics serve the purpose. As we have already implied in 
our opening remarks on the dynamical evolution of the system the under¬ 
lying assumption is that of molecular chaos. By this assumption one con¬ 
siders the molecules of the gas to be rigid spheres and there is no inter¬ 
action until the spheres actually collide. This hypothesis of molecular 
chaos is not completely valid if the molecules are assumed to have force 
fields of an inverse power law, that is, if the force is proportional to, 
say, r . For sufficiently large values of the power n, however, the 
collision time is very small and the particle distribution function be¬ 
haves very nearly like the Maxwell-Boltzmann distribution. Thus, in this 
case we have short range forces. On the other hand, for charged particles 
the forces are very long range; here the force field behaves like n - 2. 


Since these forces are clearly going to influence the motion of the 
particles, some measure of their effect must be contrived. The simplest 
theory, or rather the most commonly used theory which considers the cor¬ 
relation is that of Debye. This theory which we have touched on in the 
previous section is asymptotically correct for large distances and ap¬ 
proaches the Coulomb force field at short distances. Consequently the 
oulomb force field overcorrelates the particles in the inner field, with 
the subsequent result that when calculating the thermodynamic properties 
o the gas by the Debye theory marked departures from the perfect gas law 
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The existence of thermodynamic equilibrium is implied in the term 
‘state of the system.** This means that there exist measurable quanti¬ 
ties which are called thermodynamic state variables which have the same 
value (or nearly so) at al] points of the system under consideration. In 
the calculation of the state of a system in which there also exists charged 
particles^ a consideration of both the electrical and mechanical aspects 
is of primary importance. For example, as we have already seen in an 
earlier chapter, a basic assumption was the separability of the electric 
energy and mechanical energy. That is, they were assumed to be additive. 

If the electrical part of the free energy is known, the equation of state 
can be written down. In fact if F is the free energy with F = F + F , 
electrical plus mechanical, the pressure p is 



where V is the volume, T is the temperature. The application of the 
Debye-Huckel theory then relates the thermodynamic variables, p,F,T to 
the density and charge of the constituents of the gas.* Onc^ the equation 
of state is known, then together with the separability assumption above, 
the explicit calculation of the thermodynamics of a plasma can be carried out, 

Noii<"Equilibniiiii Considerations —^The results of detailed studies re¬ 
garding the equilibrium properties of a plasma reveal the following 
principal conclusions. Ihe thermodynamics of a gas can be represented 
by the perfect gas laws to a fair approximation, but with an additive cor¬ 
rection for the electrical energy, which in many situations is not large. 

The effects of a magnetic field for a perfect gas has been given in Chapter V, 
and from it we find that the pressure is given by 


p .. (95.9) 

2 2 Bp 

where p is the mass density of the gas and p = p(p ,T) is the magnetic 
permeability, B,B[ are the external fields. We also have, 


An explicit formula of this kind is given by Kaeppeler, J. H., and Baumann, G., Irreversible Stochastic 
Thermodynamics and the Transpprt Phenomena in a Reacting Plasma. AFOSR TR 57-20. Mitt Forsch. fur Physik 
und Strahlentriebe E. V. Stuttgart (1956). 
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<iS = ds ^ + ds ^ 


dS + d 



( 95 . 10 ) 


which expresses the entropy of the system as the sum of the mechanical and 
electrical contributions. In this expression it is natural to inquire 
about the conditions which make dS^ an exact differential. According to 
P. Langevin, this obtains if 


B = 


B 


. f lis^ 

' T 


( 95 . 11 ) 


and the equations of state p = p(T,K,B), U{T,V,B) and H = H(T,V,B) 
take the simpler forms, U = U(T,V). p = p(7’.V). These are the forms of 
y m in the absence of a magnetic field. Accordingly, any medium 
w ich satisfies Langevin's condition is called a perfect magnetic material. 

If the plasma is not in thermal equilibrium, the equation of state used 
or the equilibrium case can still be used. Its usage in the non-equilibrium 
case IS justified by the following argument. If there are no inter-particle 
forces then according to elementary kinetic theory the pressure is (2/3 
translational energy. This amounts to writing the equation of state as 


P = 


with. 


3 

— kT. 

2 


CT.r, 


— m .<v^.> 
2 * ‘ 


( 95 . 12 ) 


( 95 . 13 ) 


for the ith constituent. The pressure He i-i, j 
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conclusion holds and conversely. 


P. S. Ep.t.in, Textbook of Thermodynamic., John Wiley & Son., New York (1937) 
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96 PHASE SPACE; THE LIOUVILLE AND BOLTZMANN EQUATIONS 

The most successful approach for the description and computation of 
the non-equilibrium properties of a system thus far in classical physics 
has been by means of a distribution function. As is well known, this 
approach has been exploited in many areas, the kinetic theory of gases, 
solid state physics, neutron physics, to mention just a few. 

The distribution function is the mathematical description of the 
probability of finding a particle of the system at a given point with a 
given velocity. More generally, it is the probability of finding a 
particle of the system at a given point with a given velocity together 

with the specification of the probability of finding the remaining 

particles at arbitrary points. 

In general, the description and calculations are affected in a space 
of 6n dimensions, called the phase space. This' phase space consists of 
the three position and the three momentum coordinates of each particle, 
and for a system of n particles we have 6n numbers or points. To obtain 
an equation that the distribution function must satisfy in this phase 
space it is convenient to use the analogy of fluid flow. We shall digress 
slightly in our discussion to explain this analogy. 

Let Us first recall that in classical mechanics a system satisfies 

the canonical equations of Hamilton, whose form has been given in the 
chapter on ray theory. Also, in mechanics we can describe a mechanical 
system in terms of generalized coordinates*' which are a set of independent 
parameters which specify the system and do not necessarily coincide with 
the actual physical coordinates of the system. We denote these generalized 
coordinates by q = q(q^, ..., qj. As sociated with these coordinates are 
the generalized momenta p = p(px» P 2 * •••> P this description the 

system has 2n degrees of freedom. The totality of the p, and q. together 
constitute the phase space. The mechanical system satisfies the equations,*" 

dq 

dt 

dp 

dt 


The reader is urged to review Chapter VJI. 


Bg(q,p) 

Bp 

_ Bi?(q,p) 

Bq 


(96.1) 
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A complete solution of these equations means that we can write the 

and Pj as functions of 2n constants of integration and the time t, that is 


? = q(qo- Po-’ 

P = p(qo. Po: t) 


( 96 . 2 ) 


The analogy with fluid flow is obvious if we recall from Chapter III that 
in the Lagrangian or particle description, we follow the individual 
particle according to the description, 


r(ro,t) 


( 96 . 3 ) 


where Tq is the initial position; and in the Eulerian or field description 
we consider the velocity field. 


= r(r,f) 


(96.4) 


The two descriptions are of course equivalent, since we can obtain (96.4) 
from (96.3) by differentiation and elimination, and (96,3) can be obtained 
from (96.4) by integration. Carrying this idea over into the phase apace 
shows that the field description corresponds to the canonical equations. 

In this sense the description of the 2n-dimensional phase fluid is entirely 
similar to that of the three dimensional fluid. 

This analogy when still further exploited leads at once to Liouville's 
theorem. If an arbitrary volume of fluid is unchanged during its motion 
we describe the fluid as incompressible, i.e., the dilatation is zero. In 
the Lagrangian description we can consider the function described by 

(96 3) as a mapping of the points rj, into the points r and the Jacobian 
or functional determinant of this mapping is 


J = det 


f Br 


(96.5) 


r points, the fluid is incompressible. In the Eulerian or 

field description, the vanishing of the dilatation implies 


Bwj ^‘^3 

^*1 ^*2 Bxj 
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div r 


0 


(96.6) 



in a 


which describes the incompressibility, and where r - ^ 2 ' ^3^' 

rectangular cartesian reference frame* If we think of the totality of 
sets g 2 ^ •••» Pi 1 P 2 » •••» P representing a 2n-dimensional 

rectangular cartesian system, then the totality of sets (g^, g^, 

Pi> P„) are the components of the velocity in the phase space of 

the phase fluid. Calculating the divergence of this fluid gives 


div V 



(96.7) 


which according to (96.1) shows that it vanishes. By applying the di¬ 
vergence theorem extended to 2n dimensions we have the conclusion that 
the total flux of the phase fluid through any closed hyper - surface in 
phase space is always zero, and consequently the phase fluid behaves like 
an incompressible fluid. This is the famous Liouville theorem. If we 
consider an arbitrary volume in this phase space, we call this the ex¬ 
tension defined by 


S dq^, dq^, dp^, dp^ , (96.8) 

this extension is an invariant during the motion of the system. Although 
the region becomes deformed, the extension remains constant. 

Suppose that instead of writing the first integrals of the canonical 
equations in the form of eqs. (96,2) we write them in the alternative form, 

= /* * ’ (t[o.Po > = 1,2,...,6n) 

(96.9) 

Eqs. (96.2), of course, are equivalent to (96.9), since they can, in 
principle be found from (96.9) by solving for the g^ and p The first 
integrals (96.9), by their very definition (a typical one of which will 
be denoted by /) satisfies the following equation, 

^ . 

- = / = - + - • q + - • n 

dt ^ 3t Bq ^ 

= -^ +[/,(/] = 0 . (96.10) 
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Here, U,B] is the “Poisson bracket” defined by 


r, p, /BB 3B 

^ ^ - ii • ^ 


(96.11) 


and H is the Hamiltonian of the system. Eq. (96.10) is known as Liouville’s 
equation, and is a first order linear partial differential equation. The 
general solution of an equation of this kind is determined by 6n particular 
independent solutions; for example, the 6n first integrals (96.9). It is 
therefore equivalent to describing the dynamical evolution of the state of 
the system. Any function F(q,p,t) which depends either explicitly or not 
on t IS called a mechanical quantity of the system. At any instant of time. 
Its numerical value is determined by the mechanical state of the system 
defined by eqs. (96.2) and at this instant. 


>i(q.p,t) = A(q(t),p(t)) 


(96.12) 


This function satisfies an “equation of evolution” which is formed by 
writing the relation which defines the total time derivative of A, that 

IS, A, and replacing the q and p by their values from the canonical 
(96.1); this gives 


. u,« 


(96.13) 


The canonical equations (96.1) and Liouville’s equation (96.10) are 
special cases of eq. (96.13). In retrospect then, the mechanical state 


or phase of a system of n 
respectively is defined at 


point particles of mass, m, , m,, .... m 
a fixed time by the position coordinates 


.and momentum p^, ..., p^ of these particles. The position 

and momentum^are considered as vectors in a space of three dimensions and 

^ •*•> 9n’ Pi' •••> P’ snd hence is a point in a space 

of 6n dimensions, the so-called phase space of the system. 


The preceding discussion shows that Liouville’s equation expresses 
a conservation equation for the points in phase space. Now denote by y, 
the velocity of the feth particle, by the gradient operator in r, spice 

the gradient operator in v, space, F* ^ . the force per unit mass on the 
particle at r* due to all the other particles, by F*, the external force 
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per unit mass on the particle at and by the probability distribu¬ 

tion function, Liouville’s equation then takes the form,* 




n 



(96.14) 


This equation specifies the change for the complete distribution. Hence, 
for its complete specification the initial position in phase space must 
be given for all particles. This in general is not known and so we can 
eliminate this specification by reducing the order of the distribution 
function by integrating over the phase space. By integrating over 6{n - 1) 
coordinates of all but one particle we obtain, 


Bt 


(v • V )/' + (F 


V )/' = - 


(n 


^IJ 


s 

(96.15) 


the integrals being carried out in the 6(n - 1) dimensional space. In this 
formula /' denotes the probability of finding a particle of type s in the 
phase space intervals r^, + dr^, and v,, + rfv,. Following Hirschfelder 

et aZ,^ the Maxwel1-Bo Itzmann equation can be deduced under the following 
assumptions: (a) two-body interactions are the most important one; (b) the 

pair distribution function (denoted by is equal to the product of 

single distribution functions in the exterior of some small interaction 
neighborhood; (c) the time spent by the particles within the interaction 
region is small. By letting the collision time tend to zero, the following 
equation is obtained, 


3/^ 

-+ (v • V )f + (F 

3t * 


'^v)/. ■ E 




f f >)cr , .V 

J sJ j' IJ 




(^ = 1 , 2 ), 
(96.16) 


where cr. . is the collision cross section, the relative velocity, 

c/n the solid angle, d^yj is the volume in velocity space, the prime denotes 
the value of the functions after collision. A complete discussion in the 
general case of the right hand side of (96.16) is not possible here,^ but we 


Kaeppeler and Baumann, loc. cit, give a general formulation of Liouville'a equation. 

^ Hirschfelder, J. 0., Curtiss, C. F., and Bird, R, B. Molecular Theory of Gases and Liquids, J. Wiley 
& Sons, p. 451 (1954). h » 7 

^ The influence of the duration of the collision is treated by Hirschfelder et al, loc. cit., p. 455. 
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shall take up this question later in connection with our principal con¬ 
cern, the propagation of waves. When considering a plasma it is clear 
that there exists at least three species of particles, positive and nega¬ 
tive ions (including electrons) and neutrals, this entails the calculation 
of three distribution functions. The calculation of the collision integral 
in the Boltzmann equation is a principal problem in the theory of transport 
phenomena, there is a great body of literature on the subject and no doubt 
this will substantially increase. 

The validity of the Boltzmann equation in the theory of ionized gases 
has been a subject of concern for many researchers. For example. Cowling, 
in a fundamental study states the following.* The Boltzmann equation 
assumes that the motion of a molecule can be divided into relatively brief 
instants of encounter separated by relatively long intervals during which 
the interaction forces with other molecules can be neglected in comparison 
with field forces. But, in an ionized gas, because of the slow attenuation 
of electrostatic forces with increasing distance, interaction forces are 
everywhere at least comparable with field forces. As an example, the inter¬ 
action force between electrons is equal to the force experienced by an 
electron in a magnetic field of 1000 gauss at a distance which is less than 
the distance between particles. A majority of field forces are smaller than 
the above magnetic forces. The electrostatic forces however, which are 
large compared with field forces are not strong enough to produce large 

effects except at small distances compared with the average distance be- 
tween particles. 

The cumulative effect of electrostatic encounters producing small de¬ 
flections IS greater than those for large encounters. But in an encounter 
producing a small deflection the effects of the encounter and field forces 
are approximately additive, i.e., the change in velocity can be expressed 
y supposing that the molecules normally move under field forces alone, but 
t at at a given instant their velocities are suddenly changed by the full 
effect of the interaction forces. The motion then becomes the type to 
which the Boltzmann equation applies. It is these electrostatic forces 

which justify the validity of the Boltzmann equation for an ionized gas, 
according to Cowling’s reasoning. 

Any discussion of non-equilibrium flow must include the effects of 
both close and long range collisions. In an analysis on the structure of 

Conductivity of .n I,„i„d Gn. in , Mng^tic Field. Proc. Roy. Soc. d. 183. 
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plasma equations, Rosenbluth and Rostoker consider the collision terms to 
be due to short range forces, and the external acceleration is considered 
to be made up of those due to external forces and those forces due to the 
microscopic plasma fields. These considerations when analyzed introduce 
an additional coupling which is consistent with Cowling's reasonings. 

The conclusion reached from these and other studies of the effect of 
long range forces is that some allowance must be made for the fact that 
there is some order in the distribution function, i.e., there exists cor¬ 
relations between the positions of the particles. The Debye theory which 
we have sketched above is in effect a statement of this correlation. De¬ 
spite the fact that the inclusion of correlations is certainly important 
in the study of the microscopic analysis of a plasma, the use of the 
Boltzmann equation approach sans correlation has provided valuable insights 
in the investigation of the properties of a plasma, e.g., conductivity, etc. 
V/e shall therefore focus our attention on the Boltzmann equation together 
with the implications resulting from its usage. 

97. DEDUCTIONS FROM THE BOLTZMANN EQUATION 

Suppose we are given a plasma consisting of a large number of dif¬ 
ferent species of particles. The quantity defined by /j.(r,v,t) is the 
velocity distribution function for particles of type s, and is such that 
//r,v,t)d3rrf3v represents the number of particles of type s in a small 
volume element of the six-dimensional coordinate-velocity space. Here, 
the notation d^rd^y stands for thisvolume element around the point {r,v) 
at time t. Hereafter, we shall use only the term distribution function 
to denote velocity distribution function, unless otherwise stated, for the 
function 

/(r,v,t) = Z/ (r,v,t) . (97.1) 

s * 


This function is a density function in the (r,T)-space, since it gives 
the total number of particles per unit volume. When we write f ^ as we 
have for each species we assume no individual correlation exists between 
the particle positions of each type. Each f ^ is normalized by the fol¬ 
lowing condition in velocity space. 


Rosenbluth, M. N., and Rostoker, N. Theoretical Structure of Plasma Equations. The Physios of Fluids, 
Vol. 2, No. 1, pp. 24-30 (January 1959). See also the article by R. S. Cohen, L. Spitxer, Jr., 

Paul Boutly Me, Phys. Rev. 80, 2, pp. 230-239 (1950) for another approach. 
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( 96 . 2 ) 


I f,(T,V,t)d^v = 

where N^(T,t) is the number density of particles of type .s in coordinate 
space. The total particle density is then 


N{r,t) = 

S 


(97.3) 


Ultimately we want to know how a wave propagates in the plasma. This 
means we have to determine the propagation constants. We can not determine 
these constants without a knowledge of the behavior of the plasma under 
the influence of the electrodynamic field.in the wave. Since we are de¬ 
scribing the plasma by the distribution function, this function must there¬ 
fore be determined by the electrodynamic field. 

In order to formulate this problem mathematically and also effect a 
solution, several simplifying hypotheses are made. These hypotheses fall 
into two classes, one class for the formulation, the other for the solution 
Let us consider the former class; the assumptions are: 

f/j. The plasma is of sufficient extent so that boundary 
effects are ignored. 

Quantum and relativistic effects are ignored. 

H^. The plasma^consists of spherically symmetric elastic 
particles, 

The only external field acting on the plasma is the 
magnetic induction B which is uniform in space and 
time, 

f/ 5 . The permeability of the plasma is the same as that 
of free space, (For this condition to prevail 

the plasma temperature T must satisfy the condition 
4NkT « B^). 

f/g. ^ly plane waves are considered, and its magnetic 
field is negligible compared with the externally 
applied magnetic field. 


Before we list the assumptions for the mathematical solution we want 
derive the Boltzmann equation when electrical and magnetic fields are 
present and examine some of its implications. Under the assumptions 


to 


An exhaustive description would take into account the position and . x ■ r 
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listed above the path of a plasma particle is determined by (a) the force 
from the electric field in the electromagnetic wave which is given by e ^E; 
(b) the Lorentz force due to the uniform magnetic field, e^(vxB); and (c) 
the force resulting from the mutual influence of the particles through 
their Coulomb fields. 

Now consider the point (r,v) and an element of volume about 

this point. At a fixed time t the number of particles of type 5 in this 
volume will be given by / ^ (r ,v, t )d^rG?^v. At time t + tit, these same 
particles will occupy an element of volume say d^r ^and the number 
of particles in this volume will now be given by 

e ^ 

/ (r + vdt , V +— [E + TxB]<it , t + dt)d^v' d^Y' , (97.3) 

® m 

5 

We can take the two elements of volume as approximately equal to each 
other since the difference will involve terms of order {dt)^ and higher. 
For collisions between the particles we have 

[/^(r + vdt, , t + dt) - /^(r,v,t)]d®rd®v = 

the term on the right side in parenthesis is the collision term. By ap¬ 
plying the law of the mean to the left side we can write 

(97.5) 

coll 

From a mathematical point of view we have tacitly assumed in applying the 
law of the mean that / and its derivatives are continuous. This needs a 
justification and the connection between the physical model and the mathe¬ 
matical description involves some subtle points.* In our usage of the 
equation we shall assume the validity of the continuity hypothesis. The 
nature of the collision term will be examined later. Let us look at the 
continuity equation and write it in tensor notation. 


See for example, G. Ecker,Zeit8. f. Phys. 140:274 (1955), ibid. 141:294 (1955). 


IL. 

Bt 


+ y • 


[E + vxB] • V 




d^rd^v 


(97.4) 


coll 
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In this notation we have 


3 3 

37''iT' = 0 


3t 3jc . " * 3v 

I i 

carrying out the differentiations yields, 


(97.6) 


3t 


+ / 





0 


(97.7) 


?ince *. and v. are independent variables, 3i^/3*. = 3v ./3* . = 0, and 
similarly 3v ,/3v , = (1/m)(3F ./3n.) = 0. The latter holds because F. which 
IS the force acting on a particle is independent of velocity for all but 
magnetic forces. Denoting the magnetic forces by and noting that 

the ith component of a cross product contains all components but the ith. 


3 

- e — (v^)^ 
» i 


= 0 


(97.7') 


therefore, 


. Bi . 

_I ^ I 

Bjc , Bv 

I I 


0 


(97.8) 


which expresses the vanishing of the divergence of the six dimensional 
velocity vector. From this we find, together with eq. (97.7), 


“'Z , B/ . ^ 3/ 

» i 


or 


sy , 3/ ^ 5/ 

I i 

which IS the collisionless Boltzmann equation.* Equation (97.9) simply 
characterizes the fact tljat the density in (r,T) space is constant. We 

Also died the Boltinann-Vlaeor equation. 
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note that the only physical principle used in deriving the Boltzmann 
equation was the equation of motion in the derivation of eq, (97.8)* 
Conversely, the Boltzmann equation implies the equation of motion and 
hence they are equivalent. 

To handle collective phenomena it is useful to consider certain 
entities derivable from a knowledge of the distribution function. Thus 
the average plasma velocity is defined by 

Nir,t)^\> = / v/(r, V, t = Nu (97.11) 

and in general for any quantity Q, its average value is defined by 

N(r,t)<Q> = / Q/(r,v,t)d3v . (97.12) 

The charge density is defined by 

p(r,t) = 1 J f = 1 p^N^(T,t) (97.13) 

S S 

and the current density by 

J(r,t) = 1 p^ J vf^d^v = 1 pN^(T,t)v^(x,t) (97.14) 

« $ 

where the sum is over all species of charged particles. 

Self Consistent Formulation —From the preceding formalism it is pos¬ 
sible to find the field quantities E(r,t), B(r,t) if the only forces 
acting on the system are electromagnetic. We can write for each type of 
particle 

9/ 3/ p 3/ 

+ V • +— (E + vxB) • = 0 (97.15) 

o t or m 3v 

£ 

and by using Maxwell's equations together with the expressions for J and 
p we have a complete set of self consistent equations. If we know E(r,t) 
and B(r,t) eqs. (97.15) determine and via eqs. (97.13) and (97,14) 
lead to the plasma charges and currents; putting these charges and currents 
into Maxwell's equations we can then, in principle, find E and B. These 
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equations must be solved simultaneously. This procedure is called a 
self consistent formulation or solution. 


Moments of the Boltzmann Equation— From a knowledge of the distribu¬ 
tion function which is presumed to contain the “best” information of the 
system it is possible in principle to determine general laws concerning 
the system. This, of course, is done at the expense of losing or de¬ 
stroying information, so the term “general laws” has a restricted meaning. 
The method used to obtain these laws follows the pattern in ordinary 

statistics, namely we evaluate the moments resulting from the Boltzmann 
equation. 

Since we must integrate over all r space the behavior of the dis¬ 
tribution function for large values of the velocity is required. Because 
any particle velocity is bounded (v < co) we postulate that / is such that 

its value over an infinite sphere in velocity space causes all integrals 
over this sphere to vanish. 

The moment of zero order is obtained by multiplying eq. ( 9 ? 5 ) 

(dropping subscript s for convenience) by and integrating, thus in 
tensor notation we have 


B/ 




We obtain successively. 


B/ 


i'^tl ^ 


dh 


S), 


• (97.16) 

coll. 


(97.17) 


dx . 


V , T— d^r 


^ i 

and from integration by parts 


1 


(E + vxB), ^ d^Y 

^ OV . 


{ }dl + 


f B 


(97.18) 


(E + vxB) .d^Y , 
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the integral involving dZ is an integral over the surface at infinity in 
v-space which vanishes because of our postulated behavior of /; the second 
integral vanishes because E is independent of v and 


3 

— (vxB) . = 0 

/I'll *■ 


The collision integral vanishes because the collisions have the effect of 
just displacing points in v-space but leave the total number of points 
otherwise unchanged. Consequently, we have as a result 


W 

3t 



(Nu.) 


0 


(97.19) 


which is the equation of continuity in r-space. Another moment is ob¬ 
tained by multiplying the Boltzmann equation with and integrating 

again over v-space. As before we obtain successively, 



2_ 

dt 


mfVf^ d^y 


_ 3 _ 

3t 


(mNui^) 


(97.20) 


using eq. ( 97 . 12 ), 


r ^ 

J 

^ I 


,v d^y = m -— 
* , 


fv.v^d^y - - mN<v .v.> , (97.21) 

Ik IK 


an 


d if we put F. == e (E + vxB) we can write for the third integral, 


F . -— v.d^y = 


37- 


after integrating by parts. But = S , hence, 


fF.B.d^y = - 

Ilk 


/F,d 2 


-N<F,> 


(97.22) 
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collecting the results we obtain the equation expressing the conservation 
of momentum^ 

— {Nn^u,) — (M<v.v^>) = N<F,> . ( 97 . 23 ) 

i 

Each term here is simple to interpret and the reader is advised to review 
Chapter III. 

To obtain an energy equation we multiply eqs. (97.17), (97.18) with 
1/2 ffiv and integrate obtaining now successively, 


but 



mv^ = 

3 

3t 

("7“’) - 

(97.24) 


d^v = 


^ ■J' ^ ^ j 

(97.25) 

1 r 3/ 

2 J 3v. 

F.v^dH = 

_ 1 

2 . 


(97.26) 


^ 2 ^ 

^ i 


and therefore 




- fF.v^Z.^d\ 


'-Ne<E .V > 

I I 


-NeE ,u . 

I I 


(97.27) 


The collision integral 
changed by collisions. 
energy, 


vanishes again here since kinetic energy is un- 
The final result is the law of conservation of 


466 





(97.28) 



here, the first term is the rate of change of energy density, the second 
represents the loss per unit volume from energy flux or the heat transfer, 
and the right side is the power fed into the system by the electric field 
only since the work done by the magnetic field is zero. 

Unfortunately the higher order moments do not have a simple physical 
interpretation. Moreover, there are no entities which involve third or 
higher powers of v which are conserved by collisions and therefore the 
collision terms do not vanish for such equations. 

The conservation laws derived above, although useful in a general 
way, do not form a closed system of plasma equations. More specifically, 
the mass or continuity equation contains the two unknown functions N and 
u; the momentum equation contains besides these unknowns also <v j>, and 

the energy equation contains also <v^v>. Thus, the number of unknowns 
always is greater than the number of equations and this sequence of equa¬ 
tions can not be closed by forming the higher order moment equations. 

Equations of Stress and Heat Flux —Before we continue with our pro¬ 
gram of finding self consistent laws involving Maxwell*s equations a 
slight digression is in order. The conservation laws for an ionized mix¬ 
ture as a whole give the same equations as those of ordinary magneto-gas 
dynamics but with arbitrary stress tensor and heat flux vector. If we 
assume a linear relation between the stress and rate of strain and between 
heat flux and temperature gradient the equations of magneto-gas dynamics 
in the continuum sense are obtained (see Chapter V). 

The stress and heat flux vector can be specified by taking higher 
moments of the Boltzmann equation which then give constitutive equations 
of stress and heat flux. These equations hold for each type, they contain 
third and fourth moments which in turn require higher moments to govern. 

In order to close the system, the distribution function must be approxi¬ 
mated such that these third and fourth moments are represented in terms 
of the physically significant lower moments of stress and heat flux. Then 
by summing over all species we obtain the constitutive equations of the 
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stress and heat flux for the whole gas. In general this procedure leads 
to equations which are quite complicated.* 

In order to obtain a simpler description, i.e., simpler stress and 
heat flux equations, we resort to a single-fluid description of the whole 
mixture, which is physically realizable if the gas is weakly ionized. For 
sake of discussion we shall consider here a monatomic gas and write the 
Boltzmann equation for each type in the form. 




3 /. 




■ V 

St I S 

in. Bv . 


( 97 . 29 ) 


where I, is a collision integral whose form can be determined for binary 
collisions. The external force . is the same as before and we can also 
include an additional gravitational force m,g. where g. is the component 

of gravitational acceleration. To carry out our program we make the fol¬ 
lowing hypothesis; 


(a) 


The gas IS monatomic with no rotational or vibra¬ 
tional degrees of freedom, and hence the ratio of 
specific heats is given by 


(b) 


(e) 

(f) 


y - ^ = 1 

Cy 3 


The collision between particles is binary, i.e., 
a dilute gas. 


(c) Molecular chaos holds for the gas. 

(d) The distribution function is uniform within a dis¬ 

tance comparable to the size of the particle, but 
path*^ * distance comparable to the mean free 


( 97 . 30 ) 


Ionization and recombination processes are neglected. 
The gas density is low but the temperature is high 


Kolodner, I. I., ''Moment Description of Gas Mivtur*a ** kvr n j r. 

Sciences. N.Y. U. / Siipt. 1957; BurgerrsL J M "The NyO-7980, Inst, of Math, 

of Diffusion, Heat Conduction, ViSooalty and Elactri^l 0**^5°" of Transfer Equations to the Calculation 
Applied Math., Univ. of MaryUnd, for Fluid Dynamics and 
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(g) The magnetic field strength is such that the minimum 
Larmor radius is large compared with the mean colli¬ 
sion distance. Thus the conduction current is due 
to the diffusion of the charged particles. 

We introduce the following notations; the mass density of type s is 


The total mass density is 

p. = 

the mass velocity V is defined by 

^ V = 

where 

= 

defines the flow velocity of type s. 
with respect to the mean mass flow is 

w. = 

from which we find 

^ P W = ii 


(97.31) 

5: P, , (97.32) 

2p„,u^ (97.33) 

f yf,(r,Y,t)d\ (97.34) 


The diffusion velocity of type s 
defined by 

" V (97.35) 


" f . = 0 • (97.36) 


We define the higher moments of type s in terms of the thermal velocity 
with respect to the mean mass flow, 

C = V - V . (97.37) 

The pressure tensor of type s is defined through 

Ps.ij = f C.C.f^(x,r.t)d^Y 


= p 8 . . + p 

M XJ ^ t. If, 


(97.38) 
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where is the hydrostatic pressure, 


Ps, ij *^he viscous stress tensor and 


»* ^Pf ^ Ps, a ~ 0 I (see Chapter III) 

The heat flux vector of type s is defined by 


(97.39) 


2 "*» J ^,r,t)d^v 


(97.40) 


.«d th. t«p„at«r, T, i. t.kc. t« b, proportio..! to th. „o.„ kinetic 
energy of peptides of type s .eesuped nith respect to the nixture flo. 

««tgy per unit rolnne is 

■ ‘, 0 ^ 011 "' * Boltsnsnn’s oonstent. Consequently ue cen .rite, 

using (97.38) and (97.39), 



3 

2 * s 

= Y j CV d^y 

3 

2 

(97.41) 

hence, 


Ps 

= N kT 

S S 

(97.42) 

an equation of state 
\ 

for type s 

Therefore, for the entire mixture we 

nave, 

P. . = 

i; 

2 P, . . 

, »' *J 

. the pressure tensor. 

(97.43) 

P = 


1 the hydrostatic pressure, 

(97.44) 

P a = 2 P 

from which we conclude, 

, the viscous stress tensor. 

(97.45) 


P.. 

t 1 

= 3p + p . . = 0 

(97.46) 
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The heat flux vector for the whole mixture is 


q . = 1 q 

and from eqs. (97.42) and (97.44) we have Dalton's Law, hence 

p = k I N T ^ NkT 

5 * * 


(97.47) 


(97.48) 


an equation of state for the whole gas, with temperature T defined by 


yVT = I iV T 

s * * 


(97.49) 


Finally we complete our definitions with 

Ps “ ^s * charge density 

Jfi " » current density 

and for the whole mixture, 

p = 1. p 

j = 

The total current J is rewritten as 

J = S + W,) 


(97.50) 

(97.51) 


(97.52) 

(97.53) 


pV + J 


C ' 


(97.54) 


where 


; 


J. = Z e )V W , the conduction current, 


= 5; J 


e, s 


(97.55) 


with 


J- = e JV W , conduction current of type s. (97.56) 
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The transfer equation for a particle property Q 
the Boltzmann equation by and integrating over 


is obtained by multiplying 
velocity space to obtain, 



The conservation 
sively 

types to obtain 


of mass, momentum and energy result fr 
and 1/2 into eq. (97.57) and 

respectively for the whole mixture, 


om putting succes- 
summing over all 



I 


(97.58) 


P, 




tiL +!iL! 

,• Bx . 

^ 7 


Pj i ~ (JxB) . 


0 .(97.59) 


2\^Bt ‘ Br J 2 ^ B*. 3*. (Jc) i® + >^). = 0 (97.59') 

' ^ i i 

the latter is the energy equation for y = 5/3. 

... •' •'>•‘1 th« d.vel„p„„t ol the 

Z Z Tfl “ n" hisket „o..„te the. .tree, 

end he.t fl.e „,1 epp.„ i. 

closed by epptoxi.eti.p the. by le.et ...eete, the. by e™i„, .... .11 
ypes, stress e.d he.t flu. .,u.tio„, result for the .hole «... By intro- 

is nhrsi .,1 .4 I- ?, ionization a simpler single-fluid descriptioi 

is obtained and finally the stress anH -pi 

j . . flux equations for magneto-gas 

:r '■«.«.tiou. th.se .re, 

us d d :’“’rT ” 

.1 preseuce 

Of an electrodynamic field. 

Str... E,u.ti,n-Put Q, . . C,C, .„d i.trod.ce the uot.tieu 
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which is a divergenceless tensor. From eq. (97.57) and some formidable 
calculations and summing.over all species it can be shown that, 


i ; ■g ^ 9 


•J' 3*^ '* 3 3*^ 


+ 2 < 


3*. 


+ 2p - 2 + VxB)p - ^ [(P.xB),. + (P.XB),,] 

; J s PvL, a 




(97.60) 




/ C.(C/,d3TxB). 


(97.61) 


and 




2 P 


a , i j k 


(97.62) 


Note that in order to determine the third moment P ... we need to take 

s t t J a 

further moments, etc; hence to close the system we must approximate this 
moment by lower moments. 

Heat Flux Equatious —Now we put * 1/2 m^C^C. into eq. (97.57) and 
a similar tedious calculation, and summing over s yields for the whole gas, 


■ag. 3 13 W, 

J 


2 "bXj 




'dx. 'dx. 2 p VBx. "dx, 

J J \ t J 


- ^ * 5ii). X ^ -1«-«), I^ 

p lair. Bx. / ^ p ^ Pm a Pm, a 

^m \ J k / a ^m, a 


^ f- ^jPij - (E 

a 


«yl 


P. 5 <i«). tW>/ 

■P. a +rP - + Pa 


—' P 

• J 


s, ij 2 


»; 


P. 


= -Y Pii 

1 L-, * 


(97.63) 
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with 




(97.64) 


and, 




2 P 


s t ij k k 


(97.65) 


Subject to the hypothesis made at the outset the stress and heat flux 

equations given by (97.60) and (97.63) are completely general. In order 

to approximate the higher moments that occur in these equations and to 

eva uate the collision term we need to know the form of the distribution 
lunction. 

n. Di.trib.tl.o PmctiM-Fo, .lactriMlly nautr.l .ixtur., Gr.d’ 
takes the distribution function in the form, 




/ = 


(97.66) 

H.r« th, first t.o f.c.ors in / . inn.l M.xw.Ui.n distrilutinn, 

.8 escnption of a gas in local equilibrium. For a non-equilibrium 
state, there is a transport of mass, ...ent.m and energy, or a. ,e say, 
there exist, eurrents. These c.rrents exhibit themselve, respectively 
as diffusion velocity, viscous stresses, and heat flux. For a single 
component gas there are, clearly, no mss, concentration differences; con- 
equently the only non-vanishing currents ere the stress p,. and the heat 

h«h he ! r"/’’ ttscket.'i. linear i. 

sel tL n d ' repre- 

sents the small deviation from equilibrium. 

non the distribution function for a com- 

ponent m the following form, 


s' *«"•' v.i. i, n., ., 

Vol. 12, pp. 205-2M, Springer-VerUg, mS G„„,"E„cyc. of Physic., 
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The difference in the distribution functions is seen to be in the inclu¬ 
sion of the non-vanishing diffusion velocity in (97.67)* this equa¬ 

tion as in (97.66), the whole gas deviates little from its equilibrium 
state. Equation (97.67) would not be valid for fast flows (i.e., strong 
shock waves). There are still other representations for the distribution 
function but we shall not list them here. If Kolodner*s form of the 
distribution is used the resulting stress and heat flux equations can be 
given explicitly; however, they are very complicated and we shall not 
write them down. llather, we now invoke the assumption of weak ionization. 
This means that the number of charged particles is small compared with the 
electrically neutral atoms. Therefore, the momentum and energy transport 
of these charged particles is negligible compared with that of the neutrals. 
This assumption implies 



(97.68) 


(97.69) 


See for example, Burgere, J.. loc. cit. 
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^ “ '''' '•="» >■«''"» «!>' 

particles to be 


F = JL 


(97.70) 


inte. T . r"" particles, K a constant, and ^ is an 

form of til di T-h assumptions and using Kolodner’s 

g.. the e.eee, he.t flex e,.etio„ heco.e teep.otively, 


B 4 R?,! r 3K.1 Ibk,], 

S,^ * T-ti;;/ * - 2fjc.,« + ftB),] . 


p 


(97.71) 


one charged particle?** **“ P'edoninant colliaione are between neutrala and between one neutral and 
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3 




+ 1 !ll+i + I J^(l\ 


Pik U , ^Pk\ 

Pn \^k ^=‘j) 



5 p 


— + — — E.P + — E,p .., + — 


5 p 


2 P 


(JxB). +— (J*B), 

P. 



(97.72) 


where jx is here the coefficient of viscosity. Thus, even under the simpli¬ 
fying assumptions we have made, the stress and heat flux equations for the 
single fluid model are not simple. If the fluid is at rest and is elec¬ 
trically neutral, we can put "bq ./'dt = 0, = V = 0 and p » 0 and 

eq. (97.72) simplifies to 


2 


P 



5 p 



(97.73) 


It follows from eq. (97,48) and the definition C^/jl/K = 2/3 where k is the 
coefficient of heat conduction that the above equation can be written as 

q = -/f grad r - H iL (JxB) . (97.74) 

4 P. 


The first term on the right is recognized as Fourier's law for heat con¬ 
duction and the second term gives a heat flux in the direction normal to 
J and B, which is the Ettinghausen effect. 

The development above of the stress and heat flux equations serves 
to indicate the complexity inherent in descriptions involving the higher 
moments. However any program which seeks to be comprehensive in its 
physical description of plasma phenomena must allow for such complexity. 


For some of the detailed calculations see H. T. Yang, **Moment Equations and Boundary Conditions for 
Magneto-Gas Dynamics, ” Univ. of Southern California, Rept. 56-216 (1960). 
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Alternative Representations of the Conservation Laws-We return now 
to our original program of finding self consistent laws. For this we 
rewrite the first and second moments of Boltzmann’s equation by expressing 
the self fields via Maxwell’s equations. By summing over all species the 
momentum equation (97.23) now reads 


/ u ^ + - > fj 


w .v,.> 

* I k i 




<f,> 

k s 


(97.75) 


The second term on the left side is the divergence 
has the dimensions of a pressure, its dependence on 
gests a tfensor character and therefore we put 


of an expression which 
the two indices sug- 




= 


<V .tl-> 
Iks 


(97. 76) 


In the elementary kinetic theory of gases the 
isotropic in velocity space. This means that 
which implies vl = vj = vl = v ^/3 so that eq. 


distribution function is 

it has the form 

(97.78) becomes, in this 


case 




(97.77) 


which we recognize as just the usual scalar pressure. Because of this 

act we shall adopt P as defining a pressure tensor. Let us now relate 

the right side of eq. (97.75) directly with the electromagnetic field. 

By definition, 


ZiV<f> 

. ® * 


= 2 / (E + vxB)//v = Z + p, / /^vd^vxB] 


= ydE + JiB 


(97. 78) 


Here, p and J are the charge and current 
the plasma. By using Maxwell’s equations 


densities which 
we can write 


arise only from 




AoJ*B = (^)xB-/ij, = (B • V)B-V~-p. 






(97.79) 
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but since div B = 0, we have for the first term on the right 


- B .B, 

B* . * * 


(97.80) 


and therefore, 


(JxB), 


B 


B*^ \ Mo 2 Mo 


(97.81) 


which expresses the electromagnetic force density as the divergence of a 
stress tensor plus a radiation term (cf. also Chapter V). The analogous 
result for the electric force density is, 


e.E .E. -S . 

0 I Jk 9 


(97.82) 


The superposition of the two force densities give 


(pE + JxB) . 


-i* 

B t 


(97..83) 


with the electromagnetic stress tensor given by, 


- + — Is.,. “ 

2 2mo/ V 1^0 


(97.84) 


and the momentum density of the electromagnetic field given by 


g = ej/io(ExH) 


(97.85) 


Therefore the alternative representation of eq. (97.75) incorporates the 
external forces into the self consistent fields in the form, 


~ Cn, + g^) (P.^ + T.^) = 0 


(97.86) 
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with the momentum density of the plasma defined by 

i - ^ N .n ^ . 

‘ ^ s S S t I 


(98.87) 


The interpretation of eq. (97.86) has already been given in Chapter V 
but for convenience here we shall interpret it anew. First note that in 
the stationary state we are left with 





0 


(97.88) 


which expresses the vanishing of the divergence of the total tensor, i.e., 
plasma plus the electromagnetic, and can therefore be considered as a 
pressure balance equation. Another way of looking at this balance equa¬ 
tion is to integrate it throughout a fixed volume of the plasma and apply 
the divergence theorem, hence 

= 0 , (97.89) 

where 2 is the surface bounding the volume. In this form the dependence 
of both and r.^ on each other is clearly seen. 


Plasma Diamagnetism— The concept of 
the following simple case. Let P be a 
equal to zero, and consider the magnetic 
lines but not necessarily homogeneously 
then reduces to 


plasma diamagnetism stems from 
scalar, set the electric field 
field lines to be straight parallel 
distributed. Equation (97.88) 






k 





0 


(97.90) 


which implies that [P + (B^/2^,)] is independent of position, i.e., uni¬ 
form in space. Thus the pressure balance equation for this case asserts 
that the plasma plus the magnetic pressure is constant. In the region 
outside the plasma the material pressure P = 0, the magnetic field is 
larger than inside the plasma. This is known as plasma diamagnetism. 
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Let us now consider an alternative representation of the law of 
conservation of energy, that is, in a self consistent form. By summing 
over all species eq. (97.28) becomes 


and from Maxwell’s equations we have the identity, 


-L [li £2 + £l'\ + V • (ExH) ) (97.92) 

2t \ 2 2fiaJ 


which upon substitution into eq. (97.91) gives 



and is easily interpreted as the rate of change of the kinetic energy of 
the plasma plus electromagnetic energy density equals the negative of the 
divergence of the plasma material plus electromagnetic energy flow. 

An alternative representation of the momentum conservation law is ob 
tained by introducing the average velocity of the whole plasma as in the 
discussion of the stress and heat flux equations [see eq. (97.33 )1, and 
expressing the fluid pressure tensor in the local moving coordinate sys¬ 
tem. Thus, 


Z m N u. 

S S 5 
S 


(97.94) 


and. 


Pii 


= 2 


mNMv. - K )(« - K >> = 

5 5 I I fe k ^ 


P. - K.V 2 mN, 


(97.95) 


by substituting eqs. (97.94)i (97.95) into eq. (97.23) w® obtain, 
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. (97.96) 


or, 




Now the equation of continuity is used in the form 

I ^ + — 

* * _ 

* T 


" sT E‘ ■ “ • 


together with eq. (97.97) to yield, 


■ I-.-'- 


(97.97) 


(97.98) 


(97.99) 


The term in parenthesis is just the total time derivative of V(r,t), so 
that eq. (97.99) can finally be written as 



(97.100) 


which can be interpreted as an equation of motion 
if V, the local average velocity of the particles 
fluid velocity.” When the pressure tensor is a 
becomes the usual Euler equation for a fluid. 


of the plasma as a whole 
, is associated with a 
scalar quantity, eq. (97.100) 


A Virial ITieorem-Eq. (97.100) is not in a 
in order to cast it into such a form we use eq. 
density term, 


self consistent form and 
(97.83) for the force 



(97.101) 
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By multiplying this equation with Jc ^ and integrating over a volume which 
moves with the plasma the first term can be written as 



s 


(97.102) 


where indicates integration in configuration space and denotes 

integration over the mass (see Chapter V). Replacing by its equivalent 
dx ./dt and since the elements of mass do not vary with time because they 
move with the fluid 


d^x. 

X ,- - d^m 

‘ dt^ 


1 — 

2 dt^ 


X .X .d^n ~ 

I I 



.(97.103) 

2 dt^ 


where,, by definition, J x^x^d^m is the moment of inertia of the fluid and 
1/2 J {dx ./dt)^d^m is the kinetic energy of the fluid. Let us look at the 
second term of eq. (97,101) and the divergence theorem, denoting by 2 the 
surface bounding the volume V, 


jc. ^ (p . )d^r = ^ i^P ik ^I 5 iik^P ik 

IT * rr y 

^ (97.104) 

By using eq. (97.95) we can rewrite the first term in the volume integral as 


2 m J N <{y - V)^>,d’r ® 2(7^ 

s * V 


(97.105) 


where is the random thermal energy of the plasma. By using eq. (97.84) 
we also find 


(l^ + . u + U , (97.106) 

V 2 


and finally from eqs. (97.84), (97.86), (97.87) and (97.101) we obtain 

the virial theorem in the form 


ifl 

2 dt^ 




2{T + U,) + U*(Pa . 

2 (97.107) 
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Self Confinement of a Plasma— The virial theorem above permits us to 
discuss briefly the possibility of self confinement of a bounded plasma. 
More precisely stated, can a bounded finite plasma generate an electro¬ 
magnetic field(s) which act on the self charges and currents to yield a 
stationary configuration? To answer this question we let the volume V 
enclose the entire plasma and field. Hence the surface integral vanishes 
since the torque due to p exactly balances that of r The time de¬ 

rivative also vanishes for a stationary configuration and therefore 
eq. ( 97.107) reduces to 

2(T + UJ + U + U = 0 . (97.108) 

H e m 

But since all the terms on the left are clearly positive this equation 
can not hold and we conclude that no self confinement is possible, More¬ 
over, in eq, ( 97.107) we can usually neglect the volume integral on the 
left side and we obtain the further result that the finite plasma must 
expand, that is, 


d^I 

- > 0 

dt^ 


(97.109) 


Consequently the more energy (all kinds) contained in the plasma, the 
larger is d^I/dt^, and the faster is the expansion. 


98. THE COLLISION TERM 

We shall now discuss the collision term that occurs in the Boltzmann 
equation. To aid us in the discussion we consider the following diagram 
which represents a collision (more generally speaking, an encounter) be¬ 
tween the elastic and charged particles denoted by 1 and 2, and for 
simplicity of discussion we shall assume they are identical. In the usual 
discussions on collisions two coordinate systems are used. One of these 
coordinate systems considers the common center of mass at rest and there- 
fore the two particles move along trajectories which are hyperbolic in a 
plane, the “orbital plane” (see Fig. 27). The other system is the labo¬ 
ratory system, a system in which the measurements of scattering are 
performed. 
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FIG. 27 


In the figure b denotes the impact parameter, which is the distance 
of closest approach of the particles when the particles do not mutually 
influence each other. The deflection angle is denoted by A, and Uq denotes 
a unit vector along the line of closest approach connecting the two par¬ 
ticles. It is in the direction of deflection of particle 1. We introduce 
also the angle /3 which is the angle between the orbital^ plane and an 
arbitrary fixed plane in space. Thus, the geometry of the collision is 
described by oi and yS. 


Prior to a discussion of collisions we want to consider some charac¬ 
teristic lengths*' which will play a significant role. The impact parameter 
**6*' corresponding to a deflection of a = n/1 will be denoted by If a 

collision takes place between an ion of charge and an electron charge e, 
the well known dispersion formula of Rutherford yields 


b 


0 


e ,e 


-A 


(98.1) 


4S5 


where m, is the electron mass, V\ is the square of the relative velocities 
of the particles. 

Ihe next characteristic length is the mean distance between the par- 
tides denoted here by o! = (l/JV)^^ where N is the number density of particles. 

The Debye shielding distance, “/»*' is the remaining characteristic length 
which was already discussed previously, given by h = (feT/JV^e and indi¬ 
cates approximately the distance over which the negative charge can deviate 
significantly from the positive charge. This formula, in the strict sense, 

IS valid only in the presence of one type of particle. But, the formula 
may be used if there are several positive species at the same temperature 

if we denote the density of positive charges by and their average charge 
by e^. 


Plasma Oscillations and Collective Coordinates— It is apropos to dis¬ 
cuss the concept of plasma oscillations and collective coordinates together. 
According to the description given previously on the significance of the 
Debye length we recognized that the Coulomb interaction, which is a long 
range force,is capable of organizing the behavior of the electrons into a 
collective motion on which the individual motions are superposed. Now 
suppose that by some means a gap or cavity appears in an electron cloud. 
Besides the neighboring electrons which tend to fill up this gap, the 
entire cloud of electrons contracts inward , say, by some small amount in 
order to keep the density uniform. But in contracting to maintain this 
uniform state, kinetic energy is acquired by the cloud and therefore over¬ 
shoots the mark. This overshoot creates a relative excess of charge at 
the center. This excess can be nullified by an expansion of the cloud, etc. 
Therefore, the result of some perturbing force which causes small changes 
in the motion of electrons which are separated by large distances is a 
long-wavelength oscillation in the density of the electron cloud. Such 
oscillations are called plasma oscillations. The frequency of such oscil¬ 
lations can be calculated in an elementary way. Let N denote the volume 
density of an electron charge cloud and suppose these charges undergo a 
displacement r from their equilibrium positions. This gives rise to a 
polarization defined by P = Ner, where e is the charge, and hence to an 
electrical field, e,E - -P. The force returning the charges to their 
equilibrium position is eE and the equation of motion is therefore given by 


ar = eE = - P = - j. 


(98.2) 
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which describes a simple harmonic motion with frequency 


CO 

p 



(98.3) 


Suppose now that we want to separate out the “collective modes of vibra¬ 
tion’* of the plasma from the motions of the individual particles themselves. 
The Debye radius then comes into consideration. For, the plasma can only 
screen out the Coulomb field of the individual charges outside a radius 
equal to the Debye radius “h”, and hence this radius must be the smallest 
wavelength of an organized collective mode of vibration, i.e., it is the 
cut-off point of the plasma spectrum. Following Bohm and Pines we derive 
the means by which we can actually count these collective modes. For a 
free electron gas the Hamiltonian in terms of the momenta and coordinates 
of the individual electrons is given by 

I 2 


(98.4) 

We Fourier analyze the Coulomb interaction potential inside a finite 
volume V, that is, we represent l/r by the formula 

1 47r 1 

— exp (iK • r) , (98.5) 

^ ^ K 

where the sum is over all allowable values of K inside V subject to periodic 
boundary conditions.^ The summation however excludes K = 0 which corre¬ 
sponds physically to the effect of the average charge density of the elec¬ 
trons in the medium cancelled by an equal and opposite fixed positive 
charge distribution, an ion as discussed previously. 


fl(r,p) 


^ 2m 2 ^ 


- r 


* Boha, D. and Pinea, D., Phya. Rev. 82, 626 (1951), ibid. 85, 338 (1952), 92, 609 (1953); aee alao, 
Hobbard, J., Proc. Phya. Soc. A, 68, 441 (1955). 

f The finite volume is required aince for auch regiona we obtain a diaorete repreaentation and therefore 
countable. The reader will recall that for an infinite region the Fourier analyeie of n nonperiodic 
function leada to the Fourier integral, a continuoua apectrum and therefore noncountable. 
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Substituting eq. (98.5) 


into eq. (98.4) gives 


H 



yi V k 2 


(98.6) 


where the infinite self energy of the electrons has been subtracted from 
the total energy H, Since a point particle can be considered defined in 
terms of a delta function, We expand the density N{t) as a sum of delta 
functions, one for each particle, 


N{t) = 2 S(r “ r .) 

i ^ 

A collective coordinate is defined by 


(98.7) 



(98.8) 


that is, they are proportional to the Fourier components of the electron 
density. But, 


Nj. = f Nir) exp (-iK • T)d^ 


so that. 


r = I exp (-iK • r .) (98.9) 


1-1 


exp (-iK • r.) 


(98.10) 


We note that the Coulomb term in eq. (98.6) can be cast in the form 

seems to imply that all of the electron motion is contained 
in the collective coordinates, and is therefore inconsistent with the 
kinetic energy term. To remove this inconsistency we allow the collective 
modes to enter only with values of K less than some fixed value, say K^, 
and write. 




exp [iK- (r^ - r^] 


i,j K 
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(98.11) 



By doing this however, we obtain a mixture of coordinates and the Hamiltonian 
loses its meaning. For, some of the coordinates describe the individual 
particle motions and some the large scale fluctuations of the electron den¬ 
sity. The coordinates are not independent of the position of the 
particles. The way out of this is to introduce the momenta which are 
canonically conjugate to the and note that the Hamiltonian is unchanged 
if we add to it the term, 


H 

T 




^ K K 




(98,12) 


The Hamiltonian can now be written*as 



- 27rfVe2 



(98.13) 


but since all the real kinetic energy is still contained in the first term 
we shall separate it out among the collective and individual coordinates 
by putting 



(98.14) 


Here, p is the momentum of the ith electron after taking account of its 
participation in the different collective motions, each with amplitude 
and polarized longitudinally which is demonstrated by the vector K in 
eq. (98.14). In order to utilize correctly the above separation of p. 
we must also separate the corresponding collective momenta, 


P 


K 





(98.15) 
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and now write the Hamiltonian H' as a function of the primed quantities, 


y~' exp [iK • (r. - rp] 


2m P V 


2rNe^ > — 


+ ff. + ffc • • 

e * p C, i 


(98.16) 


In this representation, it is clear that 


■ I ^ ‘■“kX * 


(98.17) 


gives collective vibrations of the pure plasma frequency The sum of 

the first, third and fourth terms on the right side of eq. (98.16) rep¬ 
resents the motion of the individual electrons but with a modified 
electron-electron interaction force. The term H, . represents interactions 
between collective and individual coordinates and'actually vanishes when 
averaged over a large number of particles in the volume. Finally, the 
term represents an electron-plasma interaction. 

The justification of the transformations leading to H' depends natu- 
rally on how well it separates the Hamiltonian into terms which correspond 
to independent motions of the collective coordinates and the individual 
electron coordinates r.. The separation can hardly ever be expected to be 
precise because the electrons are prevented from exactly following the 
collective motion on a small scale by their individual random motions.* 

Following Spitzer and Harm, in many actual cases the three parameters 
bg, d and h satisfy the following inequality, 


b. « d « h j 


(98.18) 


and therefore we should distinguish between four intervals for the impact 
parameter.! Interval 1 is defined by 6 < 6„, and most collisions satisfying 

Interscience Publiilier,. Inc.“ nIy (1958):’ “d Astrono»y, NunJ)«r 5, 

! Spitier, L., Jr., and Harm, R., Phys. Rev. 89, 977 (1953). 
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this inequality involve only two particles. This follows from the fact 
that the smallest distance between the particles b is much smaller than 
the mean distance d between the particles. The second interval 2 is 
defined by d = b = 6 q, and collisions between several particles often 
occur in this interval. This is an intermediate group between the well 
defined interval 1 and interval 3. Interval 3 is defined by h > h > d 
and in this interval we can not consider the collisions as independent 
since several particles will affect each other simultaneously. For this 
interval we must consider deflections in the trajectory of a particle 
as arising from the fluctuations in the charge density inside a spherical 
shell of radius h. The effect of such fluctuations can be considerable 
and can completely outweigh the effect of collisions where b < 6q. 

Finally, interval 4 is defined by b > h, and according to our discussion 
on plasma oscillations and collective coordinates, we see that particles 
with this parameter will participate in an organized oscillating motion. 
These plasma oscillations propagate in the plasma with wavelengths greater 
than h. For this region the concept of collisions loses its meaning and 
the mutual influence of the particles results in density variations which 
can be included in the left side of the Boltzmann equation (97.5). Con¬ 
sequently, in the collision term in this equation we- must consider par¬ 
ticles for which the impact parameters are bounded above by the Debye 
radius or shielding distance h. 

Because of the classification just given we shall separate the col¬ 
lision term into two parts as follows, 



(98.19) 


the first term on the right represents the effect of the close collisions 
defined by 6 ^ b q and the second term the effect of other influences de¬ 
fined through h > b > b^. 

The Close Collision Term— The term (B/^/'dt)^ is relatively easy to 
evaluate for particles which are both spherically symmetric and elastic. 
The derivation will not be given here; we discuss only the principal features. 


* Cohen, R. S., Spitier, L., Jr., McR. Routly, P. . Phys. Rev. 80. 230 (1950). 
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Let two particles with masses given respectively by m^ and m. ^, move re¬ 
spectively with velocities v and v . before collision; v' and v', after 
collision. Define the relative velocity before collision by 


° ~ ■ (98.20) 

Let Uq be in the direction of deflection of then for the velocities 

of the particles after collision we have 

v; = - 2MJy^ • Uo)Uo ^ (98.21) 

v;, = - 2M/y^ • uo)uo i (98.22) 


where, 


M 


m + m ’ 

S s' 


M. 


m + wi 


(98.23) 


From eqs. (98.21), (98.22), it is clear that if Uq is known, the 

velocity changes are determined. The vector Uq however is determined by 
the geometric parameters b and /3 in such a way that the right side of 

eqs. (98.21) and (98.22) can be considered as a function of these param 
eters. Chapman and Cowling give the result 

E III f J s (98.24) 

where the integration is taken over all values of jS and v^,, and to the 
upper limit of 6; the summation is over all species of particles, the 
distribution functions and /^, are defined by 

f, = /^(r.v;,*) 
f's' = 4'(r,v;»,t) 


(98.25) 

(98.26) 
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with defined by (98.21) and (98.22).* The integral in eq. ( 98.24) 

represents the net addition to the number of type $ particles in the 
volume element due to collisions with particles of type s' . The 

total net increase is obtained by summing over all types of particles 
In the integrand, the primed terms represent the number of particles 
entering the volume element per unit time from collisions, while 

the unprimed terms give the number lost from the same volume element by 
collisions. 

The Fokker-Planck Term—To discuss the term we shall follow 

a method used by Chandrasekhar in his treatment of Brownian motion.^ 

This term is treated in a much different manner than the close collision 
term. The basic idea is to consider a particle, a so-called test par¬ 
ticle, moving through the plasma subjected to many small deflections 
caused by those particles in the interval h > b > 6q. 

We define a function \//^(v,Av) which is the probability that a par¬ 
ticle of type s with velocity v will undergo a change in velocity Av in 
a unit time. This function will therefore describe the fluctuations of 
the test particle. Following Cohen, we shall carry over Chandrasekhar's 
treatment to plasmas.^ Consider now particles of type s at some instant 
of time t. These particles have a distribution given by /j(r,v,t). At 
a time t + At, where At is very much larger than the time period for small 
fluctuations, but small compared with the period for macroscopic changes, 
the distribution is given by /^(r, v, t + At) . By hypothesis, there is no 
variation in the spatial dependence of the distribution function during 
the time interval At. Consequently, the distribution functions at time t 
and t + At are related through the function v//^(v,Av) by the formula, 

/^(r,v,t + At) = / /^(r,v - Av,t)v/;^(v - Av,Av)Atd^Av . (98.27) 

If we assume that f^ is analytic in t we can expand it in terms of At 
by means of a Taylor series; similarly we shall expand the right side 
in terms of Av. Interpret ing (v,Ay) as (^/^/Bt)^ and since 

Chapman, S. and Cowling, T. G. , The Mathematical Theory of Non-Uniform GaseSt Cambridge (1958). 

The situation for inelastic collisions and its effect on the electrical conductivity of ionized gases 
has also been treated by P. S. Epstein, ‘*0n the Electrical Conductivity of Ionized GasesGMD42-247, 

Appl. Phys. Dept, Space Tech. Labs., Los Angeles, Calif., May 1957. 

^ Chandrasekhar, S., Rev. of Mod. Phys., 15, 1 (1943), Astrophys. J. , 97, 255 (1943). 

^ Cohen, R. S., et al, loc. cit. 
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f ^Jr,Av)cl^Ar 


1 


(98.28) 


we can therefore write, neglecting terms of order (At)2 and higher and 
also terms of order higher than (Av,)2^ 


(^t), ' 


J J 




^ 2 Z (An>^.)Vr/A.;] . 

ifi ‘ ■'■ 

(98.29) 

define the average quantities with respect to 

the function 'p^ 

<Av.>^ = jLvxjjd^Lv, 

(98.30) 

<{Av.)i>^ = f {Av.)2xljd3Av > 

(98.31) 

<iAv Av ^.)>^ = ^ Av Av .\fj^d^Av J 

(98.32) 


with these designations we can rewrite eq. (98.29) 


3 ./, • 


La.,. *2^3, +2 ZirV ■ 

j¥i > * 


(98.33) 

this i. C.il.d th. Fokk.r-PI.„ck tsr.. H, defined b, 

I'nf tT' V. •" t-«icie„ts... To ..be 

use of thee. n.e.Us .. e epeoifie situ.ti.n, the function 4, „nt bo 

.Lit' ; , ' f'-' "“‘I 

t. cll'd' ty foUo.ing on olt.tnnti.o ochemo dn. 

t. Chondcokh.,. Thi n ocbe.e ...onto to on oltorn.tivo definition of 
• 

Chandrasekhar, S., Aatrophya. J.. loc. cit. 
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the diffusion coefficients in the two-two particle approximation. Let <D> 
denote any one of the diffusion coefficients, then in the two-two particle 
approximation we have 

= Iff fDbv ^dbd/3d^v ^ » (98.34) 

the integration is extended over all values of J3 and v as in eq. ( 98.24),, 
and the b integration extends from to h, the lower and upper limits of 
6. Since / = 2 f^, eq. (98.34) yield^s 

5 

<D> = I. <D ,> (98.35) 

S / S £ 

s 


where 

<D^,>^ = SIS s • (98.36) 

The distinction between the terms and is as follows. The first 

quantity is the average value of D caused by collisions with all types of 
particles, and the second quantity represents only the part of the average 
value due to collisions with a fixed type $* of particles. The sum in 
eq. (98.35) is over all types s‘ including $* = s. We shall interpret 
the diffusion coefficients more specifically, later. 

The Spherical Polar Representation of Boltzmann’s Equation— Now that 
we have a representation of the collision term as the sum of close and 
distant collision terms, it will prove useful to transform Boltzmann's 
equation into a spherical polar form. Thus, we write. 


+ V • + — (E + vxB) • T~ 

ot dr m ^ 

5 



f J ,i)v ^ 


+ 



[f ] 

S J S'" 

(98.37) 
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because of the integral term on the right side this form is an integro- 
differential equation. To date there does not exist an exact solution 
of this equation. But with some restricted hypothesis it is possible to 
simplify the equation, and the methods selected clearly depend on the 
class of problems considered. 

Let us first suppose that v • (3/^/Br) and E are sufficiently small 
compared with the other terms so that the distribution function is ap¬ 
proximately spherically symmetrical in the velocity space. With this 
assumption we can develop the distribution function formally in spherical 
harmonics in velocity space, 

/?. ,(r,v, t)y*(e,qp) , (98.38) 


here, v, 6 and cp denote spherical polars in velocity space, and are the 
normalized spherical harmonics; the ^ are the expansion coefficients, 

By introducing rectangular cartesians in velocity space, we can write, 


= V sin 6 cos cp 


1^2 “ ^ sin 6 sin.cp 
V 3 = V cos 6 


> (98.39) 


Now 




L 477( 1 +^)! J 


in" e -Pj(cos 

d[cos dy 


(98.40) 


where Pj(cos 5) is the Legendre polynomial, and 


(yp* = (-i)-y- 


(98.41) 


while the conditions of reality require 


(7PP* = (-l)«/p- 


(98.42) 
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Let us choose the first -four spherical harmonics Fq » ^1 » then 

by using eqs. (98.39) and substituting the results in eq. (98.38) we 
can write the expansion in the form, 


/.(r.v.t) = /o,+7 • ^1, ’ 


where, 


and 


0 , i 


<4>rrl 




fo. 


(98.43) 


(98.44) 


■1 , 


/ 3 \^ 

fc) ,(98.45) 


the e. constitute an orthonormal set of vectors in velocity space. Fol¬ 
lowing the usual pattern we retain the first two terms of the expansion 
(98.43 )• The validity of truncating the expansion after the second term 
of course depends on the terms truncated and comparing them with the pre¬ 
ceding ones. This is not known a priori and therefore one must also 
calculate these terms in order to estimate the utility of a given expansion. 


If we consider the first term in eq. (98.43) as the dominant term, 
the next term constitutes a perturbation. The first term is clearly sym¬ 
metrical in velocity space, the second term provides the non-symmetrical 
features. Such an asymmetry is necessary on physical grounds since it is 
the source of the so-called currents; the symmetrical term, on the aver¬ 
age, yields a zero net current. The principal task is to evaluate the 
coefficients, /q etc. in eqs. (98.44) and (98.45). 


Another and more interesting approach to the representation of in spherical harmtnics makes use of 
the fact that for a fixed I, the constitute an irreducible spherical tensor of rank Z with 2Z + 1 
components. The expansion coefficients ^ also constitute a spherical tensor of rank m and the sum 
yields the contractiqn* of these two tensors which is a scalar. See in this connection, R. Jancel 
and Theo. Kahan, *'Etude Theorique De La Distribution Electronique Dans Uh Plasma Lorentzien Heterogene 
Et Anisutrope," Le Journal De Physique Et Le Radium, Tome 20, Janvier 1959, pp. 35-42. See also, “Theorie 
Des Groups En Physiques Classique et QuantiqueSeptieroe Partie, Groupe Des Rotations, by R. Nataf, 

Ed. Th. Kahan, Dunod, Paris (1960). 
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In order to effect these calculations, we need to transform the left 
side of eq. (98.37). By substituting eq. (98.43) into eq. (98.37) we find 


ILl 

'bt 




3t 


- +1 




(98.46) 


and since, 


V • 




Bv 


B/ 


= V 


0 , s by 

- + V •- f 

3r 3r v ^ ' 


V 3 

V bv 


(98.47) 


then, 


— [E + vxB] 

m 


h 

by 


— E • - 

m V 


B/o 


Bv 



+ — [E + vxB] • 


(98.48) 


We now consider the right side of eq. (98.37) and examine the close col- 
lision term. If we substitute eq. (98.43) into eq. (98.24) we 
obtain an expression which is quite formidable and difficult to evaluate. 
Let us therefore limit ourselves for the present to a special type of 
plasma, a “Lorentz gas.” This gas consists of only two species, electrons 
and one- type of ion, and only the electrons are influenced by collisions. 
Moreover, the collisions are assumed to take place only between electrons 
and ions, with the ions considered at rest. Under these assumptions we 
rewrite eq. (98.24), 



~ fJi)v^bdbd/3d^v. 


(98.49) 
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The details of 
We have 


where subscripts e and i now refer to electrons and ions, 
the calculations will not be given here, only the result. 





m .V 



B/, 


V 


0 . 


'hv 


+ V ^ * f 


1. e 


(98.50) 


where, 


V 


« 


IttN . ( e) ^ 


m} V 


3 


In 


1 + - 

(e)" . 


(98.51) 


is the collision frequency of the electrons.t 

The transformation of the Fokker-Planck term by means of eq. (98.43) 
gives rise to a rather complicated expression. To achieve some simplifica¬ 
tion we shall use only the first term of the expansion, i.e., the symmetrical 
part of eq. (98.43) in evaluating the “diffusion coef f icients. “ Since' at 
any time t the “test particle*’ has a velocity v we define a rectangular 
cartesian frame in velocity space with the axis directed along v. Be¬ 
cause of the approximate symmetry of the field particle distribution about 
the test particle, the average deflections of the test particle in the 
and directions must be zero. Moreover, since the deflections in the 
three directions v^, and are not correlated, the diffusion coeffi¬ 
cients = <Av2^s “ = <Av 2 ^V 3 >^ = 0, and by symmetry all 

directions in the v^, plane are equally probable, <(Av^)^>^ = <(Av 2 )'^^,‘ 
This leaves only the three independent diffusion coefficients,^ 


<(Az;3)2>^ 

2<(Ai;^)2>^ 


<(Av,,) 2 >^ * 

2<(Av 2)^>, = <(Ai;i)2>^ 


> (98.52) 


* See for example, W. P. Allis, “Motions of Ions and ElectronsEncyclop. of Physics, Springer-Verlag, 

Berlin (1956). Also, Chapman and Cowling, loc. cit.; B. J.. Dayydov, Zh. eksper. teor. fit., 7,1065(1937). 

^ This formula for the collision frequency is given by A. V, Gurevich, Sov. Phys. JETP, 3, 895 (1957). 

^ The following designations are also given to these coefficients respectively; slowing-down coefficient, 
longitudinal dispersion coefficient, transverse dispersion coefficient. See for example, J. L* Delcroix, 
Introduction to the Theory of Ionised Gases, Interscience Tracts on Physics and Astronomy, No. 8, P107, 
Interscience Publishers, Inc., New York, 1960. 
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The first quantity of this set is in general negative, and is called the 
“coefficient of dynamical friction," since it represents a measure by 
which the test particle speed is attenuated by the field particles, i.e., 
those particles which contribute to the deflection of the test particle. 

The remaining coefficients represent the mean square change in the velocity 
in directions parallel and perpendicular to the initial direction. 


Hie Fokker-Planck Term im Spherical Pelars-Instead of transforming 

eq. (98.33) directly into spherical polars in velocity space we can start 
with the function \p^ in the form 


•A, = A,(v,At;,A( 9 ,Aq)) ( 98 . 53 ) 

which represents the probability of deflections Ar, AB, and Aip of a par¬ 
ticle in a unit of time. Let us also transform by the formula 


g.(r,T,f) = /^(r,y,t)t;2 sin^^ 


(98.54) 


g. r.pr„ai,tg th. nu.ber of particle, of typo . ip .« ele.ent d.dgdv 
.round the point u, 9 ,„d N.. i„ the .... ..y th.t e,. <98.33) ... 

derived we find, 



where 



1 y _iL 

2 w B* .B*. 

Jr t j I 


[g/^Ax.>^] I 


(98.55) 


= e 


*, = (p 


We shall now evaluate the above 
polars in terms of the coefficients 
be evaluated in the binary collision 
distribution in our case this easily 
velocity space. 


diffusion coefficients in spherical 
in cartesians because the latter can 
approximation. For the symmetrical 
is established. Consider Fig, 28 in 


Cohen, et al,, loc. cit., have 
tion of the field particles. 


done 


this 


for a more general non-symnetrical distribution fnnc- 
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I • (o,o,v) 



FIG. 28 


For simplicity of discussion, the velocity of the particle is taken 
in the direction before the deflection. If we assume that both A0 
and Av are sufficiently small so that sin 6 = A5, and cos 0 =• 1 “ [l/2(A5)^] 
eqs. ( 98 . 39 ) give 


But, 


Av j 

= 

+ Aw )A0 cos ip > 




to 

= (t; 

+ Lv)bB sin (P j 


> 

(98.56) 

Avj 

= At; 

-i-(Ae)2v 

2 





(Avi)2 + (Avj)^ = 


(v + At;)2(A(9)2 , 


(98.57) 





together with the third equation of the set (98.52) yields, 

(Av,)2 

(A0)2 = - , (98.58) 

keeping just the second order terms. From the third of eqs. (98.56) w® 
obtain 



(98.59) 


(98.60) 


In a unit time the average value of eqs. (98.58) - (98.60) gives the 
diffusion coefficients 


<(A0)2> 

= — <(Av.)2> ' 

(98.61) 




<Av> 

A 

H 

< 

V 

+ 

A 

V 

II 

(98.62) 

<(Av)2> 

= <(AUjj)2> . 

(98.63) 


Substituting these results into eq. (98.55) 
for the Fokker-Planck term 


we obtain the following fora 


13 J 1 <Au, 

v* ^ L V ’ 2 w 


1 1 ^2 




(98.64) 


expression may be simplified by writing 


. <(Av 1) ^ > 

<AF> = <Av > + ^ _ 1 B , 

’ " * 2v ^ ^ [v2<(At;,i)2>J . (98.65) 
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and by using eq. (98.43) there results, 



1 B r 1 0 


▼ ^ 2r 

7 ■ ^ ” L 


1 

<AV>, ^ 


Bu J 
Bu J 


(98.66) 


With all terms now evaluated in Boltzmann's equation, let us substi 
tute eqs. (98,46) - ( 98.48 ), ( 98..500 and ( 98.66 ) into eq. (98.37 ) to 
obtain 


^fo,s 

Bt 


V 

+ — 


V 



+ V 



^(V ■ fi.,) 
Br 



'bv 


+ — [E + vxB] 


m 




V 

V 



V 



— v2 <hV> f, 

Bv L ‘ ^ 


-i<(A„ii)2> 
2 ^ ^ 



(98.67) 


where is the Kronecker delta symbol, and since we have postulated a 

Lorentz type gas it means that we do not consider any form of collision 
on any of the ions with respect to the close and distant collision terms, 
i.e., for s = i, = 0, and for s = e, = 1. 
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To carry the analysis further, we make use of the following orthog¬ 
onality property of eqs. ( 98.39 )i 

77 2 77 

r r 477 

V .V . sin 6d6d(p = — 8 . . ; (98.68) 

11 

0 

now multiply eq, ( 98.67 ) by sin 6d6d^) and integrate over & and cp to 
obtain the following result 


-+- (v^E • f, ) +1. -hi = -L -1 


3i» ^ 




jkT^v^ 1 \ B/o 

+ (-+ <(A„„)> ) 






(98.69) 

Multiplying eq. ( 98.69) by v sin Sciedq^ and integrating over 0 and cp 
again gives 


+ — E 


0, i 3/o . e 


a 


0,5 '' S 

+ V --— + — Bxf, 

or IB ^ 


' 





^ 1 ^ , 

1 . - — — 

Bv 

<AK> f, 

« 1 , s 





> 




... 



(98.70) 

<98.6, ) „d 

“ ‘ «PP“’‘i"'*tion .„d th. 

‘ rr" to tht., to.i„ .,„.tio„s f., th. 
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P ons leading to these two independent equations. 
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For the Lorentz gas neglecting ion-ion collisions, we do hot have to 
write the equations for this plasma component. By introducing the Kronecker 
symbol an artificial mode of expression for the ions enters into the de¬ 
scription. This form of expression results from being able to transform 
the close collision term into a differential form. This was not required 
for the Fokker-Planck term which arises from an averaging process. 

If collision terms are further neglected, and by retaining only the 
diffusion terms, it is possible to obtain a system of equations in a sym¬ 
metrical form. For this, on the right side of both eqs. (98.69 ) and 
( 98.70 ) we put = 1 and neglect terms not containing diffusion coef¬ 

ficients. Here too, we remark that the resulting set of equations is 
still complicated. Rather than attempt to discuss the nature and properties 
of such a system we shall consider a solution which results from neglecting 
the terms containing the diffusion coefficients. 

Although this is apparently unsatisfactory from a complete physical 
point of view, nevertheless it is plausible to expect that the effects 
of distant collisions will outweigh those of close collisions because of 
the cumulative effect of the large number of distant encounters as compared 
with the rare number of close encounters. Before we proceed however to 
find a solution for our particular case it will be worthwhile to digress and discuss 
the solutions of Boltzmann^s equation in the collisionless case. 


99. SOLUTIONS OF BOLTZMANN’S EQUATION 

Let us first recall that the collisionless Boltzmann equation is a 
first order partial differential equation. If the force F(r,v,t) is given 
and if the initial and boundary conditions for /(p,v,t) are also known, a 
solution can be found. The theory of partial differential equations shows 
that any function /(r,v,t) which is a function of the constants of motion, 
say /(uj,,,.) is a solution of Boltzmann’s equation. Indeed, we find by 
differentiation 


df B/ i 

dt Ba ^ Bt 


(99.1) 


which follows from the definition of the constants of motion. So, if we 
have the constants of the motion of the system, particular solutions are 
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known at once. Since Boltzmann’s equation is equivalent to the equation 
of motion of the particles of the system, each particle follows a path in 
the (r,v)-space so as to maintain the constants of motion, i.e., constant, 
Consequently, any function of the constants of motion only satisfies the 
equation of motion and is a solution of the Boltzmann equation. 


V/e may ask how f becomes a function of the constants of motion. The 
answer is clear when we recall that the constants of motion are functions 
of the (r,v)-space and of time, that is, = a.(r,v,t) and this implies 
/ “ /(a.,*-*). If the are independent of time we then obtain the 
stationary solutions of Boltzmann’s equation. As an example in clarifying 
the concepts let us restrict ourselves to a one dimensional motion whose 
constant of motion is time independent. We have a(xj^fV) = const., which 
represents a family of curves in the ,i; )-plane. Each particle is 
therefore restricted to move along such a curve. Now consider any region 
between two neighboring curves of the family which is filled by a uniform 
point density /. The points must move so as to behave like an incompres^ 
sible fluid which yields a stationary solution of Boltzmann’s equation. 

But this manner of filling the plane with points is nothing more than 
asserting that fix^^v) = /(a). 


For an actual three dimensional motion, the space (r,r) is six di¬ 
mensional. If we know only one constant of the motion we are constrained 
to a five dimensional subspace. If we know only two constants of the 
motion, the motion of the phase points is constrained to the four dimen¬ 
sional space which is the space common to the two five dimensional sub¬ 


spaces. The more constants known, the lesser the number of degrees of 
freedom, i.e., the more we know about the motion. Thus, by knowing six 
independent constants of the motion, which can be obtained from the initial 
conditions, the motion is completely determined. The more constants we 
know the more general solutions of Boltzmann’s can be found. On the other 
hand, if we do not know any constants of the motion we still have the 
trivial solution /(r,v,t) = const., i.e., the distribution uniform in r, 
in V and in time. The general solution is / = f(a a a ) 

j j \ 1 , ^^2 > • • • » / • 


As mentioned above, the initial conditions provide a possible set 
of constants, and these can be adjusted to fit any initial distribution 
/(r,v,0) = /(r„,Vj) which then gives the solution of any initial value 
problem. This procedure however is deceptive since in order to use this 
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solution we must know = a^(r,v,t), for each i. But if we know the 

we know the solution of the problem. If we know the five stationary 
constants of the motion we can find the general stationary solution. 

Thermodynamic Considerations — Since df/dt = 0 for the collisionless 
Boltzmann equation we have the interpretation that the probability of 
finding a particle in a unit volume of the (r,v) space is constant. This, 
of course refers to the a priori probability. If we take the entropy of 
a system as a measure of its thermodynamic probability then it is also a 
constant. In elementary statistical mechanics it is shown that this 
entropy is given by 

S ^ -k J f log fd^rd^Y + const. , (99.2) 

and by taking the total time derivative of this function it can be proved 
that 5 = const, if / satisfies the collisionless Boltzmann equation. 

Entropy preserving processes in the thermodynamics are also adiabatic, 
hence those processes which involve collisionless plasmas in any sort of 
electromagnetic field, even self fields can be considered as adiabatic. 
Suppose now that we have a plasma whose particles are contained in some 
volume say V, and also assume that the distribution function in velocity 
space is isotropic. Now if the particles participate in some collisionless 
process such that the velocity distribution remains isotropic we conclude 
that 


^TTv^dvV = const. “ 47TVQdi;QKQ , (99.3) 

because the phase volume is invariant. By setting v^V = we can 

satisfy eq. (99.3); for the two dimensional case the relation analogous 
to eq. (99.3) is 


iTTvdvV = 2Trv ^dv qV^ 


(99.4) 


which is satisfied by setting v^V = define a temperature T 

which is proportional to then 


T = 



(99,5) 


507 



obtains for the three-dimensional plasma, while 


T = 



(99.6) 


holds for the two-dimensional case. The temperature so defined is the 
kinetic temperature. To show that eqs. ( 99 . 5 ) and (99.6) correspond 
to the adiabatic equation of state when y = 5/3 and 7=2 respectively, 
we simply recall that for a Maxwellian distribution the kinetic tempera¬ 
ture becomes the ordinary definition of temperature.* The same conclusions 
can not be made for the case of collisions. In general the entropy of a 
system increases when collisions take place until thermal equilibrium results. 

Returning now to eqs. (98.69) and (98.70) we note that if these 
two equations could he solved simultaneously we would obtain a first order 
approximate solution of Boltzmann’s equation. Because of their complexity 
we shall assume the following. 


( 1 ) 


( 2 ) 


(3) 


(B/yBt)j = 0 , which amounts to neglecting the diffusion 

shall replace the value bn by the 
eq- ( 98.50 ) which means that 
represents the effect of the collisions by it¬ 
self. Thus, the integration over 6 in eq. (93 24 ) is 
extended to the upper limit h rather than just 'to bn, 

thereby compensating a bit for the neglect of the Fokker- 
Fianck term. 

Neglect the spatial gradient terms, [(v/3) • Of, /3r)] 

• This assumption forces us to ex¬ 
clude the important class of waves, the longitudinal oscil- 

, . ' . /j is independent of r and may be written 

ss t),T 

The motion of the ions is negligible, hence we shall put 
5 - e and drop the summation over s. 


Consequently, eqs. ( 98.69 ) and ( 98.70 ) become respectively 


^ e 3 

Zmy ^ 


(t'^E • f. ) 

1, e 


1 3 

-- f 

^2 Bi; ^ m. ^o,e 








(99.7) 


t 


Und.u and Lifshita, "Statiatical Phyaica," loc. cit. 

No. 25) 23 W idl: pj? 342e.343i. '' *^°'**- = 


See also, 
1959; C.R. 


Suchy, Annalen 

1958, 1st Semeatre (Tome 246, 
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and 


!!1l 1 + J_ E + 1_ Bxf 1 ^ = -v.fi , 

dt m 2v m, ‘ * 


(99.8) 


We follow Gurevich in attempting to solve eqs. 
We expand 

/o. * = /o, * + /o. S + ■ 


(99.7) and (99.8). 


(99.9) 


fi,. = f\,. ^ f\.. ^ . 


(99.10) 


and we further consider that the zero order approximation of the symmetrical 
part of the distribution is independent of time, i. e. , Now 

define the operator 

l{v ,b] = -V — Bk - — Bk + — BOB • ] • 

\ ' 3t / * ‘ Bt 3*2 ‘ m m, Bt m, 

' dt . « (99.11) 

and apply it to the left side of eq. (99.8), to obtain 

B 


m Bv 




— fJ + 3v — f? , +r3i^^. + (—) B • 
3f3 ‘Bt2 ’ L W 


(99.12) 


For harmonically varying fields. 


and 




Bt *1- * 


= icJEi 


=s icof 


1 , c 


(99.13) 


A. V. Gurevich, loc. cit., in this paper the following assumption is made for rapidly varying electric 
fields, (2a^/a^) <v> « oi where is the average value of 
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from which we derive 


pO - - -1 _ + ia))Bo]«^2(E • Bo)Bo 


m 'dv 


(v^ + e ■*■ (^e + M*] 


(99.14) 


recalling from Chapter II that ^ = eB/m^ is the gyro-frequency of the 
electron, and = B/B. To obtain an explicit expression for /§ ^ we 
substitute eq. (99.9) intoeq. (99.7) and obtain 




0, e 


' I- (r^E • f? ) + - - V 

1.« o 


2r . .0 ..IB 2 ,0 


3m j;2 Bv ^ \ m. 


/o,, + 


fey, B/°,,^ 

m. Bii 


(99.15) 


The scalar product of E = Eq exp (icot) with fj ^ yields 


e 


+ time independent term. 


(99.16) 


If represents the angle between Eq and the magnetic field Bq , the co¬ 
efficients i4j and B^ are given by 


^1 

sin^ 6(i(col^ ^ + op- 

+ v\) 

cos^ 

^0 


1 

[(to,, ,, + <u)2 + v2^] ^ ^ 

- Co) 2 + 7^2] 

+ - 

0)2 + 




sin^ df^(co^' + 0)2 

w c , e 

- v2 ) 
e 

COs2 

^0 

► 

1 

[K,. + 

- co)2 + u]] 

0)2 + 




(99.17) 


By substituting eq. (99.16) into eq. (99.15) and integrating with respect 
to time from 0 to t, we find, 


rSr“««rt2f »a‘p«t'of'X‘‘l«urprXct“'‘ “ the fin.l result,. Equation (99.1«) 
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= < 


1 1 
•.2 ^ 




— + 

Me 




m . 




m. 


'0, e 


^ t 


+ li- 

,.2 By 


, e ^/o.e , 

y2 -J5t(v i4, sin cot + oB* cos cot) sin art 


6n' 


+ constant of integration 


(99.18) 


Since fl ^(v,t) must be bounded as t -* <», the coefficient of t in 
eq. (99.18) must vanish. This implies 


dv 


— 


mv, 


( e ^e\^fo.. 

£2 — v/i + kT^ — -— + - 

V 6«2 "iy “i 


-fie 


- 0 , (99.19) 


and integrating with respect to v gives 


/, e -e'. 

£2 — V A, + kT - -rr- + - 




m . 


-n.e 


= C . (99.20) 


Again we invoke the condition that both Z® ^ and ^fo, e^^- bounded at 
a = 0 from which it follows that C = 0. 

Integrating again with respect to v we obtain 


fie = ^0 exp 


_ dvi 


£„A,c - +kT^ 

® ^ 6m 


(99.21) 


where C. is determined by 


S /.(r,v,t)d®v = Ar,(r,t) 


which in our case, after dropping the perturbation terms is 

477-* / fl = ^e 


(99.22) 
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the integration over 6 and cp having been performed.* From eq. (99.20) 
with C = 0 we have the following expression for f? ; 

i , c 




6m 


/f 


= V 


0, e 


VfeT +A,Elj 


iv, + Uo)^E - o),, ^qxE + 6;,. ,(Bo • E)Bo 

(v^ + ico)[cJ^^^ + (v^ + ic<j)2] 


L (99.23) 


with /o.e given by eq. (99.21). It is possible but not without a great 
deal of computation to find /J etc. Consequently we can not say 

anything further about the convergence of the expansions in eqs. (99.9) 
and (99.10).t 


In arriving at the non-symmetrical perturbation, eq. (99.23) of the 
symmetrical distribution ^ in the zero order approximation several 
assumptions have been made besides the hypothesis made for the formulation 
which have already been listed. We shall now summarize the hypothesis 
made in effecting the solution. They are; 


H^. Only electrons make up the plasma, i.e., we neglect 






H,. 


the ion motion. 

Electron-electron collisions are neglected. The close 
collision, term represents the collisions all by it¬ 
self and this term is only approximated. 

Spatial gradients have been neglected in the distribu¬ 
tion functions. Thus the distribution is effectively 
homogeneous in r-space. This neglect implies the 
neglect of both longitudinal waves and coupling between 
transverse and longitudinal waves. 

The solution of Boltzmann’equation holds only for those 
rapidly fluctuating E fields which satisfy 




3 /feT" 


2m ^ 

+ -^ « CO 

m . 


spherical harmonic solution of 
Boltzmann s equation have been evaluated, .nTZse 

with respecrto°UmI.“^^’'°“’”®’'"”" development 


Ue. ci... 09.2X, .oU. H ^[( 

Phys°*fedi."r6!''l36'‘a95n,"«d‘’for‘th!^ *h'* ibid, 238 , 995 (1954). Jour 

See Also, V. M. Fain, Sot. Phya. JETP Tome 20, Oct. 1959 

Co»g.. .ui feno.. ,‘io.uZioh a95^!'^' 
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We emphasize in connection with that the results obtained hold only for 

those frequency regions where the effect of ionic motions on the wave is 
negligible. Thus, for high frequencies the above hypothesis will be 
satisfied. 

100. PROPAGATION CONSIDERATIONS 

In this section we shall consider the propagation of transverse 
electromagnetic waves in an unbounded medium which can be described by the 
distribution function previously obtained. 

From Chapter II for harmonically varying fields we recall that the 
effective displacement vector is 

D = - — J + e^E (100.1) 

* CO 


we shall now write 

D = €„€ E (100.2) 

e 0 c 

where e is the effective dielectric tensor of the medium, and from these 

e 

two equations we have 



eoU. - I]E 


( 100 . 3 ) 


For convenience we shall drop the subscript e in what follows. The con¬ 
duction tensor is defined through J = hence 

a = ico€Q[€ - I] (100,4) 


and from the two Maxwell’s equations we obtain, 


1 

VxVxE =- € - 

Vl 


(100.5) 


where . From the form E = Eq exp " (M/Vq)t • n]} 

we have 
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( 100 . 6 ) 


also since 


and 


idlf „ 

VxE = Exn 

' f\ 


Vx^dE 



[E - (E • u)n] 


B^E 

Bt2 


-u^E 


eq. (100.3) becomes 


(Mn - e)E = mHE • ii)n 


(100.7) 


( 100 . 8 ) 


(100.9) 


Equations (100.3) and (100.9) with an equation for J will determine the 
index M and €. The expression for J in the plasma is obtained from 


J 



(lOO.10) 


with defined through 


J* = / /,(v,t)vd®v . (100.11) 


For the plasma under consideration, = /o s (v/v) • but since 

as already stated the symmetrical part /q,, contributes no current we write 


J = 



( 100 . 12 ) 


i.e., the total contribution to the current comes only from the electrons. 
Using eqs. (98.39) and integrating over 6 and cp we obtain 

^(v,t)dv . (100.13) 
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Substituting eq. ( 99.23) into (100.13) and the result into eq. (100.3), 
setting Bq = ©31 we find, after equating coefficients of the unit vectors 
relations 


(Cll 1)^01 ^12^02 ^13^03 


^ 21-^01 ^^22 1)^02 ^2 3^03 


^ 31^01 ^ 32^02 ^^33 ^^^03 

where, 


47r 


3 m €ju) 

e 0 


An 


3 m^e-QCo 


47T 


v*f^[(v^ + ico)^Ef,^ +co^^ ^{v^+uo)E^2^ 
(v^ + ^ + (v^ + ico)^] 

•HVg + + (^e ■*■ 




dv 


dv r 


3 m^e^cx)} icSjlcd^ + (v + ico)^] 

c ^ f ® 


(100.14) 


6(^e)' /o,e 

y --^ (100.15) 

kT + A^El 


Since Eq is an arbitrary vector, we can now equate the coefficients of 
its components on both sides of eqs. (100^ 14 ) to obtain the further 
relations, 


^11 ^ " ^22 ^ 


477 


3 wi^€q 


[ v^/ (v^ + io))dv 

co[co^ + (v + ico)^] 


, (100.16) 


^33 " ^ 


477 e ^ 

3 ro _€ / 


dv 

•' c 

a;(v + iico) 


(100,17) 


^12 = 


2 1 


47t 


3 B € ^ 


f^dv 


[a)2 -I- + ico)^] 

*■ , c c 


(100.18) 


and 


^13 = ^ 


23 ®31 


■32 


(100.19) 
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As in Chapter IV, we define the quantities e-|^, 
formulas 


€2 and €3 by the 


^1 

= ^11 

+ i€l2 

(100.20) 

^2 

^22 

‘^12 ° ^22 ^^21 ’ 

(100.21) 


^33 

i 

(100.22) 


using eqs. (100. 16 )- (IQO.18 


we find the explicit dielectric coefficients 


477' C()2 

i v*dv 

3 ff 

e 

Co[cO - (ci)j^ ^ + iv^) ] 

iTT 

f fydv 

3 )V. . 

co[co+ (Ciic, t ~ iv^)] 


( 100 . 23 ) 


( 100 . 24 ) 


3 N cj[a; “ iv 1 

e 


( 100 . 25 ) 


ivhere is the plasma frequency of the electrons. If & denotes the angle 
between the applied magnetic field and the vector n, 


n • Cj = cos 0 


( 100 . 26 ) 


we may assume without loss of generality (as in Chapter IV) that the wave 
normal direction n lies in the x x -plane. From eq. (100.26) 


(Eo • n)n = (sin^ + sin & cos + (sin 0 cos 0Eg^ + cos^ ^ 53)63 

( 100 . 27 ) 

by substituting this result into eq. ( 100 . 9 ) yields a system of equation 
from which the index of refraction can be determined, 


(^'-^ 11 )^ 01 -^ 12^02 = 0 

-^21^01 + cos^ 0 - £ 22 )Fp 2 - i|/2 sin 0 COS 0E g ^ 
sin 0 COS 6^02 + (M^ sin^ 0 - = 0 


( 100 . 28 ) 
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For nontrivial solutions to exist we must have the determinant, 


(€33 cos^ e + €11 sin 2 6')llP‘ - [2ene33 cos* 6 + (€13633 + efi + 6*2) sin* 

+ (€*1 + € 2^)633 = 0 (100.29) 

or in terms of the (dielectric coefficients this dispersion relation 
becomes, 


1^3 ^^1^2 “^2 "^1 - (e2-l)(ei-l)Jsin* ^ ^ 


■ ^^ 3 ^^2 +«i ~2) +^€3 -j (€2 +€i) - J (£3 -DCej +«i -2) + (£3 




~\^3 +ei)jsi 


(€2 ^ 1 ) sin^ 0 = 0 


(100.30) 


We introduce the notations 



and express eq. (100.30) in the form 
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M* = 1 + 


2(1 +P, sin^ 8) 


+ (Pj - Pj) sin^ 8 ± /(Pj + P 3 )® sin* 0 + Pj cos* 5 


. (100.32) 


Polarization—-We choose besides the unit vectors ® new set of 
vectors 6 ^j and 6 ^ such that 


e. = e. 


sin 6^^ + cos = n i 


= cos ^ sin fiCg , 


(100.33) 


and 


£oi = £ 


'02 


'03 


0 # - 
Pjj cos 8 


£g^ sin 8 


(100.34) 


By substituting the first two equations of (100.34) into the first equa¬ 
tion of (100.28) we find 


(W* ~ ^12^0£ 0 = 0 , 


(100.35) 


the polarization is by definition (see Chapter II), 


Q' = - 




~ (®2 “ ^ 
Al’-iu, + ,,) 


(100.36) 


where we have used the definitions ( 100 . 20 ) and ( 100 . 21 ). 


Conputational Considerations—A glance at the polarization Q' above 
shows that in principle its computation is simple if we have and 6 ^ 
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3 ut this simplicity is deceptive when we look at the formulas defining 
these quantities. The integrals defining these quantities are themselves 
not simple. Similar statements hold for the calculation of all of the 
properties of a plane electromagnetic wave, i-e. , phase velocity, refrac¬ 
tion, attenuation, etc. Thus in order not to render the theory already 
developed useless we shall make some further assumptions in addition to 
those already made. These assumptions permit us to find alternative ex¬ 
pressions for the € . and hence to effect the required computations. 

We assume first that can be considered as constant. More precisely, 
is some average collision frequency so chosen that the e. obtained from 
it is the “best*’ approximation in some sense, to the found by using the 
more exact expressions Cl®0*23)-( 100.2 5). Since A is also a function of 
V through it now becomes independent of v. Therefore eq, (99.21) 
reduces to 


where, 





(100.37) 


(100. 38) 


with j 4 = i4j when = constant. With this assumption we see that the 
symmetrical part of the distritution function is now Maxwellian with 
temperature which is called the effective temperature. 

From the normalization eq. (99.2) we evaluate (7 q by 


Co 



(100.39) 


and 


substituting both 




eq. (100.37) and (100.39) into eq. 



(100.15) we obtain 


(100.40) 
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From this form we easily evaluate 


r v*f^dv 


2tt YTTkT'J 


(100.41) 


and therefore eqs. (lOO.23 )-(lOO.25) become 


6 , = 1 -^--- , ( 100 . 42 ) 

colco co^ - iu i 

*• j e e 


Ej = I'-r— -—^ . (100.43) 

COLO) + 0) - IV J 


c , e e 




* ^ co[co - iv ] 


(100.44) 


Statistical Meaning of the Dielectric ^efficients— It is worthwhile 
to explore the statistical significance of the dielectric coefficients € 
For this we consider eq. (99.8), first multiply both sides by the tensor 
[(I'it'P/vld^T =^/y)d^Y and then integrate over all v. [Isinf eq. (98.43) 
we can write the average value of v as 

5 


N <v > 

S 5 



(100.45) 


since ^ contributes no net value, i.e., 
if we put 


it is symmetrical. 


Moreover 


<v 


2 

1, 


> 

s 



> 

s 





s 


(100,46) 


it follows that 



s 




= 7 • (100-47) 

i — 1 sj 
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Now put (l/2)m^<Vj> = ii/2)kT'^, utilize both eq. (100.45) and (l00.47)i 
then eq. (99.8) can be replaced by the following 


€ € 

— <v>- -^<v >xB = “V <v > (100,48) 

Bt ^ m OT * s s 


an equation which holds for each type s. But this equation is just the 
equation of motion for each type of particle when subjected to the forces 
due to the other particles and given by ^ • Here is a constant 

average collision frequency for particle of type s. Using this interpreta¬ 
tion we can consider our plasma medium now to contain an arbitrary number 
of types instead of only two. Neutral particles are also included in this 
description. Since eq. (100.48) has the same form as eq. (99.8) and the 
solution can be obtained from eq. (99.14) if we make the following re¬ 
placements 





dv 


(100.49) 


From eqs. (100.10) and (100.12) we can write 

J = ^N^e<y> 

s 


(100.50) 


and following the pattern which led to eqs. (lOO.23 ) “ (lOO.25 ) > we obtain 
in the new approximation 



(100.51) 



(100.52) 



(100.53) 
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where is the plasma frequency of type s particle. The € . given by 
by eqs. (100.51) - (100. 53) are substantially the same as those obtained in 
Chapter II, hut here we have the effect of collisions. These values of 
6^ now enter into the calculation of the index of refraction M and the 
polarization Q" • 

In order to use the results just obtained the following additional 
hypothesis must be given. We shall denote them by 

^12' species affect each other, i.e., mutually in¬ 

fluence each other. For each type s, this effect 
is contained in the factor which appears in 

the equation of motion (100.48)‘ 

^13* neglect longitudinal and coupled wave phenomena, 

that is, the particle densities are assumed 
uniform in space. 

Thus replaces //^, and since is concerned with 

the solution of Boltzmann s equation it does not enter at all in the 
above treatment. 

We want next to examine the validity of our last hypothesis and to 
assess its utility. This entails a comparison of the microscopic and 
macroscopic theories. Since we only know the results of the microscopic 
theory for a restricted region the comparison will be carried out for it,* 

Microscopic versus Macroscopic Theory— Let us denote by and 

respectively, the dielectric tensors obtained from the macroscopic and 
statistical theories. From eqs, (lOO.23)-(100.25 ) and the preceding 
hypothesis we can write 


€ 


( s ) 


3 iV coico - iv ] 

e e 


while from eqs. (100.4?)-(100.44 ), 





oj[co - iv 


(100.54) 


(100.55) 
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Assuming the statistical theory to be the more accurate one we introduce 
a correction factor k and relate the quantities and by 

(g(s) _ ]L) = “ 1) (100.56) 

which essentially corrects Now this correction parameter is not an 

independent variable but should be a function of the impressed frequency 
O). Following Gurevich we consider two situations; (a) weak electric fields; 
(b) strong electric fields. Thus for (a): Eq « 6kT ^) , 

Gurevich shows graphically that for co < 5v , k differs markedly from unity 
which implies that in this region is not a good approximation, and 

differs from the correct value by at least one order of magnitude. A com¬ 
parison at the low frequencies is not complete because to is restricted by 
the condition ctJ >> /2/3 ( eE^f'^kT + (2ni^/ni^)» For the second case (b), 
Gurevich finds that for co > the value of k is closer to unity than 

in case (a), and therefore the microscopic theory is a more valid approx¬ 
imation. 

The implications which follow from the above comparisons based on 
the parameter k are the following. For sufficiently high frequencies o), 
the tensor € is essentially independent of the two descriptions and since 
the macroscopic description is the simpler one, its use in this frequency 
region is justified. The same conclusions can not be made for the low 
frequency case because the deviations between the two descriptions yield 
results which can differ by an order of magnitude. The use of a macro¬ 
scopic description at low frequencies is questionable. Our remarks in 
this case however should be qualified. At lovf temperatures the motion 
of ions must enter into the description and according to the comments 
above a comparison between the two theories is not rigorously possible 
for this situation. Thus, where the gyro-frequency effects become im¬ 
portant we can say practically nothing about the agreement of the two 
descriptions. We note further that in the comparisons between the two 
theories the effect of a strong magnetic field has not entered. 

Collision Effects at Loir Frequency— -Despite the lack of a simple 
microscopic description for the low frequency case we can still gain some 
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insist by using the macroscopic theory to study-propagation * Let us apply the results just 
developed to examine the effects of collisions on low frequency propaga¬ 
tion of transverse electromagnetic waves along the magnetic field. For 
simplicity we shall deal with a two component plasma, electrons and one 
type of positive ion, with the plasma being over-all neutral. With these 
assumptions we make use of eq. (100.32) and put 6=0, then Pj and P^ are 
the only quantities which enter and from eqs. (100.31) we have 



(100.57) 


where the subscripts 1 and 2 refer, respectively to the positive sign of 
the square root, that is, the extraordinary mode, and the negative sign, 
which yields the ordinary mode. From eqs. (100.51), (100.52) we obtain 


Ml 


(O) ^ CO ,)cO^. 
*•16 c ^ c f i I 


^kco-co iO)~CO .)^ 

L. ''I « « c f i i 


CO 




V .Ca?. 

t i 


1 --i 

CO 


(cO + co^^ + ^C, 




(a)-a) + 1 ^^ (co~co .)^+v^. 

L c, e e c , i' 

(100.58) 

VO? 




[(oj + Cdc^ (co-^co^ 


where 
the i 
by ~co 


CO . 

I 

ons 

^ , e 


(100.59) 

, i are the plasma, gyro and collision frequencies of 

respectively. Since M^ is obtained from Ml by replacing co,, . 
and . by ^, we need only to treat . Now put 


= Pi " i<ii , 

and since the charge neutrality implies 

CO col + Cl) co^. = 0 

c , I e c , e I ^ 


(100.60) 


(100.61) 


The Influence of See for .xn.ple, I. M. Vileneky. 

i Teoret. Fie. Vol. 2^ l!‘^pp. 42-56 (19^)! * *"**‘'"*”“ lono.phere, Zh. Ek.per 
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we find by equating the real and imaginary parts of eq. (100.58) with 
eq. (100.60), 


a)[{co-co^ [(co-co^ 

a[(Q) - + j/] [(^ _ ^)2 + j^2] 

where 

co^ = + ^2 ^ (100.64) 

P Cl 


(100.62) 

(100.63) 


= 1 - 


[(a)-w^_ ^)2 +v2J [(w-to _ .)^ +v2] 


The Magneto-Hydrodynamic Approximation« Low Collision Frequency —We 

shall assume that a « co^ , and v. « co, . and that the collision fre- 
quencies satisfy approximately the relation 


V . 

I 

V 

e 


f\j 



(100.65) 


which yield simpler relations for Pj^ and q-y above, namely 


( 100 . 66 ) 


(100.67) 

C I I 


where co^ » co^ has also been used.* If we set 

p « 



There are a variety of different expressions given for electron-ion collision frequency, some of which 
are more complex than that above. See for example, M. Nicolet, J, Atmos. Terr. Physics, Vol. 3, p. 200 
(1953); T. G. Cowling, Proc. Roy. Soc. (London) Vol. A 183, p. 453 (1945); R. C. Maxumdar, Zo. f. fysik, 
Vol. 107, p. 599 (1937). 
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“i ■ 


( 100 . 68 ) 


we find, 


M, = 



(100.69) 



while for OL^ , 



a 


= otj i/i^ 


(100. 71) 


there results the same expressions except that the factors [l - {v^^loxjd^ ^)] 
are replaced by [l + ^ ^) ] • Introduce the mass density 


p = N m + iV .fli. 

^ e e II 


(100.72) 


and the exact expressions for the quantities co^, and Q ^ to obtain 


Ct) 


pyi 

BH 


(100.73) 


where 7^ = Assume that pVl » BH and since [l + {v\/ox^^ ^)'] » 1, 

the expressions for and simplify to 


a 


2 



(100.74) 
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and also used, 



(100.76) 


(100.77) 


The polarization is obtained from eqs. (100.36) (100.57)> 

Q[ ^ f and Q' = 1 » (100.78) 


hence both waves are circularly polarized. This conclusion is seen to be 
independent of the number of species in the plasma regardless of collisions, 
Let us however compare the /3 . just found with the collision free case. 
For this we consider the interval 


for this interval 


n. » 

I 


w > 10 



CO » 



I 


we have approximately 



(100.79) 


(100.80) 
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(100.81) 



This shows that for the two waves, the propagation constants are equal 
and hence their phase velocity is given by 

-'/2 

> ; (100.82) 

eq. (100.79 ) holds only for a restricted interval and for this interval 
both waves have a phase velocity equal to the Alf'C'en velocity but modified 
by the presence of collisions, namely the ion collision frequency and also 
the wave frequency. This result should be contrasted with those obtained 
in Chapter II, in the absence of collisions. The next interval to con¬ 
sider is defined by 

10_1.> CO > 10’^ -^ 

CO . . 



For this interval the full expressions (100.69), (100.70), (100.74) and 
(100.75), are to be used. In an interval about 

v\ 

CO = -(100.83) 


the values of and and differ significantly. Substituting 

eq. (100.83) in the above stated expressions leads to 


Y 


1 



(100.84) 


for the phase velocity and 
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V 


(100.85) 





using the fact that ^ we obtain 


V 


2 



( 100 . 86 ) 





(100.87) 


For this interval we note the distinction in the phase velocity for the 
two waves, one of them is a modified Alf'^en velocity while for the other 
it is F, which is modified. It is not difficult to show from eqs. (100.69) 
and (100.74) that > V^. 

The last interval to examine is 10"^(v2/&)^ j) .$; « = 0, and we have 



( 100 . 88 ) 


(100.89) 


which implies Oi^ ^ 
voke the condition 


ttj or Fj > Fj, as already asserted. If we further in 
V « CO we find a. « a, and also, 

i c , i ”*■ 


F 


1 


= F, 


F = 



(100.90) 







(100.91) 
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Summarizing, we have in the magneto-hydrodynamic approximation, 

« a when collisions are considered (low collision frequency) the 
following statements, 

(1) The polarization is the same as in the collisionless 
case. 

(2) In the frequency region, > 10 {v^co^ ^ .), the 

phase velocity of both waves approximately equal to the 
Alf^en velocity, and the low collision frequency is not 
a significant effect. 

(3) In the interval, 10 .) ~ ci) ~ 10 ^ * 

the effects of collisions deviates markedly from the 
collisionless case. Here the different polarized waves 
have distinct phase velocities. The wave with polari¬ 
zation defined by Q' = “1 has a phase velocity which 

is greater than for polarization defined by Q' =1 and 
its velocity differs least from the Alf^en velocity. 

(4) In the interval, 10^^ {v\/co^ ^ ^ 0, the phase velocity 

of both waves tends toward zero as OJ -* 0. But if " 0, 
the phase velocity approaches the Alf^en velocity. Also, 
as *-♦ 0, the waves are heavily damped since the damping 
constants increase without limit. 
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CHAPTER JX 


RADIATION IN A PLASMA 


INTRODUCTORY REMARKS 

Radiation phenomena has been and no doubt will continue to be the 
subject of intense investigations for a long time. Its scope is vast, 
ranging from atmos to cosmos, and its philosophical foundations are still 
being probed. The technological importance of the subject is impossible 
to assess completely. 

The study of electromagnetic radiation in isotropic homogeneous media 
is still proceeding at a fast rate, particularly in applications, e.g., 
antennae, etc. Studies of radiation phenomena in anisotropic media have 
just recently received more attention, the motivations arising from con¬ 
trolled fusion experiments, astrophysics, ionospheric phenomena, e.g., the 
sources of natural very low frequency phenomena, Cerenkov radiation and a 
multitude of other natural and man made phenomena, e.g., high altitude 
nuclear bursts. The qualitative aspects of some of these phenomena are 
well understood but still more are not. 

It is desirable therefore to seek a better understanding of the radia¬ 
tion due to sources in anisotropic medium which is also lossy. Radiation 
properties in such media have been explored considerably by Soviet scientists 
in connection with the phenomena of Cerenkov radiation mentioned a,bove. An 
excellent account of this phenomena is found in Jelley. Later, scientists 
in the United States, Great Britain, Australia undertook a serious study of 
radiation processes in ionized gasses in order to understand better the 
complex phenomena which take place in these so-called plasmas. The possi¬ 
bility of extracting useful devices from such studies also provide a strong 
motivation for the continuance of these studies. 

However, radiation phenomena in anisotropic media is not limited to 
just plasmas. Anisotropy is present in ferrites, crystals (as we have 
already seen in Chapter II), artificial dielectrics, photo-elastic materials 
in which stress birefringence is present, and in semi-conductors to mention 

just a few. 
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In the present chapter we consider first, from an elementary point 
of view, the radiative processes in an ionized gas in the absence of a 
magnetic field, following the work of Westfold. This part of the chapter 
is given because it provides an insight into the connection between the 
scattering processes and the macroscopic index of refraction. 

Following this we formulate the radiation problem in a general 
macroscopic anisotropic medium in which we assume thatboth electric and 
magnetic current densities are the sources of radiation. The media which 
are considered are restricted to be linear, and the anisotropy is sub¬ 
sumed under a dielectric and magnetic tensor, whose elements are in general 
complex valued. It is shown that the calculation of the resultant fields 
requires the construction of a Green's dyadic or tensor which is a general¬ 
ization of the Green's scalar function in the case of an isotropic medium* 
This Green's tensor for an unbounded region is, in the case of an electric 
and magnetic medium, given by a super matrix. That is, a matrix whose 
elements are matrices themselves and indicates the coupling of the electric 
and magnetic properties of the medium. The calculation of the Green's 
tensor is facilitated by use of the Fourier transform and explicit formulae 
are developed. 

A brief discussion is given on power dissipation and some related quad¬ 
ratic forms as preparation for a later section in which these concepts are 
applied. 

The interesting and important problem of wave excitation due to a 
distribution of oscillating electric dipoles constrained to a plane of 
arbitrary orientation is treated in some detail. 

The radiated power from both electric and magnetic dipoles is dis¬ 
cussed and formulae are given for the calculation of the wave impedance 
of these dipoles. Here, it is important to mention that only the real 
part of the impedance has physical significance. 

We then consider the formulation of the problem of electromagnetic 
scattering and reflection indicating the potential applications to low 
frequency phenomena. 

Finally, we sketch the solution to the problem of a slot radiator 
and magnetic current sheet embedded in a non-isotropic medium, both of 
which are treated as boundary value problems. 
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*f 

Particular and interesting problems which are direct applications o 
the theory are relegated to problems for the reader. 

We have not calculated radiation patterns as these are tedious and 
difficult to treat in the general case, nor have we discussed radiation 
from relativistic charges since these topics have been treated elsewhere. 

An extensive bibliography is given at the end of the chapter of the 
pertinent work on radiation in non-iostropic media and in particular we 
mention here the works of Kogelnik and Abraham. 

101. RADIATIVE PROCESSES IN AN IONIZED GAS 

In this section we shall consider briefly the microscopic processes 
of absorption and emission and the electromagnetic scattering by the other 
particles of the ionized gas. The electromagnetic scattering is substan-- 
tially the process which implies the macroscopic refractive index of the 
medium. 

Although Hartree, Darwin and others have considered in great detail 
this relation between the refractive index and electromagnetic scattering 
it seems appropriate here to discuss it on a more elementary level than 
that given by the above-mentioned. In an ionized gas, the scattering, 
absorption and emission associated with the electron motion dominates over 
the same processes associated with ion motions. 

We recall that the average motion for a free electron of mass m, charge 
e under the influence of an electromagnetic field (the externally applied 
uniform magnetic field is absent in this discussion) is given by 

m(v + vv) * e(E + vxB) (101. 1) 

where V is the average velocity of the electron induced by the field 
(E,B) and V is the average collision frequency. 

Provided that v « (where is the speed of light in a vacuum 
reference medium), the scattered field which results from the induced 
motion of the electron is equivalent to a current density ev. If N is 
the electron density, the coherent scattered fields of all the electrons, 
which are affected by the induced field, are equivalent to an induced 
current distribution of density 
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J = Ney 


(101.2) 


and this is the only source distribution of the field. The scattered 
field consequently is identical with the induced field and hence must 
satisfy the field equations 


curl E + — = 0 

3t 


curl H “ 




(101.3) 


For time harmonic fields, we find from eqs. (101.1)-(101.3), * the wave 
equation for E (in rectangular cartesians), 


V^E + jjL^e^co^M^E = 0 


where 


(101.4) 


* P iq 


cot 


1 - 


CO 


2 + v2 


q = 


^ CO^ + 


(101.5) 


( 101 . 6 ) 


co^ is the electron plasma frequency. Now, 


enE + Ner = 


€ ico 
0 


(v - ico) 
^ v2 


(101.7) 


so that, 


with 


J = ctE 


( 101 . 8 ) 


Ne^ (v “ ico) 



(101.9) 


For t; « Fq, eq. (101.1) reduces to u + vi; = {«/.)£, a result easily obtained when it is written in 
(Saussian units. 
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Let us now write 


E 


Eq exp 


lO) t 




( 101 . 10 ) 


and put 


M 1 (complex index of refraction), 


hence, 


which implies, 


(fj. - ix)^ = P - iq 

^2 _ = P. 

2p.x = q . 


(10I7II) 

( 101 . 12 ) 


(101.13) 


Here, ju. is the real refractive index, and y defines the absorption index. 
Both E and H are related by 


H 


M 


nxE 


(101.14) 


which shows that H is transverse to n, likewise for E. 


Cross-Section for Absorption by a Free Electron—The Absorption Coeffic¬ 
ient— V/e shall now derive the expression for the absorption coefficient 
from the concept of absorption cross section of a free electron of the 
ionized gas in a radiation field, by considering the scattering properties 
of the medium. 

Now the energy of the radiation field plus the magnetic energy of^the 
current distribution is the total energy of the electromagnetic field. 

The energy density of the current distribution can be expressed in terms 
of the current density and the vector potential A, of which it is the source 
function. Any radiation field is a linear superposition of plane monochro¬ 
matic waves of all frequencies and propagating in all directions, hence we 


* 

G. Burkhardt, loc. cit. 
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can consider plane wave fields of the form of eq. (lOl.lO)- We shall 
denote quantities corresponding to a frequency f = ct}/2TT by subscript f. 

Thus the energy density expressed in terms of the field quantities, cu*"' 
rent J and vector potential A is given by* 

<V,> . ^ (sjEp *M,|e|’) • A‘) (lOl-'S) 

for time averages over a period 1//. For the PoyiLting vector we already 
know it is given by 

= •^i}e(Exff*) . (101*^5) 


By definition. 


E - 


BA 

Bt 


ioA 


( 101 . 17 ) 


or. 



O) 


hence, 


A 





(101.18) 


(101.19) 


using H from eq. (101.14), and J from eq. (101.8 ) all quantities are now 
in terms of E. Therefore, 


<V^> 


4 




nxE 



but since n is real and E is transverse to n we have 



( 101 . 20 ) 


( 101 . 21 ) 


* 

Strtttoa, loo. eit., pp. 134, 457. 
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also, 




( 101 . 22 ) 



= —^— fle[{E * E* )A/xH " (E • Mtn)E*] , (101.24) 


but since E * n = 0, we find that 


<s.> = „ fle[|E|^(Mf + iX/)n] 


. ^lEP. . , UOI.^S, 


or, by eq. (101.23), 


<S,> . — <u.>n . (101.26) 

According to this formula we see that since phase velocity 

in a medium of dielectric constant defined by {p,q), hence this is the 
velocity with which the energy propagates. 

The average rate of absprption of energy by an electron from the 
fieldisgivenby 


<Wt> * — eRc(r) • ReiE) 


^-eReii’E*) . (101.27) 

4 
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For an average electron the current is given by 


J . (v - ico) 

— = er = — E = — - E 

N N m ^2 +^2 


(101.28) 


hence, 


<W,> = -Ri 


{y - icd) _ 

-E • E 


(101.29) 


or. 


e V 

<Yi,> = — 


^ 4m j ,2 + ^2 


|E| 


(101.30) 


This formula shows that there is an over-all extraction of energy from 

the field only due to collisions of the electron with other particles of 

the gas. Also, during a part of any period the rate of absorption of 

electromagnetic energy is negative, and this represents the emission 

stimulated by the field. In the absence of a collision, it is balanced by 

an equal amount of energy absorbed from the field during the other part of 

the period. Consequently is the net absorption over a period, and oa 

the average, is transferred to the heavier ions with which the electron 
collides. 


The absorption cross section for a free electron denoted by a, is 
ined hv * 


defined by 


<Wy> = a^<s^> 


(101.31) 


where <s ,> 


find, 


f> is the magnitude of <s^>. From eqs. (101.26) and (101.30) 


we 


2^/SV + ^2 


(101.32) 


The 


energy absorption coefficient is by definiti. 




Na, 


Ne^ 


V 




" o - 2 /.^ 0 1.2 + 0,2 “ 2 ^2 + ^2 


•(101.33) 
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102. RADIATION IN ANISOTROPIC MEDIA 


In this section we shall consider the problem of radiation in an un¬ 
bounded homogeneous anisotropic medium. First we shall give a general 
formulation of the problem and then apply the results to some situations 
of both theoretical and practical interest. 

It is desirable to start with Maxwell’s equations for the time har¬ 
monic case and include in the description external magnetic current 
densities denoted here by M. The complex amplitudes E,H,J and M are then 
bound by the relations 


VxE = " M 

VxH = icoi qCE + J 


( 102 . 1 ) 


here J is the external impressed current density. In what follows J and 
M are assumed to be given. The quantities € and are respectively the 
dielectric and magnetic tensors. The elements of these tensors are in 
general complex quantities. If the externally applied uniform magnetic 
field is parallel to the axis we know that the structure of the dielec 
trie tensor is 


e 


hi -i€2 0 \ 
0 

\ 0 0 ^ 3 / 


( 102 . 2 ) 


an exactly similar structure holds for media which are magnetically 
anisotropic, that is, for a ferrite with a permanent applied magnetic 
field in the direction, 




r 

-i/ij 




Ml 

0 

(102.3) 

» 

0 

^ 3 / 
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We remind the reader that even though a magnetic current density is not 
exactly a physical reality but rather a mathematical artifice it is 
useful in exploring the formal duality between dielectric and magnetic 
media. 

For J = M = 0, plane wave solutions of the form E = yield, 

KxE = , (102.4) 

KxH = - coe^eE = -coO , (102.5) 


where K is complex. This form of Maxwell* s equations can be rewritten in 
the form of matrix equations when we recall that the vector product of two 
vectors is equivalent to a skew-symmetric matrix times a vector. Hence, 


KxE 


and we now write, 


/ 0 -^^3 


K, 


0 -K, 




E ^ KE 


KE = CO B , 
KH = -cuD . 


( 102 . 6 ) 


(102.7) 

( 102 . 8 ) 


The scalar product of n with both sides of these equations shows that B 
and D ate transverse to n. We also find that^ 


B E = D • H 


From eqs. ( 102.4 ) and ( 102.5 ) we have, 


H = - /T i RE 

^0 


(102.9) 


( 102 . 10 ) 


* 

t 


**■...?' General Theory of Magnetic Masnes .t reat and in notion, (in French). 

L'Electricite', Toaie 64, No. 7, pp. 350-356, (1955). See also aepter V. 


Revue Generale De 


We use the term tranaverse when the scalar product of two complex vectors (or at least one is complex) is 
rero. If both vectors are real we use perpendicular. The term transverse in the more general sense arises 
from the definition of inner product as in the calculus of variations. Thus transversality does not coin- 
cide with geometric perpendicularity. If the fields E(t), etc. were linearly polarized we would have per¬ 
pendicularity, but since we have in general, elliptic polarization wc use the term “ transverse. ” 
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E 


€*^KH 


( 102 . 11 ) 


- 1 


coe. 


we note that the matrix K can not be inverted because it is skew-symmetric 
of odd order which has zero determinant. By substituting H from the first 
equation into the second and E from the second into the first we obtain, 


(Ke-iR + = 0 , (102.12) 

+ kle)E s 0 , (102.13) 


where, 


^0 


"Vo^o 


(102.14) 


We define, 


W„ B Ke-'K + (102.15) 

as the magnetic wave matrix, and 

^ + fegg (102.16) 

as the electric wave matrix. By arguments similar to those used in 
Chapters II and VII, it is not difficult to show that 

det Wj, - det - 0 (102.17) 

is quadratic in and we designate these roots by /(J./fg* The value 
is related to by 

. (102.18) 

If, as in a non magnetic medium = I the identity matrix, we find 


KK + k^e 


(102.18') 



but since K is skew-symmetric, KK is symmetric and we can decompose it as 
follows, 


where, 


Kf - 


Kl - 


K\ - ifZ 



Kl Kl Kl = K^ 


(ifi K^) - K^I 


(102.19) 


( 102 . 20 ) 


denoting now by K the column vector with components K., and by K' the 
transpose or row vector, we can now write, 


w- = KK' - Kn + ku 


( 102 . 21 ) 


It follows from eqs. (102.13) and (102.21) when /i. = I that the condition 
for propagation, i.e., non-trivial E, is the vanishing of the determinant 
of (102.21). Recalling from Chapter II, that n = (sin 9 cos 0, sin 6 
sin (pj cos 5), we find 


det sin 2 (9 + €3 cos^ e)(K^ - Kl) {K^ - Kl) 


( 102 . 21 ') 


(ef " ep sin^ 6 + + cos^ 6 ) 

2(ej sin^ ^ ^3 6 ) 


2(ej sin^ 6 + cos^ 6 ) 

( 102 . 22 ) 

The vanishing of the determinant V!^ of course is nothing more than the 
Appleton-Hartree equation and eq. ( 102 . 22 ) gives the refractive indices for 
the ordinary and extraordinary waves respectively. We note that for real 
£ 1 . 62,€3 the indices are real (a lossless medium), but if €3 and/or £3 are 
negative, and if ^ ^ 1 > both JKj and/or Ml can be negative for some range 
of 8, hence the indices become imaginary. In this case we say that the waves 
Cut off (at a certain frequency), i.e., the plane waves cannot propagate. 
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Let us note that if we did not assume plane wave propagation^ the 
same formalism that was used in deriving the wave matrix Y!^ can be used 
to derive the wave equation. We simply replace K by V and by and 
thus obtain 

f W' - VU - — e)E = 0 , (102.23) 

V n I 


the elements of the matrix W' corresponding to KK* , i.e., K1K2 corresponds 
to 

Eqs. ( 102.1 ) for /Li = I then yield when J ^ 0 , M * 0, the form 

(W' - V2I - kle)E - -imoJ . (102.24) 

103. the tensor (OR DYADIC) GREEN'S FUNCTIONS 

Let us return to eqs. ( 102.1 ) and note that since Maxwell's equations 
are linear we can seek the solution of the inhomogeneous system (102. L) in 
the form, 


where, 


‘E(r)“ 



"j(r')' 


ae 

G(r,r’) 


_H(r)_ 

. 


J!(rO_ 


(103.1) 


G(r,r' ) 




(103.2) 


and each element of the super matrix G(r,r') is itself a dyadic Green’s 
function. The integral in ( 103.1) is taken over all space, i.e.. 


f dr' = Iff ^ dx^dx^dx^ 


It is advantageous at this point to consider the Fourier transform 
of the expression ( 103.1 ); denoting by E(K) etc. the Fourier transform 
of E(r), 


S49 



E(r) 


1 


E(K)c‘‘**'dK 


(103.3) 


fheK,* 




E(K) 


E(r)e‘*''dr 


(103,4) 


the integration over K is three-dimensional as for r-space. We want now 
to utilize the S-function and its Fourier Transform in a formal manner. 
Recall that by definition 

■Cos ® /(*l) . (103.5) 

and 

*(*1^ ” (103.6) 

ITT -CD 

.the three dimensional transform is defined by 

S(r) = 5(rj)8(»2)8(*j) = —. (103.7) 

87T.® 

The Fourier Transform of the matrices etc. will be denoted by ggj, 

etc., hence, 

, etc. (103.8) 

877^ 

From the relations ( 103.3 ), ( 103.4 ), ( 103.8 ) substituted into 
eq. ( 103.1 ) and assuming the validity of interchanging the order of 
integration of r and K space, we obtain 


"E(K)‘ 


■j(K)‘ 


= g(K) 


.B(K). 


_M(K)_ 


(103.9) 


*7® defining here the Fourier Trensform with the factor 1/^^ for reaeons which will become apparent 
later when we use the 8-function. Thusi we depart from the symmetrical form used in Chapter I. This 
departure should offer no conceptual difficulty for the alert reader. 
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where 


ff(K) 


S£/(K) gB^(K) 

g,,(K) g^,(K ) 


(103.10) 


To understand the above formalism better it is instructive to consider 
the case of only one external current density vector J / 0, M = 0. From 
eqs. ( 102. 24) and ( 103.5 ) we see that E satisfies the wave equation if 
G^^(r,r) satisfies 


(W' - vn - fej€)Gg/r.r') = -r') (103.11) 

where the operators V,V^ and operate only on r. We assume also that 
interchange of r andr^ in the order of integration is valid. The con¬ 
nection between and the wave matrix is obtained as follows. From 

the identity 

(W^ - V^I - fe2£)e-*KT « ^ (103.12) 

we multiply both sides by’Vj^, then by and integrate over K space 

and find that 


^-lg-<K-(r-r')^ (103.13) 

satisfies e(i. (103.11). This is the Green's tensor for the unbounded 
anisotropic medium with no extena1 magnetic current densities. For future 
use it is desirable to calculate explicitly ^ when. /i. * I. At this point 
it is worth mentioning that the use of the mathematical system employed in 
Chapter II so fruitfully is not directly applicable for the inversion of 
. A detailed calculation yields, [for € given by eq. ( 102.2 )] , 







det (W*)W;^ = K*m' 


-K^kl 


:^(n2 + n|)+eg(n2 + np '*’^^2”2"3 

-ie^inl + «p+e,3ninj e^Cn^ + n\)^e^{n\ + np ie^n^n^ 

ie^n^n^ Cid + np 


'‘ 2 ) + 


+ feS 


/ 


^1^3 




^^2^3 ^1^3 


g 2 — c2 


= K*xja' - K^Jfe^L + fcje 


(103.14) 


or, 


w-p 


w. 


adjoint of 


D. 


det W^ det Wjj 


(103.15) 


where D^ is the matrix on the right side of eq. (103.14). Thus we have, 


GjjCr.r') 


Stt® J 


D 


iK*(r-r' ) 


® det W, 


dK 


(103. 16) 


since Dp is not a constant matrix it can not be brought outside the 

e 1 

integral. Denoting the integrand by Igj(r,r') we write more compactly 


G^j(r,r') = 


ICOIJbf) 

877 ^ 


D,I,,(r,r')dK 


(103.17) 


and we see that the problem of determining the field E is therefore re¬ 
duced to evaluating the integral (103.17). We shall return to this 
problem later, after we determine the elements of D^. 


104. GENERAL CASE 

Returning now to the more general case, we shall calculate the trans¬ 
forms of the elements of G. By taking the Fourier Transform of Maxwell's 
equations (102.1) we obtain. 
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- iKE(K) = - - M(K) 

- £KK(K) = it^eo€E(K) + J(K) 

from which we further obtain, 

E(K) = -[iKH(K) + J(K)] 

io^e Q 

H(K) = [tKE(K) - M(K)] 


(104.1) 


(104.2) 


By substituting these expressions back into eqs. ( 104.1 ) and some suitable 
rearrangements there results, 


(K/i“^K ^ kle) E(K) = - xK^t-iM(K) 

(Ke-^K ^ Ifegya) H(K) = iKe-^J(K) + ia)e„M(K) 


(104.3) 


or in matrix form, 



(104.4) 


The inverse of the matrix on the left is easily established since it is 


diagonal, therefore, 



By comparing eq. ( 103.9 ) with eq. ( 104.5 ) and using eq. 
find 


(104.5) 


(103.10) we 
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(104.6) 


g,/K) g,,(K) 




^iW-^Ke-i icoe^yi'g^ 


which establishes the relations between g^j(K), etc. and the wave matrices, 
i. e. , 


gjj(K) = ia)/XoW"^ 

g,^(K) . - iWi^K /x-i 


(104.7) 


We now want to calculate ggj and ggi^ when //.= !. From the basic 
equations (102.15) and (102.16) we -can establish the identities, 


= €-ikw;i 

fegW-i - - ;t-iKW-V' 


We have already calculated for ” I, and from the last identity of 

eqs. ( 104.8 ) we find, 


fegw -1 = 


-— r(ii'€ii)/f^nii^ ” + fejl det €"1 (104.9) 

det Wp ^ “* 


where n is a column vector, n' its transpose is therefore a row vector 
and hence the scalar, i.e., quadratic form, 

n'en = (nj + ^ 3 ^ 3 * (104.10) 

det € « ■" ^ 2 ^ J {10^. 11) 

the matrix S is more involved. 
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^1^3 ^ “ ^2) 


^^2^3^2^3 '*' ^1^3^ 1^3 


From eq, ( 104.6) we obtain 


" 1^36263 + “ €p 

^1^3 ^2(^1 " 


V3^1^3 ^ ^^1^3^2^3 


1712^362^3 ■*■ ^1^3^ 1^3 


^2^3^1^3 " ^^1^3^2^3 


^£J 


ic^fM^ 
det Wb 


[Z^^nn' - K^k% + fe Je] 


2n2£^€3 + { n \ + np(€^ - e ^) 
(104.12) 


(104.13) 


’//Af 


det W 


[(n'eii)ifSn' - + fegleaCe? " ef)] • (104.14) 


E 


Power Dissipation and Quadratic Forms —Before we proceed further with the 
application of the formal apparatus developed in the foregoing we should 
consider the connection between power dissipation and some related quadratic 
forms. These quadratic forms permit us to systematically classify the dis¬ 
sipative properties of the propagating media, i.e., media which can support 
propagation. 

To fix the ideas here we shall at the risk of repeating ourselves (see 
Chapter 5) first consider the expression for the Poynting vector in vacuum. 
We further assume J “ M = p =■ 0, where p is here the charge density, i.e., 
we take div D = 0. Thus, 

s = ExH , 

and in a time interval dt, the influx of energy per unit volume is given 
by 

- div s dt = • ^ + E • dt . (104.15) 

whose interpretation has already been given. For a lossless medium in 
which the process of building up an electromagnetic field is a reversible 
one (an idealized situation) we can establish the mathematical criterion 
for it quite simply. This criterion is used in thermodynamics, mechanics, 
etc. and is nothing more than the statement that the right side of 
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eq. (104.15) is an exact differential. This means that there exists a 
function u(t) such that 


(u‘— + E‘^']dt = du . (104.16) 

in which u(t) is a function of the time derivatives of the field but not 

an explicit function of t. The net energy absorbed is therefore in this 
* 

case, 

t 

■“ divsdt a u(tQ) “• u(t) . (104,17) 

For isotropic media, in which B = pH, D = eE with €, p scalar functions 
of position only, eq, (104.16) gives, 


- — (H • B + E • D) dt = du 
2 dt 


or, 




B + E • D) 


(104.18) 


For anisotropic media, in which (M, € are tensors whose elements are 
functions of position only the following expression can be verified. 


1 1 

div sdt . - d(H • B+E ' D) +— 

2 2 


H • (M-p') —+ E 


(€-£') 


3t 




dt 


(104.19) 

where the prime indicates the transpose of the tensors. It is clear from 
this expression that only if the second term on the right side vanishes 
the left side will be an exact differential. Consequently, the necessary 
and sufficient condition for this to hold is that both 




€ 




(104.20) 


For fields such that the values of E, D, H, B andtheir time derivatives arc equal at and t, the net 
energy absorbed is clearly zero. So, for a complete eycle of field variation the power absorbed is zero. 
See, A. Tonning, loc. cit. 
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i,e,, the tensors are symmetrical, which is the condition for a lossless 
medium, and the energy density is then al so expressed by eq. (104.18). 

A more general type of linear medium can be conceived than those- 
given above, namely one in which, say D depends on its previous history, 

r* 

D(t) = K(t - T)E(T)dr . (104.21) 

- -00 

If we put E(t) » with E now complex, and if e{co) is the Fourier 

Transform of K(t) we can write, 

D = eioj)E (104.22) 

all quantities are now complex, i.e,, (E, H, B, D) and €(a)). Vfe can, 

without introducing any specific constitutive relations deduce conditions 
for a lossless medium. We use time harmonic fields for the discussion, 
and complex amplitudes. Thus, 

- div s = —~ jRc div (ExH )dt 

2 

» --Re div (ExHe*‘“*)dt 
2 

if this is to be an exact differential the integral over one cycle must 
vanish. Because of the periodicity of the fields in time, we have after 
integrating over one period the result, 

Re div(ErfI*) - 0 (104.24) 

as the condition for a lossless medium. Now recall that Maxwell s 
equations 

VxE + icJR = 0 , 

VxH “ ioD = 0 , 

imply 

Im (E* ' D + H* • B) “ 0 , (104.25) 

* We have in mind here crystalline media. 
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(104.26) 


and we can state, for a lossless medium, 

— (E* • D + H* • B) = u 
4 

is real for arbitrary complex fields and arbitrary real co. If now we 

introduce the constitutive relations defined through tensors, €, a 

lossless medium implies € = (€')*, jLt = (m')*. that is, the tensors are 

* 

Hermitian, and conversely. 

V/e want to construct now the quadratic forms which characterize the 
loss properties of a plasma medium. We start with the expression for the 
average complex power fluxing from a unit volume enclosing the sources of 
the field. For convenience we repeat the expression here, 


— div (ExH*) 
2 


- (H* • curl E - E • curl H*) , (104. 2 7) 

2 


and from eqs. ( 102.1), we can write, 

div (ExH*) » ioj[E • e^€*E* - H* • - E • J* - H* * M . 

(104.28) 

Let us consider this expression in matrix form, and note that 


E • c’E 


E . J 


E'eV: H* • ^ « H '/iH 
E'J*, H* • M = H*'M 


(104.28') 


since eq. (104.28) is a scalar equation its value is not changed by taking 
the transpose, hence we can write 


div (ExH*) = .ico[e„E*'€*'E - " J*'E " M'H* . (104.29) 

First put J = M « 0 and introduce Q as the power dissipated per unit 
volume] also define 



expression can be derived for the energy density, corresponding to u 
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where 6 ^, 
hence 


- i/Xj ; 


^1 = Y (€ + €*'); fti = Y(Ai + /i*') ; 


€5 “ (£ * €); P'2 = (p p) i 

2 i 2 i , 


^ (104.30) 


. 1 . * / 

62 , JJ'i, 1^2 Hermitian matrices, that is, etc, 


div (ExH*) = 


We define Q by. 


ia)[eQE*'(ei + ie 2 ^®' “ PoH*'(^i " iP 2 )ffi 

co[- €^E*'e^E + Ujt’e^E - PoH*'PjH - iPoH*'PjH] 

(104.31) 


Q - Y [eoE^'fijE + PoH'Vaffl (104.32) 

which is a real quantity because and Pj are Hermitian, that is, Q “ Q • 
We recognize Q as a quadratic form in E, H. 

For a lossless medium Q - 0 for all E, H and it follows that both 
^2 ” ^2 “ therefore € and /Ji are Hermitian. 

For a lossy medium, Q must be positive, i.e., Q > 0 for all non-zero 
values of E, H. The conditions for this are easier to see if we cast Q 
into a more general form. We define the matrix 


0 \ 

\0 


(104.33) 


and put, 


F 


'E\ 


(104.34) 


The fact that these matrices are Hermitian can be verified directly from the structure of € end fl as 
given by eqs. U02.2 ) and ( 102.3 )* Of course the theorem is true for any matrix. 
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then Q takes the form 


0) I — ^ „*n 

jF yF - yri//; 


(sum on i,j = 1,2, 


6 ) 


(104.35) 


Now we recall a basic theorem on quadratic forms which says that a quad¬ 
ratic form is positive definite if and only if all of its principal minors 
are positive. This means that the determinants 


711 ^ 


rii ri2 
'^21 *^22 



■yii 

'^12 

ri3 

> 0, 

^21 

^22 

■>'23 


rai 

r3 2 

73 3 


> 0 


det y > 0. 

an analogous theorem applied to quadratic forms 
in the above we find that for a lossy plasma, 


(104.36) 

of Hermitian matrices as 
(non-magnetic), 


Im < 0, Im fij < 0, (Im > (Im . 


(104.37) 


If the medium is characterized by both 6, /i, the inequalities (104.37) are 
supplemented by the same ones with € replaced everywhere by /z. 

If we consider as a special case now plane wave propagation and put 
K = K, - iK,, where K represents either the ordinary or extraordinary mode 

L i 

we find from eq. (104.31) that 

2lKJn • -Re(ExH*) = Q (104.38) 

' 2 ' 2 


and for a lossy medium in which () > 0, we must have 

sign IK 2 I = sign n • Re (ExH ) . (104.39) 

If the medium is lossless, Q = 0, eq. (104.38) implies that either 
IK 2 I =* 0 or n is perpendicular to the mean Poynting vector. In the first 
case there is no extinction of the wave and in the latter case the wave 
is cut off, i.e., it does not transport any power. 
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105. WAVE EXCITATION 


In a great many fields of application it is important to know quan¬ 
titatively what happens when a bounded charge distribution in space is 
set into motion. In particular, we should like to know what modes will 
be excited in a magneto-ionic medium. For this, we examine the electric 
field resulting from a system of oscillating electric dipoles of equal 
dipole moment and constrained to lie in a plane. We can calculate the 
E(r) field from a knowledge of which is now given explicitly by 


G 


EJ 


(r,r') 


i 


+ fe2e 

cfK- exp [-iK 

n^€n(ft:2 - Kl)(K^ - iq) 


(r " r' )] , 
(105.1) 


but for the case at hand it is preferable to use the transform, namely 
j. simplicity of calculation we assume that the plane continuous 

dipole configuration is represented by a current distribution of the form, 

J(r) = IS(m • r) . (105.2) 


Here, 8 (m • r) is the delta function, m defines the normal to the 
plane (which contains the origin) of the dipole distribution and I is a 
complex constant vector whose value is determined by the dipoles polar¬ 
ization and amplitude density. Eqs. (103.1) and (103.8) give 


E(r) = — • r')dr'dK . (105.3) 

Stt* J 

At this point we utilize the property o£ the S-function,^ 


S(aflc) = S(^) , 


(105.4) 


which when applied to S (m • r' ) leads to 


1 /^1 ^2 \ 

8(m • r') = -j-i 8— + xj 


m 3 2 


(105.5) 


R. Q. Twifls and J. A. Roberts have analysed the electromagnetic radiation from electrons rotating in an 
ionized medium, (magneto-ionic) under the action of a uniform magnetic field. They show that a oug e 
radiation ia emitted predominantly in the extraordinary mode the ordinery mode xs nlno weakly excited 
ewen for a Tnniahingly amall electron denaity background plaama. The methods employed however are matne- 
matically intricate. Austr. J. Physics, Vol. 11, pp. 424-496, (1958). 

Landau and Lifahitz. Quantum' Mechanics, Non Relativistic Theory, p. 17, Addison-Wesley, 1958. 
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where i 0, which is equivalent to assuming that the dipole distribution 
does not lie in a plane containing the Xg axis. Substituting this quantity 
(105.5 ) into eq. ( 105.3 ); 


E(r) 




/“l "*2 \ 

g,,(K)Is|^—>rfr'dK , 


87T m. 




1 ® 2 \ . / 

s[— ^ » 

.. V'J ") / 


(105.6) 


the last integral can be written as 


1 

477^ 


r r® 

dxJdxg 

-do 



+ 


x'je‘***’ rfxg 



dx ^dxl^e 








by eqs. (103.5 ) and (103.6 ). and by defining 


K 


II 



(105.7) 


and a repeated application of eq. (103.5 ) we can finally express 
eq. (105.6 ) in the form, 


E(r) 



g,,(J(.m)Ie-‘*.“-' dK, 


(105.8) 


the argument in all functions is now From the expression for 

from eq. (104.13), and from eq. (103.14) we must now express all of the 
quantities as functions of in and K , hence 
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- K^^klhim) + fejc] 


ioyzo 
det ,YI^ 

now from eq. ( 102 .. 2 r') we can easily verify that if n = (sin 9 cos cp, 
sin 6 sin cp, cos 9) we can write sin^ 6 e ^ cos^ 6 = n'€n so that 

det = kln'eniK^ - Kl) (K^ ~ Kp 


and in terms of K and m we can now assert that 


E(r) 


2ncde.m*^ 


(ifW 

iK\ - - K\,) 


dK 


(105.9) 


In this formula K, K propagation constants of the ordinary 
and extraordinary modes with wave normal n, defined by eq. (102. 22). This 
integral is best evaluated by using the calculus of residues from complex 
function theory. It is however instructive to carry out some of the de¬ 
tail for this situation. We make use of an elementary theorem in complex 
function theory which states that if /(■^„) 1® analytic function in. the 
complex K -plane whose only singularities are simple poles at points 
K^ 2 ’ ••• with respective residues Cj, a^, ... etc., then 




fio) + Y. 

1 



(105.10) 


In our case we consider separately the functions and A , where 

A. (k; -KiiUn-n,); i" each case the expansion of fi^^) is finite 
so that we have the representation in partial fractions. 

By definition, the residue of ^ pole K^j is lim {K K 

as -* Since the poles are at ±K in all of these functions 

the residues are respectively at these points, for 







Ki/h-. 

^sl/2^1., 2 ’ 

-^.l/2^,2 . 



1/4, 


- 1/^.i2N.2 . 

- i/r.,2A,,, 

> l/^s2 2^1,2y 

(105 

where 2 

= cifii -n,). 




Morse and Fealibsch, Method, of Theore^ioel Physics, Vol- I, p. 383 MoGrss-Hill Co., 1953. 
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Hence, by eq. (105.10), 


r 


» 

"a 

A 


K\ 

n I 


m 1 




m2 


^ 1,2 V ^. -^.1 


K + K , K - K_, K_ + K, 


+ 1 


K 


ml 


K 


ml 


K 


JR'2 


' m2 


2 ^. 2 V ^. -^.1 ^ m -^.2 ^ m +^ m 2 


1/^.1 1/^-1 1 /^ 


ffi2 


l/K 


m 2 


2^1,2 V^m - ^.1 


K - K 


m2 


K + /< o, 

m m2J 


. 


(105.12) 


we note that in the second equation of (105.12) there is no constant tera 
in the expansion as in the first equation of this set, likewise for the 
third equation. The appearance of the constant term in the first equa¬ 
tion, as we shall see, gives rise to a delta function source of the result¬ 
ant E(r) field. 


We can now apply the residue theorem, but first noting that since 
the medium is assumed lossy this implies that the imaginary parts of 
and K^2 negative. Thus to effect the integration of eq. (105.9) wd 

close the contour by a semicircle of infinite radius in the lower half bl 
the complex K^-plane. Thus the only poles of interest are and 

remaining poles ’"^^2 excluded, they lie outside the contour 

of integration, in the upper half plane. The case in which the imaginary 
parts of and K are positive is interesting in the sense of growing 

waves, but we shall not discuss this here. The residue theorem now reads, 


00 




-iK (in*r) 
e « 


clK 

m 



m 

Residue of — e 
A 


(mT ) 


at K . 


and similarly for the remaining functions, except for the first integral 
above. The theorem applies either for (m • r) ^ 0 and so we shall replace 
m • r by |m * r|, also there are no singularities of any of the integramds 
on the real axis of the plane. Carrying out the integrations and re-^ 
placing / e ‘ by 27.8 (m • r) we finally have, 
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E(r) = 


2a£Qm'em 


2i8(m * r)inni' + 






“i/f.i m-r 


K. 


where, 






K 


m2 



(105.13) 


Dgj(Km) = K^mm' - i^HgLCni) + feje 


This result shows that both the ordinary and extraordinary modes, i.e., 
plane waves with wave normal m and -m are excited. The amplitude of the 
field E(r) is determined by the amplitude and polarization of I. We 
mention that the plane of polarization of I itself need not coincide with 
the plane of the dipole distribution. The excited waves decay with 
distance from the dipole source since the are in general complex. 

The polarization of the excited waves, however, depend only on the con¬ 
stants of the medium and the wave normal but not on the polarization of 
the source. 
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106. RADIATED POWER 


In this section we shall consider the power radiated by alternating 
current distributions, both electric and magnetic. From equation (104.29) 
the average complex power radiated by a volume element dx^dx^dx^^ith. source 
distributions J(r),M(r) is 

dP = - 1 (J*'E + (106.1) 


and the total power radiated is 

P = - (J.*'E + H*'M)rfr . (106.2) 

Eqs. (103.,1) and (103.2) lead to 

P = -Ijdrdr' | [J*' fr') + J*'fDG^^^Mrr') 

+ J*'(r')G*'M(r) + M*'(r')G*'M(r)] (106.3) 


by utilizing the Fourier Transforms of J, M and the Green's tensors we 
can write, 


P --f drdr'dKdK'c«"J*'(K)g£j(K)J(K")e-‘t'-<*-*'>"''-‘»‘*"^^+.. 

167r^ J 

(106.4) 

where the dashes indicate the other integrals. In all there exist fif¬ 
teen integrals, but if the integrals over r and are evaluated by the 
use of the delta function, c.g., by equations of the form, 

f = 8773ii(K-K') ; 

the fifteen integrals are reduced to only three, by the further integra¬ 
tions over K' and K". The result of these operations yields 

P = - 47^3 / cK[J*'(K)g,jJ(K) + J*'(K)g^,^(K) 

+ (M*'(K)gj,^J(K))* + (M*'(K)gj,V«(K))*] 

(106.5) 
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This formula for the radiated power from both electrical and magnetic 
current distributions simplifies when M = 0 or J = 0. Hence for M 0, 
we have 


P = - 477 ^ / J*'{K)g^^(K)</K ( 106 . 6 ) 

and for J = 0, 

j P = - 477^ J (M*' (K)g„^CK))*clK . (106.7) 

I 

I Thus the power is expressed in terms of the Fourier transforms of the cur- 

I rent distributions and the elements of the super matrix g. This form of 

the result is not unexpected when we consider it in the light of Parseval's 
relation. Let us apply the preceding results to the case of an oscillating 
elementary dipole of moment p and located at the origin of the coordinate 
system. We can then write 


J(r) = ia>p8(r) 


The Fourier Transform of this distribution is 


J(E) = 


lCc>p 


and by substitution into eq. (106.6) we obtain, 


16 rr^ J 




now define the matrix 


Z « R 4 tX 


877^ J 




so we can write 


( 106 . 8 ) 


( 106 . 9 ) 


( 106 . 10 ) 


( 106 . 11 ) 


Ct)* 

P - — P^'Zp 


( 106 . 12 ) 


Worse and Feshbach, loc. cit, VoK p 456. 
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Note, that the decomposition of Z is such that R is Hermitian and iX is 
skew or anti-Hermitian (X is Hermitian). The expression for the power 
becomes 

p = f^[p*'(R + iX)p] (106.13) 


in which both p*'Rp and p*'Xp are real numbers.* To evaluate. Z we con¬ 
sider its explicit form, 


Z = - 


1677^ J 


j(K) 


ft2n'ea(J(2 - if2)(if2 - Kl) 


dK 


(106.14) 


Now introduce spherical coordinates in K space with volume element 

dK = sin fidedifdcp (106.15) 

and in order to cover all K-space the ranges of K, 6, and cp are respectiwel 
(-00, -Ko), (0, tt/2), (0, 27t). Therefore we can write 

ml 2 


lOftj 

877^2 


sin Bid 


00 2 TT 

\^\ 

-00 0 


dcp 


/f 2 D,,(K) 


n'€n(/f2 - K\){K^ - i(|) 


(106.16) 


and the expansion of the integrand is 


X^Dg/i&i) 


= XW + -k% + 




(106.17) 


Let us also define the matrices 


277 

N . i| 


2 77 


M = 


7T 


Ldqj , 


(106.18) 


which is permissible since both , ifj are functions of co and 6 and net 
of 9 . The integration over K is effected by the residue theorem, in *Aieh 


This ia a direct result of the properties of an Hermitian matrix. 
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so that 


Z 


^0 

Qrrkl 


'rTj2 


F sin 6 
n'en^Kl - Kl) 


d& 


(106.22) 


If we introduce a new variable u = cos 6, then since n'en = sin* 6 + 
£3 cos* 6 = - e^Iu* and from eq. (' 102 . 22 ') we find 


K\ - Kl = 




el - el - £^£ 3 ) (1 


u*) + 4£|£*it* 


n 6n 


hence 


z 



F(u) 

h(u) 


dll 


(1D6.23) 


where the elements of the matrix F are now functions of u, and hiu) is 
the scalar function /~ above. If we multiply numerator and denominatof 
by [/i(u)]* we can write the result as 


z 




&7Tk\ J 
0 


[h(u)]*F(u) 

■ au 

lh(a)l* 


(106.24) 


and finally, by introducing the characteristic impedance Zq 



R 



-Re{[fi(u)] *F(u)}du 

lh(u)l* 


(106.25) 


This is the matrix which must be used to obtain the real power radiated 
by the elementary dipole. It is clear that in the general case as prs^ 
sented here the problem of calculating the real power is reduced to 
evaluating the integrals to obtain the matrix elements R^j of R. Thii 
is not a trivial task, the difficulty arises from the complicated fortl 
of the roots of the Appleton-Hartree equation (102.22)- 
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where is the magnetic dipole moment. As in the case of the electric 
dipole we first calculate the spatial Fourier transform, 


M(K) 


877^ 


(106.31) 


From eq. ( 106-7 ) we find analogous to eq. (106.12), the complex conjugate 
of the power, 



(106.32) 


where the complex impedance matrix is defined by 

K ■ - ^ [ ■ R. * «. 

877-3 J 


(106.33) 


which is a decomposition into a Herraitian and skew-Hermitian part. The 
real power radiated is again obtained from R^. The matrix is given 
by eq. (104.14) and we obtain 


77/2 


-ia£^ 




0 t 



' 

sin 6d6 

dK 

) ■ 

-00 *0 


277 


(n*+ ^oIe3(ei ~ ^\)) 
n'enOf^ - K\)(K^ - Kj) 


(106.34) 


The integration over cp can be carried out as before and analogous to M 
we define 


277 


j2e^€^^{e\-e\) sin^ 6 cos^ 9 


=-l 

" 77 


&/cp =1 2i€2€3 cos2|9 2€j€3+(€2-ep sin^ B 

0 0 ^^1^3 cos2 0+ 2(€2~€2)sin^ 


(106.35) 


The matrix N is as before, the partial fraction expansion of the integrand 
of eq. (106.34) and an application of the residue theorem permits the 
integration over K to be performed. Finally, by introducing the trans¬ 
formations from the 6 variable to u and expressing the results in terms 
of the free space impedance and , yields as in the electric dipole case. 



107. ELECTROMAGNETIC SCATTERING AND REFLECTION 

In this section we shall formulate the problem of electromagnetic 
scattering and reflection in terms of the Green’s tensor. We assume that 
the infinite homogeneous medium contains a collection of scatterers and 
that these scatterers occupy a finite region of space. The basis of the 
formulation is the inhomogeneous source ec^uation for the electric field 

Vx(VxE) - (107.1) 

and the definition of the Green’s function 

Vx(VxG) - - t' ) (107.2) 

where I is here the unit tensor and G is a function of both r and r . 

To give a meaning to the above equation we recall that the Green's tensor 
defines three vectors, either its columns or rows. V/e consider the vectors 
formed from its columns so that stands for the vector from the i-th 
column, and the j-th component of this vector is denoted by Gj We also 
consider the complex conjugate of eq. ( 107.2 ) namely 

Vx(VxG*) - kl€*G* = i/io"I8(r " r') • (107.3) 

Now take the scalar product of eq. (107.3) with E, and that of eq. ( 107. 1 ) 
with G* and subtract giving 

E • [^(^*)} -G* • [^(VnE)] + kl[G\ • ^ - E • eV.] = i/Uo“[BjS(r -r' ) + J • G*] . 

(107.4) 


But we can also write 


E • e*G* = 

€, .G. ,E . 

kj ik J 


GP eE = 


, sum on ,j 


f 


(107.5) 


and since k and j are dummy indices, we can write the difference of these 
bilinear forms as j - from which we can conclude that if 

E is Hermitian e* = e .. and so the difference would vanish for this case. 

It J ] It 
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F„ = n'eniKl - KpJi - - /fpM. + - e|) . 


Therefore, 


(106.36) 


77 1 


duF (u) 


^ot«l + (^3 - «!)«='] (if? - if?) 


(106.37) 


and to find we take the Hermitian part of F^. It is clear from the 
structure of M^, that for the lossless case, this matrix is Hermitian. 
The structure of the matrix is 


R 


m 




(106.38) 


where in the lossless case, 

1 


fi.i 


77 1 

^ ^0^0 J, 


F^.{u)du 


+ (€3-€i)u2](if2 -)f2) 


, (i = 1,2,3) , 


(106.39) 


with 








Re {n'€ii(if5 -if?)(l - u2) - fe2(if? -if*)[2eie3 + (e? - e?)(l - u^)] ' 
+ 2kl(K^ - K^)€^(e\ - epy , 

Re {-2feg(if? -if?)e2€3u2} , ^ 

Re {2ii'6ii(if? - if5)u2 - 2fe2(if» - Kl)[2e^e^a2 + (£? - €|)(1 - u®)] 

+ 2feJ(/fi -if2)€3(e? -€|)} . ^ 

(106.40) 
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A further simplification results if we use the following identity for any 
two vectors A, B, 


A • [Vi(VxB)] = (VxA) • (VxB) -V • [Ax(VxB)] (107.6) 

which when applied to eq. (107.4) yields the result, 

V • [G>(VxE)] -V • [Ex(VxG*)] + 

= i^tow[Ei8(r - r') + J • G*] . (107.7) 

We integrate this equation over a volume which is bounded by a system of 
surfaces enclosing the scatterers and by a large sphere which encloses the 
entire source scattering system. We denote by n' the unit normal pointing 
out of the volume and by the operator with respect to r'; since the 
medium is lossy the integrals over the surface of the infinite sphere 
vanishes. The use of the divergence theorem and the property of the delta 
function then yields, 

iMo^<^i(r) = /n' • {[G*x(V'xE)l - tEx(y'xG;)] }dS' 

«s 

(107.S) 

The integrals over 5 refer to the scattering surfaces, the volume integral 
involving J gives the incident field at r. The resulting equation is an 
integral equation for E. 

If the tangential component of E vanishes (e.g. when the scattering 
surfaces have large conductivity compared to the medium in which they are 
embedded) then from the identity 

n' • {E(r' )x[V'xG’^.(r,r')] } « [V'xG* (r,r' )] •n'xEt'r^) ^ (107.9) 

which expresses the condition on the tangential component, the integral 
involving this term vanishes. If besides, the tensor € is Hermitian then 
the final Green's formula gives the resultant E field as the sum of the 
incident plus the scattered field. The above formulation permits us to 
treat problems in which the properties defining the reflecting surface 
vary slowly over a radiation wave length, and also the class of problems 
in which the scatterers are small compared to a wave length (c.g., Rayleigh 
scattering, reflection of very low frequency waves from ionized trails, etc. 
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108, RADIATION FROM A SLOT 


It is useful to consider the problem of radiation from certain source 
distributions which arise in practical applications. The problem of a slot 
radiator in a magneto-ionic medium provides such an example. In this case 
we consider a coordinate system {x in which the applied magnetic 

field is not co-directional with the x^-axis but rather is arbitrarily 
oriented. The configuration is shown in Fig. 29. 



The technique which is used for this problem is to write the radiation 
field in terms of two upgoing and two downgoing waves. If we denote by 
subscripts uo, ue , do, and de, these are respectively the upgoing ordinary 
and extraordinary waves, and similarly for the downgoing waves. Since these 
modes are independent of each other we can form a spectrum and hence write 
for the resultant field 






exp [“ ife^(s • r)]dsjrfs 2 (108.1) 
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with a similar expression for the H field. Here s = ('^1 > ’®2 ’ ^3^ 

normalized phase propagation vector and is considered to be a 

function of through a relation equivalent to the AppI'eton-Hartree 

equation which will be discussed later. The parameters and are 

arbitrary functions of and will be used to determine the magnitude 

of each wave in the angular spectrum above. These will be determined from 
the boundary conditions on the aperture plane = 0. The field for the 
downgoing waves has the same structure. 

We now assume that the boundary conditions over the entire plane 
= 0 are given by 




(x^), 


( 108 . 2 ) 


where p is a constant, whose significance will be established. 

Since the preceding boundary values are known over the entire plane 
it is sufficient to consider only the upper space ^ 0, the lower space 
(^3 * problem will follow from Symmetry considerations. Therefore on 
the boundary, equation ( 108.1 ) reduces to 


u 1 ’ ^2 ’® ^ 


1*1 + » 2*2 . 


S_f U«o^2... +^u.^2.a.> ®*P 1^" + »2*a)]cfSlrfSa 

(108.3) 


Considering this relation as a Fourier transform, then under the usual 
restrictions for its existence, we can write the inverse transform as 




A E„ +A E„ 

uo 2 , Up u« 2, u e 


u2 ^oo 
477^ 


fc 2 ^<0 




4f7r^ 




-oo 
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( 108 . 4 ) 



and by substituting into these equations the boundary conditions (108,2), 
and using the property of the delta function, we find 




^uo^2.uo ^ue^2.uc 




(108.5) 


The solution of this pair is, 


1 P^l , tatt 


1 P^l. 




( 108 . 6 ) 


where 


^ ~ * ^l,ue^2tU0^ 


(108.7) 


Thus, from the above eauations for the we have a complete knowledge o£ 
Ey as given by eq. ( 108.1 ), which contains both the near and far field 
zones. The is obtained also from the A„, the structure is the same as 

eq. ( 108.1 ). 

Regarding now the lower space problem, the arguments leading to ex¬ 
pressions for and A^^ are exactly the same as for the upgoing waves. 

The resulting equations for them are identical with eqs. ( 108.5 )• If we 
express the Sj component of the s vector as a function of Sj^,S 2 » will 
follow from symmetry considerations that S 3 ^o(^l ^2^ ” "" ^1, ^ 

and similarly for the extraordinary waves, and from this also 

nations defining A„^ and A^,^ and the symmetry results we con¬ 

clude that 


“« 2 ) = . 


( 108 . 8 ) 
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The equation defining S 3 as a function of and Sg follows from 
section 10 of Chapter II. In fact for an arbitrary direction of the 
applied magnetic field referred to a right-handed rectangular cartesian 
system , the dispersion equation is given by eq. ( 10 . 7 ) which 

takes the form 


(K • K)E - (K • E)K - e^iJL^eE = 0 


(108.9) 


Now by taking K * fen®’ have 


fe2(s • 8)E - fe2(s • E)s - 


( 108 . 10 ) 


or in tensor form, 


- kls.EjS. - * 0 

so that 

‘ 1-2.3) , (108.11) 

and the condition for non-trivial £. is the vanishing of the determinant 

** ® * (108.12) 

For this case we must recall that the dielectric tensor does not have the 
form given by eq. ( 102.2 ) of the present chapter. For the above deter- 
minental equation we can write it in the form 

+ c{js| + (XjsJ + pt^sj + 0 ( 5-0 , (108.13) 

where for the case of an electron plasma, 

= 0{/3^ - n2) - i/3^ - n|)a 

oij = 2(Sjnj + Sjflj)nja 

0(3 = - - n 2 ) + { 2 (l+c=*)/e 2 +(s^ni +Sjaj)2-e*n2-n2}a-2/3a2 

“4 = - 2 c 2 (s-^n^ + S2n3)fi3a 

= c4/3(^2 - a2) _ cJ {(2 + c2)/32 + -n2}a+:(1+'2c2)/3a*-a 

c 2 _ 1 -s 2 is 2 

■^12 
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( 108 , 14 ) 



with « 1 - i(v/co), Q = - Boe/mco and a = Ne^/e^iac^^ (see 

Chapter II). Consequently, the coefficients are functions of only 
^1,^2 thus we can regard also as functions of ^ 1,^2 

^2 completely determine the four waves. It is easily verified that if 
is a root of the quartic eq. (108.13) then also 3 (“^ l»*“^2 ^ 

a root. 

The boundary conditions ( 108.2 ) can be realized physically if the 
slot is formed in a perfectly conducting material and is excited across 
its width by a voltage of magnitude v volts and such that the phase vari¬ 
ations across the slot are negligible. The significance of the constant 
p is that it defines the voltage moment of the elementary slot dipole, 
therefore, p = where I is the length of the slot as shown. 

To evaluate the far field one can use the various asymptotic methods 

for integrals of the type defining E„, etc, in particular the method of 

* 

stationary phase extended to the two-dimensional case. 

109. RADIATION FROM AN ELEMENTARY CURRENT-SHEET DIPOLE 

We consider now briefly the formulation of the problem of radiation 
from a current element in a homogeneous magneto-ionic medium as in the 
previous example. Such a radiating element is realized physically as a 
current sheet of width «, length I and negligible thickness. The maximum 
current in the sheet is denoted by I which is uniformly distributed over 
the dipole surface. Here too we assume that the phase variations over 
the dipole surface are negligible (see Fig. 30). Because of the negligible dimensions 
of the current sheet we take the current moment to be pm = H- This proo- 
lem differs from the previous one in that the boundary conditions are not 
as simple. In fact the boundary conditions must be stated in terms of the 
discontinuities of the tangential components of the H field, at the aperture 
plane. Because the current is localized at the origin of the aperture it 
becomes necessary to connect in a continuous manner the upgoing and down¬ 
going spectrums in the remaining parts of the aperture. Thus, at the origin 
the tangential components of H are discontinuous transverse to the aperture 
plane. The magnitude of this discontinuity is equal to the current per unit 


* G. Toraldo Di Franci., Electromagnetic Wares, Interscience Pub. Inc., pp. 36-39, (1953). 

Sec also, G. Breun, Zur Methode dcr stationaren Phase, Acta Physics Austriaca. Vol. 10, 
pp. 8-33, (1957). 
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FIG. 30 


width. The problem reduces to the determination of four rather than two 
parameters, i.e., the A’s. The boundary conditions are for this case, 




^ (109.1) 


The upgoing and downgoing spectrums are respectively, 

00 
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(109.3) 



Now if we assume that the amplitude parameters are related as follows, 




'■®2) 

(Sl.Sj) 


,”^2 ^ 


(109.4) 


we shall demonstrate that the boundary conditions are satisfied. As in 
the electric dipole case it is not difficult to verify that since 

then E„(Si,S 2 ) = Ej(-Si,-S 2 ) and also 
These relations simply assert respectively 
that the phase propagation vector is symmetric about the magnetic field 
and the remaining conditions relate the wave polarizations. These rela¬ 
tions and those of eqs. ( 109.4 ) permit us to write in place of eq. ( 109. 3 ) 
the following 


.] exp [tfeo(«l*l +^2*2 +« 3 ,uo* 3 )^‘='®l ^®2 

- j”/ .... ] exp +S2*2 

(109.5) 

Using the boundary conditions on the aperture plane Xj = 0, we find 

'Nw 

SI (^uo^l , uo , ue ^ 0 1^ 1 ^ 2^2 2 * ^ ’ 

— 00 

(^uo^2,uo l‘^«2 ' -^8(*l)S(x2) 

(109.6) 

The structure of these two equations suggests the use of the Fourier 
Transform for even functions. Moreover the delta function properties 
imply that the right side of eqs. (109.6) are even functions of their 
arguments. Consequently we can replace the cos(s^a;j + ^2^2^ 
exp [“ ^2^2^^ which is justified on the basis of the uniqueness 

of Fourier Transforms. With this understanding the application of the 
Fourier Transform to eqs. ( 109.6 ) leads to 



whose solution yields, 


where, 


2X2a 


2X2A 


(109.8) 


^ ~ ^l.ui>^2,a« ~^l,ue^2,no 


(109.9) 


We see from the results of both the electric dipole case and the preceding 
magnetic case that there exists a formal equivalence with the replaced 
by and the replacement of vl by IZ/2. 

In this case also the problem is reduced to the evaluation of integrals 
which can be effected (at least for the far field zone) by the method of 
stationary phase as mentioned previously. 
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PROBLEMS FOR CHAPTER 1 


(1) In an isotropic medium the equation of geometrical optics is 

wrhere C is some constant and fJ. is the vector index of refraction. If we 
write jx - ^(r)ot, where Ot is a unit vector along a ray, show that the above 
equation can also be written in the form, 

= pxiVjM) 

(2) If ds is an element of arc length along a ray, show that the 
vector curvature at any point on the ray is given by 

dll 

— = - ux(Vxu) , 

d$ 

where u is defined in the previous problem. Deduce from this expression 
that in a homogeneous medium 


Vxn = 0 , 

In a nonhomogeneous medium what is the relative orientation of the 
three vectors u, du and Vxu? 

(3) Prove that in passing from one homogeneous medium to another 
that the tangential component of yu is continuous, [Hint: From problem 
(1) deduce the result Vx/.4 = 0, and then apply Stokes’ theorem to an ap¬ 
propriate contour of the surface separating the two media,) 

What is the relation between the indices of refraction which results 
from the continuity of the tangential component? 

(4) Consider two distinct homogeneous media characterized by vector 
indices and /Xg- Det n be a vector normal to the surface of separation. 
Starting with the relation 

“ M2 , 
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show that if the rays in one medium form a normal congruence, the rays in 
the second medium also form a normal congruence. This is the theorem of 
Malus. 

(5) Let IM be expressed in a spherical coordinate system (r,<^,(9) 
with arc length defined by 

ds^ = dr^ + sin^ 4>d6^ 

Fermat’s principle now reads 

i»2 

S [(r')* + sin^ ® > 

-'^1 

with, r‘ = dr/ds, etc. Assume that fi depends only on r; from the Euler- 
Lagrange equations show that 

fj,r^<t>’ ~ constant , 

and if we define sin i by the formula 

ds sin i = rd(p , 

the above relation takes the form 

yur sin i = const. 

Interpret this formula geometrically. (This formula has practical 
application in the theory of atmospheric refraction.) Show that all of 
the rays lie in a plane passing through the center of coordinate system. 
Can the formula be generalized for a medium which exhibits anisotropy? 

(6) Starting with eq. (3.27b), let cr denote the cross-section of a 
thin tube of rays, show that along a ray the amplitude A satisfies the 
equation 

2cr/jd{log A) + dicrfju) ~ 0 , 

and hence that A is proportional to at each point of the ray. 
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(7) Consider a medium whose properties vary slightly over a wave 
length. Let the spatial part of the wave be defined by the equation 

d^xb 

—^+ KHx)^ = 0 , 

dx ^ 

where K(x) is in general complex. Assume a solution of the form 

^{.x) = J 

and show that 

(а) A'^ - - lAi/;" + [K^ - i^*)^]A = 0 

(б) If X. is the wave length and D is the distance over which 
both A(x) and (x) vary significantly, put K = 27rA and show that 

A" » — , 

- 2iA>' - iAyp" « , 

D 

{KHx) - » — . 

(c) From these results show that 

= kHx) , 

2A'^jJ' + AiA" » 0 , 

and hence 

A(x) = const. . 
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(d) Show that 


^(a:) = exp 


K{x )dx 


+ Ag exp 


K{x)dx 


*0 


is a solution of the given differential equation for ^ under the above 
hypothesis. 

(e) In the geometrical optics approximation show that 
^*{d^/dx) is independent of x and interpret the result in terms of energy 
flux. 

(8) Show that if the differential equation in problem (7) is modified 

by replacing (x) by (x) - where is a constant, then under the 

hypothesis as in (7), the solution in (d) replaces K{x) everywhere by 

K{x) cos 6(x)t where K^{x) cos^ d{x) = {x) “ . 

(a) Interpret the geometrical meaning of a. 

(9) Let ^ = A{o)) exp Lio)t - i{K cosh a)xy^ - {K sinh alxj] represent 

a plane wave, where “ K cosh <X, = iK sinh CC and K is real. 

(а) Is this an inhomogeneous plane wave? Describe the surfaces 
of constant phase and amplitude and find their relative orientation. 

(б) Find the velocity of propagation and show that it is less 
than that of an ordinary plane wave. Calculate also the wave length. 

(c) If K is complex, what is the relative orientation of the 
surfaces of constant phase and amplitude? 
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{d) Show that 


W(;c) = exp 


K{x)dx 


+ A 2 exp 


K(x)dx 


is a solution of the given differential equation for ^ under the above 
hypothesis. 

(e) In the geometrical optics approximation show that 
¥*(d¥/dx) is independent of x and interpret the result in terms of energy 
flux. 

(8) Show that if the differential equation in problem (7) is modified 
by replacing (x) by K^{x) “ a^, where is a constant, then under the 
hypothesis as in (7), the solution in (d) replaces K(x) everywhere by 

K(x) cos d{x), where K^{x) cos^ Oix) = K^{x) “ , 

(a) Interpret the geometrical meaning of a. 

(9) Let W * A(a)) exp [icot - i {K cosh - {K sinh represent 

a plane wave, where ~ K cosh Ot, = iK sinh CL and K is real. 

(а) Is this an inhomogeneous plane wave? Describe the surfaces 
of constant phase and amplitude and find their relative orientation. 

(б) Find the velocity of propagation and show that it is less 
than that of an ordinary plane wave. Calculate also the wave length. 

(c) If K is complex, what is the relative orientation of the 
surfaces of constant phase and amplitude? 
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PROBLEMS FOR CHAPTER II 


(1) In the absence of a magnetic field show that the skin depth or 

penetration depth, d « if ^ . Calculate the depth for a medium 

with electron density of lO^^ electrons per cubic centimeter for some 
typical low frequency incident waves. 

(2) Assume that the wave frequency w is very much greater than both 
the plasma frequency and the gyro-frequency. Show, by using the equation 
relating and E that the medium can be considered as essentially 
isotropic. Is the index of refraction real, complex or purely imaginary? 

(3) Find the conditions on to, to^, the gyro-frequency, and the col¬ 
lision frequency which cause the medium to behave strongly anisotropic 
Does this occur at high, intermediate or low frequencies? Derive the 
relation between and E when this occurs. 

(4) By neglecting collisions and considering those wave frequencies 
for which the square of the refractive index is positive, calculate, for 
a plane wave structure: 

(а) The energy density in the wave in the presence of a magnetic 
field and in the absence of such a field. 

(б) The time average energy density with and without magnetic 

field. 

(c) The same for the Poynting vector. 

(d) The same for the time average Poynting vector. 

In (d), with magnetic field present, is the time average Poynting 

vector in the same direction as the wave normal? In what plane does it 
lie? 

(5) Starting with the equation for the index of refraction but neg¬ 
lecting collisions and the factor 


sin 0 

(a - l)[(a - 1)2 - 
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(this yields the so-called quasi-longitudinal approximation for* the index), 
find the resulting expression for the index. If the wave frequency is very 
much greater than both the plasma and gyro-frequencies, show that the neg¬ 
lected factor is equivalent to neglecting terms of order ccT ^. If co is very 
much less than both the plasma and gyro-frequencies, the neglected factor 
is equivalent to neglecting terms of order . In both cases find the re¬ 
sulting expressions for the above neglected factor. 

(6) In the above approximation find the real fields of , E and B 
and show that for each mode, the field and B precess about the wave 
normal with precession frequency oj. Is the same true for the real field 
of E? 

(7) In the quasi-longitudinal approximation, compute the time 
averaged Poynting vector. Is it in the direction of the wave normal? 
Calculate the angle between the time averaged Poynting vector and the ex¬ 
ternal magnetic field. 

(a) Find the angle in the high frequency limit and show that 
for the two modes of propagation the Poynting vector lies in the plane 
containing the external magnetic field and the wave normal, 

(fa) What is the angle between the Poynting vectors for each 

mode? 

(8) In the same approximation as in problem (7), show that in the 
low frequency limit, the index is given by 

= ±(^ - ] . 

\n cos 6 1 

(cl) Which mode is a propagating mode? 

(fa) What is the phase velocity of the propagating mode at low 
frequencies? Is it a slow, fast, intermediate wave mode? 

(c) Show that the angle between the time averaged Poynting 
vector and the magnetic field is given by 


Cos"^ 


(1 + cos^ 0 ) 
I eos 0 1 [l + 3 


cos d 


cos* 




for the propagating mode. 
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id) Plot the graph of this angle as a function of 6. What can 
you conclude about the direction of the Poynting vector for small values 
of 9? For large S? 

(e) Find the maximum value of this angle and show that it occurs 
when cos 0 = /J/S. Do the results of this problem indicate the strong in¬ 
fluence of the earth’s magnetic field in the guiding of low frequency waves 
in the ionosphere? Why? 

(9) At what angle(s) and frequencies isthe quasi-longitudinal approxi- 
mation invalid? Why? 

(10) The quasi-transverse approximation is defined by the condition, 

4(1 - a)2 cos^ e « 1)2 ^ resulting expressions for the 

index of refraction for both modes? 

(а) At very high frequencies and neglecting terms of order ctf* 
show that the indices are identical and become 

= 1 - a . 

How does the medium behave in this case? 

(б) Under what conditions does the same result obtain in the 
quasi-longitudinal approximation? 

(11) In the quasi-transverse approximation show that for low fre¬ 
quencies, the indices for the two modes reduce to 

= -a , 

and 


a + cos^ 6 

so that neither mode propagates. 

(12) Using formula (14.1a), assume a » 1 and Q » 1, (low frequency 
approximation), but 9 is as yet unrestricted. 

(a) Find the resulting expression for . 

ib) Which mode is non-propagating for all 0? 


595 



(c) For the remaining mode, what is the range of 6 which yieldl 
a propagating wave; a non-propagating wave? 

(d) Show that the transition from propagating to non-propagati»| 
wave takes place when 


r 

-1 a + 

6 = cos -> . 

(a + 1)J 

(e) Show that under the given assumptions, 9‘ « 7r/2. 

(/) For what values of d is the quasi -longi tudinal approxi¬ 
mation valid? 

(g) Show that if the collision frequency vanishes at , the 
index becomes infinite. 

(h) Is the Poynting vector (time averaged) parallel to the 
magnetic field at 6*1 

(13) Let the external magnetic field direction and the wave normal 
n define a plane. Let m be a unit vector perpendicular to n but coplanar 
with the magnetic field and n and such that m rotates into n in a positive 
sense. Show that in the absence of collisions, the group velocity of a 
wave packet is given by 


V 





I B((wW) 

M w) J ■ 


(а) What can you infer about the relative orientation of the 
time averaged Poynting vector of a plane wave of frequency a; and the group 
velocity of a packet centered about co and n? Are they parallel? 

(б) Show that the ratio of the time averaged Poynting vector 
to the time averaged energy density in a plane wave is given by 

M 2M ^ f ' 
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(c) Using the quasi-longitudinal approximation and-the low 
frequency approxiiuat ion deduce that 


= VQ [2n - m tan 6] 


a , 

— I cos d I 
_a 


for the propagating rnode. If is the 

\'^ g\ ^ ^0 i-longitudinal 

the paradox. 


speed of light is it possible 
approximation? If so, explain 
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PROBLEMS FOR CHAP11R III 


(1) Prove the relation (22.1). 

_ (2) Show that the velocity of an element near a reference particle 
Pq ls the vector sum of a translation Tq equal to the velocity of Pg, a 
rigid body rotation about an axis through Pj with angular velocity 
(1/2)7xt and a deformation of the element given by eAx where e is the 

strain rate tensor and is the position vector from P. to the particle 
i.e. , ’ 


° Tq -I- — ■+ cAx . 

(3) Let /(r, t) = 0 define a surface in space and suppose that no 
fluid ever crosses the surface, show that df/'dt = 0 everywhere on the 
surface. 


(4) Prove that if div v 

J 


0, then the Jacobian 

3(r) 

3(a) “ ^ 


(5) Let 


2x 2 




(■*1 * 2^*3 


[x\ + xl)‘ 


(a) Calculate div v. 

(fa) Calculate Vxr, (the vorticity). 
(c) Describe the flow. 

(6) Show that a velocity field defined by 




ui 


B ~k 


■+ « 2 ) (^1 + *?)' 


describes an irrotational vortex motion, where k is a constant. 
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in the 
used? 


(7) Derive relation (24.1) by consider 
text. Why is a tetrahedron used? Can 


ing a tetrahedron as stated 
other geometric figures be 


(8) Let X - X (x ,x ,x^) define a transformation of 
and suppose the inverse transformation exists. An absolute 
defined by ) , Consider the relation 


coordinates 
scalar is 


g. ^ ^ dx^ 

Bx* dx^ dx' 2x° 


An isotropic tensor Aj(x) is one for which Aj[x(*)] 
transforms according to the rule 


AJ(x). The A‘ 


A.}(x) 


4“ 

/3 


3x^ Bx-? 


(o) Show that 


Bx^ 

Bx“ 


(S^j - SjA-) 


0 


( ) If Bx /Bx can he chosen arbitrarily prove that 
= 8‘A“, for all 

(c) Choose i i j, and 0, = a- and deduce that Aj = 0, if i j. 

(d) Choose i = /, a = cr, deduce that A" = 4j, no sum on « or: 

(e) Show that the diagonal elements of Aj are equal to some 

scalar ^(x) such that A‘ = <£S'. (v^hich i. . 

; twnich IS the structure of an isotropic 

tensor of rank two). 

(9) If is an isotropic tensor (of rank four) prove that 


A^g\ = 4>ix)S^S{ + /(x)8‘8/ . 

(10) Use this last result to show that 

^iJKl = 
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(11) A fluid is called barotropic if tbe pressure and density sur¬ 
faces coincide at every point and at all times, i.e., p = p{p). Prove 
that if a frictionless barotropic fluid has zero vorticity at some initial 
time then the vorticity is zero for all time. 

(12) Let p./p define the kinematic coefficient of viscosity and prove 
that for an incompressible fluid acted upon by conservative body forces 
the vorticity satisfies the following equation, 

d 

— \7xt = (Vxv * \7)t + 

ax p 

(13) Consider a one-dimensional real fluid flow which is governed 
by the mass and momentum conservation equations 


Bw 3v BP B 


where v = v{x) is the velocity of the fluid in the *-direction, p is the 

fluid density, P the thermodynamic pressure and /U, is the longitudinal 
viscosity 


Aj - 7/^ + T + ZK) 


(a) Define a mass coordinate M by the formula 


dM ■ pdx - pvdt 


and show that the two conservation equations can be written respectively, 


~ -L ( 

"bt ^ 2m ~ W 
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(6) Prove that the equation of continuity implies the exist¬ 
ence of the mass coordinate. Is the first equation of (a) an integra- 
bility condition for x in the definition of M? 

(c) Derive the following equation; 


32 -aSp 32 

— p 1 + —- 

{d) Let S be the entropy per unit mass of fluid, T the 
absolute temperature and k the thermal conductivity, assume the validity 
of the following relation (uniform composition) 



^ -as as 




transform this equation into the following 


3S 

3 

f 


r ^ , 1 

^ ‘ 

’ 3il/ 





0 


(e) Suppose this last equation and that of (c) are given. 
How many relations must exist between (p,P,T,S^,k) to completely 
describe the exact one-dimensional fluid flow? 

(14) Assume a polytropic process of the form 


P 



where Pq, are constants, and let the longitudinal viscosity be given by 


^2 


P Po 


where q is a. constant. 

(a) Using the above relations and (13c) find the partial dif¬ 
ferential equation satisfied by P. 
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(t>) Shov that for a perfect gas ^6^ is proportional .to 

ic) Let a be an arbitrary positive constant, prove that if 
t is replaced by at and P by (a)-2r/(a^i)p .^e partial differential 
equation derived in (a) remains invariant, and solutions of the form 


P 


y(r + l)Po 

(y Dp-j ^ u 


t0(^) 


ay/Cy+i) 


are also invariant, where 




(y + 1) 

(y ~ l)p.j ^ p \ Po / 


(d) Find the ordinary differential equation satisfied by <^(P) 
and hence the integral form o.f 

(e) Discuss the solution for y - 5/3 and interpret physically 
(15) Assume a ‘‘tangent gas^* description 

^ - Pq - p-1) ^ Pp ^ . Po ^ 0 , c>0, 

such that 

l^ 2 fi “ 2^ “ constant, ^ > 0 

(a) Show that eq. (13c) reduces to the linear partial differ* 
ential equation 

(M Prove that this equation has the general solution 


P - P 


0 


-00 

U(lf) exp (i/r/W “ vjt) + B(if) exp {iM *■ , 

J —CO 
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where 



(c) Hovr are A(K), B{I{) determined? 

t*-l > critical wave number = C/^ and sho,. that i£ 

wu "• ^ spectral component is not possible mathematically. 

What IS the physical significance of K 

ie) Show that for «reak shocks a pressure wave will eventually 

increase its width pronort ional to v .* • j i 

Hioporcionai to t , i.e., consider the viscous disper¬ 
sion of a pressure pulse at t = 0. 
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( 6 ) Show that the equation governing the electric field is 

— + 6)2E + ; 

Ot ^ 

(c) Assume E has a plane wave structure, derive the dispersion 
relation for transverse oscillations from the requirement that 

KxE ^ 0 . 

(d) Show that a wave packet propagates through such a medium 
with a group velocity given by 


K 


^ 0^0 




n 


(3) By taking into account the thermal motions of the electrons 
but assuming the low temperature approximation, that is, » kT/m. 

and with the same assumptions as in the previous problems, show that if 
we use the adiabatic relation d/dt{pp-y) = 0 for the electrons, where- 7 

la the ratio of specific heats, the dispersion relation for longitudinal 
oscillations is given by 

Cx^ = 0)^ -i- y ^ 


(4) If in the previous problem we define the displacement of the 
electron by 


V = 




and replace the adiabatic law by the tensor equation 


Pij = ~ P(V • - 


Su. 


. 

_ j 

dx. 


€06 


P 



and assures a plaae v,ave strnctura for all quantities, the dispersi 
relation for longitudinal oscillations i 


on 


LS now given by 




2 o 

3 — , 

m 


while for the transverse modes there resul 


ts 


Q>^ = 4>2 + 


IL 


•(- K 


2 {El 

n 


o? + 


-£l_ 


What IS the physical significance of the perturbed tensor relation? 

(5) Assume a collision free neutral ion-electron plasma in the 
absence of an external magnetic field. Let p, . now denote the perturba- 

tion tensor of the ions, and m. the mass of an ion. Show that the lin¬ 
earized equations of motion are 


(a) 


3t 


+ • V =■ 0 , 


K ^ 


- dir + /V^«E , 




V - e,E 


e(n^ - n.) , 

where (Vv). . is a dyadic and (Vr)^^ its transpose, is the ion density. 

(6) Let E ■ Vi^, where 4> is the electrostatic potential, and 


assume 




ecb 

-p ^ -1 


•her. r i, tbe eleccr.n t™p,r.t»r«. D.riv. tie di.p«r.io» ..l.tioa £<,r 
longitudinal oscillations. 
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1 


1 + (/ rx ^)-2 




and T; is the ion t 


emperature, 


= 


is the square of the Debye shielding di 


ng distaace. 


(c) What IS the physical significance of k 

a 

(d) If Kk^ « 1, what is the form of the dispersion relation? 

(e) When can the thermal motions of the ions be neglected? 

■ f j smaller than T what can be 

inferred about the ion oscillations? Strongly damped? Weakly damped? 

( 6 ) Consider a uniform collisionless, two species plasma of electrons 
an ions in the presence of a uniform external magnetic field B. . Assume 
further that the plasma is cold. If in the equilibrium state each con¬ 
stituent has a constant velocity and if all quantities have a plane 

wave structure, show from the linearized equations of motion that the 
perturbed densities are given by 


- K • yj 


(K • V) ; 




T Is K ■ T, the Deppl, 

shift? To what is it due? 


(c) From Maxwell’ 


an expression for y. 


S equations and the results from (a), find 
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id) Using the results of part (a), show that the current de 
sity arising from the oscillations is 


J = 2 V --- y 

o) - K • Vp “ 


where the sum is oyer ions and electrons. 

(e) Using Maxwell’s equations again and (d) show that 

f (a^o«o)'^K(K • £^) - io) E e iv fy + ^ „ 

^ \ ' w - E • Vj <y ' " • 

if) Use the results fronn (c) and (e) to establish the homoge- 
neous system of equations 


AE = 0 , 

and shovf that A is an Hermitisn matrix. 

(g) The dispersion relation is obtained by setting the det 
A = 0, why? 

(7) Consider a static plasma by setting Vj =< 0 in the previous 
problems. 

(a) Let K be directed along the positive a: 3 -axis of a rec¬ 
tangular Cartesian system, choose in the plane and denote by 9 

the angle between and the *j-axis. Show, under these conditions, 
that the matrix A is defined by 


, 2 / 1 0 ^r^r 9 

^11 = ^ + y-Ill-L 

02 


112 _ 1 


^12 ° “ Agj 


-1 iw* 


fl, cos 6 


nl - 1 


n 2 


Aj3 = - 


nf - 1 

(»09 


sin ^ COS 6 



‘22 


- 2 ^2 + 2 0)2 


n 2 

r 


c , r c , r 


' j 

r 


/4 


23 


^32 


“ i E 


c, r 


sin 5 

n2 - 1 


-433 = £o 2 - I O)? . + z 0)2 — 


sin^ 6 


f c^r 


n?-i 


( 6 ) Put 5 0 and obtain the dispersion relation for longi¬ 

tudinal oscillations, 


O)^ = i: co^ 

and show that this is approximately equal to the square of the electron 
plasma frequency. 

(c) Show that the transverse oscillations are circularly 
polarized and defined by 





1 

1 + n 

r 


(£, ± iE^) 


0 


(rf) If n. denotes the normalized ion gyro-frequency and Q 
for electrons, show that for high frequency oscillations, that is, “ 
« 1 , the dispersion relation obtained from part (c) above, becomes 


CO 


2 





0 


What does this 
(e ) 


become if also Q << 1 ? 

Let a 1 , show that the relation given in (d) become 


-n 

e 


1 


e 


a 

e 


(1 + ) 
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where 


a 


e 



Find the necessary condition for the abov e relation to hold. 

(/) Let n. > 1 , (low frequency case), show that the dispersion 
relation from (c) becomes, 


(g) Show from the condition of neutrality of the plasma that 
the above equation gives 


74 - - ^ 


where is the Alfvin speed. 

(h) Assume » 1, find {o>JK)K If « 1, 

find (co/K)^. 

(i) Let n. « 1 , then > 1 , shaw in this case that the di s 
pension relation in part (c) now reduces to 




n. 


Ct)' 


e , i 


1 - n. 



if 

find an expression for co. 

(8) Take the plasma as in problem (6), but now set 6 » n/2 and 
Vo = 0. 


(o) If the E field is parallel to show that the diapersion 
relation obtained from det A “ 0 for this case is 


{/x^e^r’^K^ + CO® , 
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ib) For the remaining two modes, determine the dispersion 

equation. 

(c) In ib), suppose o,« Show that the dispersion 

relation reduces to 

a. a 

1 + -- + -« 0 . 

1)2-1 fl2 _ 1 

Now assume, n, « 1 « n « and show that 

« 1 . 

Interpret this result. 

id) Using ( 6 ). now let « 1 , and a. « 1 . Show that 

inj + » 1 . 

Interpret this equation. 

(e) Using ( 6 ) again, discuss the high frequency case, fl. « 1 
and « 1 . ^ 

(9) Using the results of 6 (/) and 7(a) discuss the weak magnetic 
field case « 1 

e 

(а) Assume « 0 , derive the conclusion that £' 3 = 0 . 

( б ) What does this imply about the coupling of the longitudinal 
and transverse modes? 

ic) Neglecting terms of order and higher, derive the elements 
o± the matrix in 

where 

and discuss the polarization. 
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find th results froui (c) in the Tveak field approximation 

find the dispersion equation neglecting terms of Hf and higher. 

(e) Evaluate the relation for 9 = 0 and 9 = 7 t/ 2 . 

y) Discuss the coupling of the longitudinal and transverse 
waves and their polarization. 

(10) Now consider the case of strong magnetic field, D. » 1 

neglect terms of order and e-i. j • . ^ ' 

^ higher, find the dispersion equation from 

o[j) and 7(a). 

. neutrality condition, show that one root of the 

dispersion equation is 


(O = 




1 + 




which is the dispersion relation for the extraordinary hydro- magnetic wave 
and shows the influence of a strong magnetic field which gives rise to it. 


ib 


modes. 


As.u.. « 1, find th. root, ot tU. r..ti„i.g t,. 


occur? 


(c) Under what conditions does a pure Alfvin mode, , 
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PROBLEMS FOR CBAPTEB V 


(1) Prove that for an i 
in an electromagnetic field, 
must have the form 


sotropic, non 
the Helmholtz 


-conducting, compressible fluid 
free energy per unit mass 


■ D) . 


( 2 ) From the fact that the state function vlfo T R • i j 

D - prop.rti.. k, 

P, ), - U>e tke results of p„blen, (2) to obt.i. 


_ 1 _ 

2fi 


Dj ^2 


+ u4<*’(p,T) 


whor. 4 <-I(p,T) is .0 .tbitrar, function of (p,r), „d i, .,,.,.,^1 

mechanical part of 4. ^ 

(4) If u4 '(/3,T) is the free energy of a perfect gas, find 

(5) Use eq. (52.13) together with the results of probles, (4) to find 

P “ H +D • E) Vl 

2 V. ’^P 2pj 

and interpret the terms. 

(6) For the perfect gas, calculate: 

(a) Entropy, internal energy and enthalpy per unit mass. 

fnr.'w‘” *«™ »* "«ku>ic.l 

and electromagnetic origin. 



(7) For the perfect gas show that 


j-ie) . 

i j 


D • E + B • H - pE2 — - nj/2 ^ 

Bp ^ 


S. . + D.E. + B.H. 

»J I J I J 


(8) Derive completely eq. (51.21) 


(9) For the perfect gas, derive the expression for the ponderomo- 
tive force. 

(10) Consider a parallel plate condenser such that the distance 
between the plates is very much smaller than all other dimensions. Let 
the space between the plates be filled with a compressible fluid with a 
dielectric constant €. Now apply a voltage across the plates and maintain 
the voltage difference by moving a certain amount of charge from one plate 
to the other. Suppose also that the distance between the plates is 
changed by a differential amount. Show that the total stress due to both 
mechanical and electromagnetic effects is 


(a ) 

of the medium is 


ij ^ j f that the work done per unit mass 


(6) (iff « - pdU/p) + Ed(D/p) , 

(11) Consider a non-viscous, perfect, compressible plasma under¬ 
going isentropic motion in an electromagnetic field. As in Chapter III, 
r x(aj =. r(a,f) define the particle paths of the fluid, 

and let J.(r;a) = (Br/Ba) denote the Jacobian of the transformation from 
a - r, so that volume elements in both spaces are related by d^i = 

Show that the Lagrangian density function which describes the system con¬ 
sists of thnee terms, a mechanical, an electromagnetic and an interaction 
terra, where 


(a) L(«> 


jyo(a)T • T - p{a)Aip,T) 


= J.{x,«) i - i^-i(7x4) 


f,(i) = - 


/Oe(«) [i^ - ▼(«, t) • A] ; 
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* ..d A resp=.,i,dy tl, vector pote.U.le cf tke electro- 

..gnetic field, T .. tk. velocity cf the fluid referred to the .t.tiou.r, 
ob.erver . ruorti.l fr.me. Beth « .„d A ere eleo fuuctiou, of (., ,). 

From the kinematic constraiats, 

Jpit.t) = p(0C,t) ; Jp^{x,t) = p^((C,t) 


prove that 


( 6 ) 


— 

dt 


= TV 


• T 


the precediag problem, let k.(a,t), i - 1,2, be Lagrange 
multipliers and construct the funr^' ’ ° ® 


ictional 


dt 


d ail + k. 


J - 


,0(06, t) 




J - 




Take the first variation of 1 with respect to and by im¬ 
posing the proper boundary conditions in space and time deduce that 

(c) 51 = 0 for arbitrary Sq6 implies 


eTV • -y,^ - 






p(.r,t) « eV . E 

where 


E = -Vfji - ii. 

Bt ■ 

(h) SJ B 0 for arbitrary 5A innplies 


(c) 

yield Maxwel 1 ’s 


ViVxA « ^4- _ 

By setting B - V*A show that the results of (a) and (h) 
etjuations. 
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(d) Show that the multiplier can be omitted from the 
functional J in the sense that it yields no new result other than the 
continuity equation for the fluid charge density. 

(13) In problem (11) define a new parameter “a” such that the free 
energy 


. x(,, . 


Using eqs. (52.10) 
quantities to zero 


and (52.13) and setting the electromagnetic field 
in the latter, show that 


(o) Si = 0 for arbitrary Sa implies 

<LS 

dt ° ® • 

(h) What does a variation in yield? 
(c) Prove first that 


SJ 


and 


j 

Br 


Sp 


3(8r) 

”/> -r— , ST 


d f "ba '' 

77 [77 ■ 


S 


dtd^oLj 




0 


fot v.ri.tio.s St, deduc. th.t SI - 0 for .rbitrary St i.pli.. 


d\ 

P —+ Vp 


P^(E + vxB) 


(11) Th. r..„lt. of pr.ble .0 (11), ( 12 ), .„d ( 13 , 

. r.ri.t.o«l principU for th. fl.id o.d fi.ld ,h. 

.bor. .t.t.d pl..„. ,h.n th. L.gr..gi,„ d.n.ity i. gi,.„ by 11,. I. th. 
Lagr.ngt.. L.gr.pgi.. 

Thllir 'I'” rith Poyatfoe’. 
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PROM.EMS FOR CHAPTER 71 


(1) Let a plane wave ^hose electric vector is perpendicular to the 
plane of xncidence be incident obliquely fro. a homogeneous mediuu, char¬ 
acterised by (e,,/,) on to the plane surface of a semi-infinite medium 
c aracterized by (e.^s) in which e varies in a direction perpendicular to 
the surface. Choose the interface between the media as the pUne- 

take the r,-axis which is perpendicular to the plane as positive for 

points in the homogeneous medium and negative for points in the inhomo- 
geneous medium. 

(a) If the electric vector of the incident wave is parallel to 
the surface, with amplitude E„ varying as e‘“‘, and if 0 is the angle of 
incidence show that the resultant electric field in the homogeneous medium 
nas only an -component and has the form 




) exp (icot 


ik^x j 


sin 6) 


where , and is the reflection coefficient. 

(6) Show that the electric vector in the inhomogeneous medium 
has only an j:j-coraponont and can be written as 




(c) Show that Maxwell's equations in the inhomogeneoa* medium 
are given by 



dE, 



3*3 


- -■ «in 9 


dffj^ 

)E^ 

2^ ‘^0^3 si® ^ 
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and that Bg satisfies 


^*3 


+ [*^(*3) - kl sin^i 9 ]fi = 0 


where 


kHx,) 


- e(x,)po}^ 


(d) Assume that 


e(0) = , e(-ro) 


such that 


= (^1 - + ej . * 

and find the equation satisfied by £(*3). 


2 , * 3 ^ 0 , 


> 0 


(c) Define a new variable, 

(2 


a = kl)y- . 


where 




and deduce that E satisfies 


2 dE 

*-+ u - + 

dll ^ dll 




<*i - ‘I 


Sin' 


0 ) 


0 . 


arbitrary 


(/) Assume a solution of the form E = EJJ^(u), where T is 
constant, 7 „(u) is a Bessel function of the first kind, 


an 


^ = [kl sin* e - *2]^ ^ 

and apply the boundary conditions: 
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^ 02 ’ continuous at a:, = 0 to find 


1 + R = 




0 ^ CO s 0 
cos 0 4 (*2 - 


where, 


2{kl - i|)'= 


and the pri.e .eans differentiation .ith xespect to the argument of the 

Bessel function. Why is the Bessel function of the second kind not 
permitted? 


ig) Show that if 


(M - ki)^ 


1 + R 


2fej cos 0 
'o ^ * (*2 “ ^0 


2 “ ^0 


Interpret this Fresnel eq[uation. 

(2) Consider the s,,e proklem an in (1) but no. let the electric 
-ectcr be parallel th. plane cf incidence. I. tbi. ce... ehtni, the 
nolnt.on £.r the nagnetic field vect.ta in hotl. regione. For einplicitj, 
.an... nor.,1 nncidenee a.J that the TO .pproai.etio. i. r.lid, find th. 
reflection and transmission coefficients. 

(3) Consider e atationary, aieoat hcmogeneou. m.dini. ch.r.eterited 

by a refractive iad.r il . N.U f „(r):, ,h,„ „^ . di.en.i.nl... c.n- 

atant and .lightly greater than unity nnd |nCr) | « 1. H, p.r...bilicy 
of the nediu. la A, and la constent. Ut the permittivity be giien by 

€(r) » ejl + 2n(jc)] , = 
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where 


€ 


1 


Ml 


isotropic, 


(a) By starting with the wave equation for E in a linear, 
charge free medium of zero conductivity and assuming that 


div E a “ 2E • grad n 


find the equation satisfied by E. 

(fc) If E has a sinusoidal time dependence 


E(r,t) = 


show that Eq satisfies the equation 


grad (Ej 


grad n) 



(1 + 2n)Ej 


where, 


(c) Let Eg denote the total field which consists of a weak 
scattered field and a dominant homogeneous field E such that 

. 0 , 

show that if secondary scattering of the scattered field is neglected then 

’’E, + [~J E. . - - 2gr.dlE . «) 

SO that E is a source for the scattered field. Note that if n is arbitrary 
then the source field is arbitrary in direction and magni tude. 
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(d) Now choose 


n{i) = Tijj exp [- - 

\ 


where is the maximum value of n and = -2 4 ,.2 . ^2 

the anomaly radius, and let the incident direct fielH K -r 

•ave with eUctric intensity p.r.Uel to ik '’« • "mfom pl,„e 

the «.-dinec.ie„ no th.t 


in 


E = A 


0 exp - 


i 2 vx 

TT 


'1 » 


ltd “ n *” i* *he con.t..t 

..pi.tnde, Untng thtn £... £., ek. 

t eery of retarded poee.tl.l. deduee th.t th, component, of the ec.ttered 

iield are given by 


1 


^ 0“^ 0 
47 T 


d^i — 
^ R 


^ f !£i 

M " 


2 - 


P(i) 


» ,2 


477 


....« 

•i'fj—pif) 


».3 


"o'*# 

477 



^ 1^3 ^ in ^1 

JR 

v-gp 

_ j, 4 s^_ 


Pi^) 


where ^ denotes the variables of integration, 

= dird^.d^^. 


P<S) 


exp 


+ ^2 + ^i) i27r(^, + R) 


and 


/r* - |» - * . 
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(e) Evaluate the integrals above in the far field region by 
using the approximation = r - [(r • f)/r] in the expression for p(^), 
and show that 




* 1*2 

2 “= ■ C —— exp (D) , 

*• 2 


‘*,3 = ~ ^ - exp (D) , 


whei 


S /27TS^ ^ 

T; T 


and 


D 


2772*2/ -*3\ j27T 


,2 


provided il = r m the denominators of the integrands. 

(/) Fmd the magnitude q of the ratio of the scattered field 
Strength to the incident field strength. 


(g) Let c be the scatterin 


g cross section defined by 


cr = 


277 


sin 9d6dcf> 


and calculate the ratio of cr to the " geomet r ical cross section'-vrs^ ^nd 
show that in the limit as s -* oo 
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above 


W D,,crib, ch. ol.s. of pkysio.1 p„o=ss.o 
treatment can be considered as applicable. 


for which 


the 


(4) In a plane stratified 
by eq. (65.19). Assume that the 
rive Martyn’s theorem 


medium, the energy attenuation is defined 
relation (65.21) is satisfied and de- 


„ cos cos 4>^,v) 


and interpret the result. 

(5) In formula (65.1) Fi 

1 . ' ® baikonal equation, replace bv the 

It: i::;”""*"' /1 


(o) 2/i^ cos^ <()' 

2x' 


= ± (jRee - ii2 


f^o sin 4 >o) 


•h [(Bee - sia^ 4 ,^)^ + (Jme)2]’ 


(M From eqs. (65.22) we have Bee =■ p, Jme - q, if either 
v/cooTcjJc^ IS sufficiently small, show that 


Ime 


2[i?«€ - Im\ sin* 2[p - 111 sin* 0 J ' 


(c) The decrement of attenuation is defined 


by 


^ ” 2 — J 

show that under the conditions stated in (b), 


5 » 


A(0q ,C0,p) 


V 

<0 


oj^q 


ain^ gb )] 




cos 4o,v cos <f>.') 
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thus oaly far (v/a>)2 « i i, the decrement simply proportional to the 
collision frequency and tlierefore 


® cos <^qA(0,C4) cos 4>q,u) 


which is Martyn’s equivalence theorem. 


id) Show that if the expression 
generalized to take into account the earth 
with (Aq/p), where r is the distance from 
no such equivalence theorems result. Note 
stratified plasma region is the ionosphere 


on the right side of (a) is 
*s curvature by replacing 
the center of the earth, then 
, we are thinking here that the 


(6) Consider a horizontally 
field is not parallel with the 
in the form 


stratified plasma in which the magnetic 
axis. Starting with Maxwell's equations 


VxE = “i/iCdH , 


Vifl = ~ia)e ^€ix^)E 
(a) Assume solutions of the form 


E(r) = V(*3) exp [-ici)(pjXj + 


H(r) i(xg) exp 

and find as a linear combinati 

similarly forr,j(xj). Define 


[-ia(pjXj + 

on of and 

the vector 


¥(*3) 



and show that W satisfies an equation of the fora 
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that it V- the structure of the complex matrix A(x ) and show 

that It contains no zero elements in general. 

(c) Let PCxj) be a non-singular 4 x 4 ^^trix and define a new 
vector u{x^) by the relation 


W * Pu 


hence show that ii satisfies the equation 


dvi (x , 


dx. 


i<uP"^A.P +p-i 


u(*,) 


id) If w,e put Pi = pj = 0 (normal incidence), and rotate the 
xj.x^-plane about the Xg-axis so that the magnetic field lies in the 
Xj.zj-plane, show that the matrix A(Xj) has the following structure 


( 


A{x,) 


0 1 0 0 \ 

ot 0 () y 

r 0 0 -yS 

\ 0 0 “1 0 / 


also show that if r - 0 , then the matrix equation for J reduces to two 
independent systems of two equations each, so that 7 is a measure 
of the coupling between waves defined by the orthogonal pairs 
and of the field components. In particular show that I-C*.) - 0 

and that K 3 (x 3 ) is a linear combination of ®nl y Vj and Kj. What is the 
advantage of this form of the equations? What is the disadvantage? 

(7) In the previous problem, introduce a (formal) variable Lorents 
transformation (rotation through a complex angle) of the electric and 
magnetic field components separately as follows 


p<*3) ■ li - 


/« 0 0 A 

/ A 1 /\ \ 


u 0 0 
0 -u 1 
0 1 -u 

\l 0 0 


1 
0 
0 
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/“U 0 0 1 

P(* 3 ) = 0 “ 1 0 

0 1 u 0 

V 1 0 0 -u 


where u(x,) is to be determined. Let the new components which are to 
form two orthogonal pairs be denoted by [tt, (x ^ U ^ )] and 

2 '^ 3 ^ »^2 ^^3 put 


n(x3) 



equ ation 


(a) Show that the scalar function must satisfy the 

■ 0 , 


if P-‘AP i, to h.vo .ero off.Ji.go.tl blocks. Show th.t th. .,ustio. 
for It has reciprocal roots and find them. 

(b) Show that 


P"^AP = 


0-100 
■^1 0 0 0 

0 0 0 X 


0 


0 0 


1 ^) 0 0 0 -1 
0 0 1 0 

(1 - «?)1 0 1 0 0 

\-l 0 0 0 
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where 


= a + 21 




Mx .) 


AIU 3 ) 


a + yu = 

u 




TTlix^) + 


(*3 ) + 


fc)’ 


7ri(*3) 


- 2 


- a 2 


TT'Uj) 


1 - U^ 


’^ 2 <*s) , 


rrlix^) + 




' ll 


u 


' \2 


- 2 


,1 - u* 


TT^ (* 3 ) 


-fc)'- 


^ 2 (^ 3 ) 

(*3 ) , 


-upud, .„d if ih, M; ‘ “ 7 *'‘=“'*“"- 

s,..» alio a l Tr " 

P v»hat does u approach in the Utter case? 

( 8 ) Using eq. (69.13) find the forn> of S for ara eUetr«. . 
at low and very low frequencies, w « ^ *®“* 

identic!!. inotropic medium eqa. (69.17) and (69.1S) a 

(10) Prove the statements at the end of section 69, 

(11) Deduce the form of eas (70 19^ ««..4 r^n niw , 

:i.id app„.cx., „„ .„a . 1.0 .1 ■ . ! t 1 " “• ■•'•••*' 

..d 1.. =“•«« w. 


are 
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(12) Interpret the numerator and denominator of eq. (7 0.27), 


(13) How can the results for the E-paral lei polarization be obtaixitd 
from those of the H-parallel polarization without solving the boundary 
value problem again for the cylindrical ly stratified medium? Show t^halt the 
dielectric tensor reduces to a scalar for this case. Why? 

(14) Consider an infinitely long circular cylinder of radius r *■ a 

and let a line source of unit strength be placed at (tq^O) , > a. 

Suppose the refractive index of the cylinder is given by M{r), and that 
the spatial part of a scalar wave is defined by 




^ 2 n\ 

— S(r - r^)He) 
/o/ 


in the region r > a. -ca < 9 < co Un infinitely sheeted Rieinantn surface), 
with boundary conditions 0(a,i9) = 0 and the radiation condition at in¬ 
finity. The Laplacian is expressed in polar coordinates. 

(a) Show that a solution of the problem, periodic in 9 ia of 

the form 


00 

0(r,^) = ^ 4 27rn) 

ns=-oo 


and interpret the solution. 

(6) Let Z be a complex variable and introduce the 
transformation 


conformal 


= In Z » iji ^ ^ ^0 I IP# I ^ 

' \z\ ^ r ’ 

^ow that^the Riemann surface is mapped onto the half-plane n > Zn «, 
, nd that xpir,9) now satisfies the equation 


3V 


= 5(u - u )S(v) 


<>3e 



where = In r^, 
shows that a wave 
medium is reduced 
tive index iV(it) = 


with boundary condition 
propagation problem in 
to a problem in a plane 


= a • This technique 
a cylindrically stratified 
stratified medium with refrac 


(c) Calculate ( d/du) In lV(u) at u = In a. 

(d) Let M(r) = 1 /r, and show that i//(u,t;) satisfies 


vV H- ifV 


a,v) 


0 , 


with solution 




where 


« = C(u - u )2 + t;2] 


a 


R' 


[<u + “o ” a)* + u*] 


a 


How does this solution compare with that obtained by the geometrical 

ptics so ution. What part of the solution represents the direct ray’ 
The reflected ray? 

(a) Show that lines in the («,u)-plane are mapped into 
hyperbolic spirals in the (r,-plane, and that this whole plane is 
covered by one system of spiral rays starting from the source and 
another system of spiral rays starting at the reciprocal point. 

. solution to the original problem, the 

cylindrically stratified medium with M(r) - 1 /r is given by 


ITT 

0(r,d) - _ ^ Lffi^UKRJ - , 

^ na-eo " « n ' 


where, 


R 


2 ln —+ (0 + 27Tn)^ 


M 




2 In Us + (^ + 27rn)* 

/Ti ^ 


and interpret the result. 
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(15) Consider the half-space, and a unit line source at 

(0,/i). Let the index TDe defined hy Mix^) - exp (x^/a) so that 

VV -t- axp (~j 4; = - 277S(rj)S(*:2 " h) . 

(a) Show that IF(Z) = b + iv = re‘® = maps conformally 

the upper half-plane onto r > o, -oo < 0 < oo if „ > 0, or onto r < | a| , 

-00 < 0 < CO, if a < 0, and that the wave equation in {u ,v) coordinates 
b ecomes 


+ K^xjj = ^ 


27T I r \ 

~2 HaB)h lain A) 

(;) ^ ^ 


277 

= “ — Heysir - r, 


where 


= ae*/® 


(6) Let a> 0, and put 


V' 




and show that 


/•a 


J-co 
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“ — 8(r - r,)Si9) 
^0 


function 


(c) Invert the Fourier integral and show that the Green’s 
satisfies the equation, 



G' + 





and can be represented in the form, 
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7 


G,(r) = ^ 




K^HKa) 


jK^HKr) 


K^^Ur.) 


fiy^Ka) 




■ “ i r < Tj , 


■ '■ ^ '"o • 


wh.re »;■>, <■) .„ 

order V. IVh.t ie C„(.)„ G,(«)? Ev.U.te li™ G' !'•“ 

€-0 ^0“^“ 


found for r > r^? 


the rays 


id) Suppose the solution ^ is given for r < , how is it 

(e) Perform the inverse conformal transformation and show that 


1^1 



are mapped into the curve 



(/") Define ds = \VI‘{Z)dZ\ 
mum value of the functional 


M\dZ 


prove that the mini* 


i- ^ * 1 ' * I ^ 

ds 

-’(0 , A ) 

is given by 


.« th.t L is the optical leneth of the curve of the le.et optical path 
roe the .oorce to the ebeervation point .hich U ee iu the upper h.if-pl.u, 
What IS the significance of L in the (r.d) space? 



(16) Reduce the problem of wave propagation in a cylindrically 
stratxfaad nedxun,. ^here Af(r) = (r/a)^ for p ^ -1, to a problem for a 
homogeneous medxum by using the transformation 


ViZ) = R^i4> 


g 

p + 1 w 


(o) For p > -1, ti,„ th, iofijitely she.tod Riom.nn 

.ort,co r 2 -o. < a < , infioitr-ohootod oort.co 

Jl i o/p * 1, - < * < », ,hUt i. .1. ^ 

radius a/p + 1, 

of (14b) ..M15.T " 

(17) Co..ido, .bsorbios .l.b, bound.d o« tU left by free .p.oe 

r ■ '■"''“‘7 cood.tting pi.... Let the 

ti r P"Po«<l»«»l.r to the plene .f th. el.b .„d let "o" be tbe 
10 tee, o the sleb, ,hiob ie oh.r.et.ti.ed by e(e,) .„d Th. 

p o; ir*" "”"-“7 f.cide„:.»it. 

Suppose the pol.rit.tton ol the .eve ie s.tb th.t 


E “ -£(^3)62 . H = - H ( x ^) e ^ , 


where e^, are unit vectors along the and axis. 

(a) Write Maxwell's equations for the fields in the slab. 

put in.nedan^^V^’^^f ^^flection coefficient R in terms of the in- 

put impedance Z{x^) at Xj = 0 by 

Z(0) + 1 ' 


ZU,) 


H(x,) ' 


show that Zlxj) satisfies the Riccati aquation 

Z (xj) - i*oe(x 3 )[Z(*j)] 2 + ik.fj.(x.) = 


0 



(c) Show that 




ffUs) = //(^c, „) 


3 .O'' exp 


r*3 


'3,0 


r 3 


/^(^3 ) AJg )] "^ 0 ?^:, 


■" ik, 


^ix^)Z{x^)dx^ 


■3,0 


(g?) Assume 


€{x^) = 


; /^(* 3 ) » a. . 

(^2 + ;t 3)2 ^ 3 * 


.her, „e eo.pUx co,.t..ta, .cl,, th, Ri„„i 


(e) Assume 


€ ( ^ B ) 


« is . complex const.nt, carry out th. solution ,. iudic.t.d in (d). 
(/) Analyze the problem for 


e(*3) 


A - iBxj 

(1 - CXj)^ 


M(*3 ) 


complex constant. A,B,C are complex conatanta. 


( ) Prove that there always exists at least 08 a vector 

nr satisfying eq. (71.13) and such that eqs. (71.9) and (71. 
satisfied, where E.H are solutions of eqs. (71.7) and (71.8).' 

(19) Prove that if E' satisfies the adjoxnt eq. (72.35), 
satisfies the complex conjugate of the adjoint equation. 

(20) Compare the original integral equation for «, wfti ^ 

satisfied by E^ and show that the nuscoftibllitf | 

latter is the transpose of the former or original 

6 $$ 







(а) Show further that the 4 matrix of the complex conjugate 
equation is obtained from the original equation by replacing angle 

with 

(б) Call B'* the susceptibility matrix of the ‘‘transposed" 
medium and define 




R[ . 

j » 


2 cos 


exp cos * (jic^ )E! * ( 3 )dx 3 


prove that B,. = R^. ^ so that (f?y ^) is the reflection matrix of the 
transposed medium, This is a reciprocity theorem. 


(c) Provein an analogous way tha t S., = S',, and T.^. = T j ^ . 
id) Interpret the results of (a), (b), and (c) physically* 


(21) Write the susceptibility matrix for a magneto - ionic medium 
for arbitrary orientation of the magnetic field and show that the 
susceptibility matrix of the transposed medium differs from the original 
in that the direction of the magnetic field is reversed at every point. 



PROBLEMS FOR CHAPTER VII 


(1) Show that the system of equations given below yields the ray 

path. 



Va = 

M. 

Bo- ’ 

V _ 


2H 

3r 

U “ 

3r 


^ _ _3 fl\ 

ds ~ 'hx\v)' 

(2) Using the concept that the polar planes are the envelope of the 
surface V(r,^) = 1 , derive the fact that tf(r,cr) = 1 is the reciprocal 
surface of V(r,^) = 1 . 

(3) If = 1, and all are positive, shov that » 1 is 

the reciprocal surface. 

(4) Let ^ = 1 be the equation of a coavex quadric, where A is a 
3 X 3 matrix. Let a be any point not on the quadric, show that the equa¬ 
tion of the polar plane with respect to the quadric is given by a'Af • I, 

(а) Find the polar plane with respect to the quadric, 

( б ) Show that any straight line from the point n iatcBisecting 

the quadric is cut harmonically by the surface and the polar piane^ 'of ' 

That is, if P and Q are the points of intersection of the 1 in#; and the 
quadric, and if R is the point of intersection of this line with th,f line 
joining the tangents from n to the quadric; show that 


nP nQ ° nR 
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(5) If cr = Af, where 


A = 


■2 1 

1 1 / ' 


show that the locus of <r lies on the reciprocal ellipse a'A'^a = 1 when 

^ lies on ^'A^ = L. Find the equations of the polar planes of both 
ellipses. 

(6) If the index of a medium is given by fl/(r,o) = (a - a)^, find 

(a) H(r,a) = 1 . 

(b) Find the Euler equations and integrate them. 

(c) Find the ray path equations, and also the rays. 

(7) Suppose we are griven the following system of equations 


dr = — da . — 

^ ■ K(p.t') 




where 




ctr 

du 


and u is some parameter along a ray. 

(а) How can F be determined from this system? 

( б ) Does the integral of a • dr having a meaning for a curve 
Other than a ray? Why? 

>, .. ^ determined from the above system of equations. 

S ow at / IS a positive homogeneous function of degree one in p‘. 

(8) If If(T.a) is invariant under a rotation of axis whose origin 

IS at r, prove that M is a function of position alone, and hence defines 
an isotropic medium. 


(9) If 


Br 


prove that M is a function of direction only. 


$38 




(10) Find the ray path when 


^(r,a) 


{oi • g)^ 
Vir) 


(a) Find cr. 
ib ) Find ^(r,a). 

(c) Calculate the curvature of the rays. 

(11) If Af(r,a) 4= M{a)^ show that the rays are straight lines, and 
find their equation. 

(12) If = f{x^)(a • a)'^, find the ray path equations. 

(13) If Mir,a) = /(r)(a • a)^, where = x.x., find the equation 
of the rays. 

(14) Let = Cj(a • ot)?^ and M^ii.OL) = C^ioL • a)\ where 

Cl / Cj are constants. Examine the conditions for reflection, refraction, 
either, neither, or both. 

(15) Prove that the second of Hamilton's equations transforms as a 
covariant vector. 

(16) Show that Euler^s equations transform covariantly* 

(17) Verify that eqs. (88.28) hold for arbitrary curvilinear coor¬ 
dinate systems and 

(18) Let the vector index of refraction be given in the form (as 

in section 86), /x = where e. • = S.,, Suppose 

further that /Xg can be expressed explicitly by /jl^ *= or 

implicitly by m(Mj, j/x^,/U 3 ,a)) » 0, and that the phase of a wave in an in- 
homogeneous, anisotropic medium is 


P(/ii,yU 2 ,a)) = - \ coifL • a)ds 

Jo 

where s is the arc length along a ray path and cu is the angular frequency 
of the wave. The incident direction of the wave is defined by fJi^ and /ij. 
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and o), and are independent parameters. Invoke the principle of 
stationary phase in the form dP = 0 and show that it yields 


(a) 




0 , 


- 


OC(J 


0,)] _ ds = 

a=coiistant 


(b) Show that the first two equations define the ray path 
po.itio., „d,h. l.,t defines tie e,«iv.l„. p.th length of the 

r.y end the group refruntive iuder uloug the t.y, nunely 


— Ca)(/i • a)] 


a=const ant 


(c) Does it give the group velocity? 


id) If r i 
mission of the wave to 
dx^/ds = a • e,, and 


the position vector from the point of trans- 
a point on the ray, define a - dx/ds, and obtain 


^cti Bct) ^ 


and hence show that 


~ ip • «)„. = a - a 

Oco ^“consttiit < ® — Oi • 

00) ^0) 


(e) Using the results above and eq. (86.12) deduce that 


r 3 




fi • a '^ks\ 

■- + CO- jdx 

a ' e, *3 • 


if) What is the expression for the phase path in terms of the 
parameter x^? 
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(19) Answer the following questions. 

(а) For a general medium, are Huygen's Principle and Fermat's 
Principle equivalent? 

(б) Is the correspondence between ray and normal in a point 
always unique? Consider a biaxial crystal. 

(20) Prove that at a point on a surface of discontinuity of two 
media, the normals to the incident, the reflected and the refracted wave 

fronts, and the normal to the surface of discontinuity all lie in the 
same plane. 

(21) Consider an infinitely long cylindrically stratified plasma 
column surrounded by free space. Let a bundle of straight parallel rays 
be incident on the plasma column. If the dielectric constant of the 
plasma is a function only of the radial distance r from the center of the 
cylinder, show that Snell’s Law is of the form, 

( 's ^ 

^ sin OJ - constant , 

- ^0 J 

where a is the angle between the ray direction and the radial direction. 

ih) Assume that for large r, e - and r sin a - b; show that 



tan^ a , 


where (r,6) are polar coordinates of any point. 


mediurn, 


(c) Derive the differential equation of the rays in th«: 


id) The dielectric constant is given by 


e , Nir)e^ 
— = 1 ---- 
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where N{r) is the variable electron density. Put 


and show that 


[6-2 - r-2 - b-^a(r)]-^ 


defines the ray with parameter 6. 

(e) Show that the angle between the direction along which the ray 
comes in from inf ini ty and the direction along which it goes out to inf ini ty 
again is given by, 




(/) Show that the limiting value of the angular coordinate 
Uhe deflection angle of the ray) as r - co is 


Sib) = 77 - “ 2 


•2[b-2 - r-2 - 6-2a(r)]-^dr 


vhere r is the distance of closest approach for this ray and is such 
:hat dr/dd = 0 at r = 

In the previous problem consider ^(6) as given so that (21f) 
s an integral equation for a(r). Put x ^ u = r"! ufu) - 1 - 

• a V , show that (21f) becomes. 


n - 6(x) 


* [dWj 
(* 


dW . 


(6) Put 


*(ir) . v-X* , 

dW ’ 
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prove that 


gCtP) = — 


277- 




TT - e{x) 


0 (»'-*) 


!4 


dx 


1 [T^ - -L ^ 

2 2tt dV! 


6{x)dx 
(r - x)^ 


(c) From “ u^v ^ derive, 

g(JF) = Iw-y^ + L/A^-if^ 

2 2 \dwj ‘ 

and use the condition that v = 1 at »- = 0 to deduce 


v{V/) - exp, 


[2(r )-^g(r) - {w')-^]dr 


id) From the expressions given in (c). obtain the result 


-1 

1 d 

6 ix)dx 

rr 

o(r)^ rfr ^ 

0 


(e) How is a(r) finally obtained? 


(23) In the previous problem, discuss the conditions for 


ray is 


(a) 

Penetrable, ' . 

(6) 

Impenetrable. 

(c) 

Let 

26 

e (»0 

find aCJf) and r 

OF). 

id) 

Show that if r» and as f - 0, o « 2e^ib^/r), 
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(24) An observer at a point on the earth’s surface at sunset sees 
the coming tangential rays as horizontal along the straight line path, 
but due to atmospheric refraction, the sun has already set and has an 
angular position other than horizontal at a very large distance from the 
observer. Assuming that the index of refraction for the earth’s atmos¬ 
phere is given by 


Mir) 


K‘ 


1 + 


where r is the distance measured from the center of the earth, find an 
expression for the deflection of the sun's rays from the horizon. 

(25) Starting with Maxwell’s equations. 


curl H ~ - = T 


and 


curl E + —5. - 
Bt 


and the constitutive equations B = D « + P, J = oE P = 
where is constant, a and S are tensors, which are in general 
Assume the medium is inhomogeneous so that the tensors depend on 
The time dependence is of the form , 


€qSE, 
complex- 
posi t ion. 


(a) 


Find the vector wave equation satisfied by E. 


( 6 ) Choose an arbitrary orthogonal curvilinear coordinate 
system and unit vectors (* 1 , 62 , 63 ) to express the vector line 

a 1 Am _J* v ^ 


e 1 emen t in the f o rra ds = 2c withe. • e = S . . 


Put 


3 C . 

V = y _L J_ 

i=l Si 


and 


3 

1 = 1 


E = J e.E. 

^ t I 


and expand the vector wave equation in (a). 
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Examine the terms in the expansion which must be neg- 
ected in order to transform Vx(VxE) into V(V • E) - V^E and show that 

the sufficient conditions for it to hold impose a condition on the curva- 
ture of the coordinate lines. 

(d) Show that the conditions are exactly satisfied by a rec- 
tangular cartesian system. 

(26) In the previous problem, consider the equation satisfied by 
the spatial part of E after neglecting the terms stated above. Put 

3 

” E *£^0 exp [-il- (r)] , 

i= 1 


satisfied by E(r). 

(.) Find thd .ati.fied by E(r) and ,ho. that it lead, 

to a homogeneous linear system of equations for the 

(6) Shaa that th. oo.f£iai..ta of thi. ayat.a, i„,l„ ti. 

partial derivatives of all 0,. 

‘"“'^rix of this system is called the “Eikonal Matrix. " 
Show that the necessary and sufficient condition for the existence of 
non-trivial E(r) is that the determinant of the “Eikonal Matrix" vanisk 
Identically. Hence show that this leads to a non-linear partial differ¬ 
ential equation of the second order for the three dependent variables 

id) How can the polarization be introduced? 

(c) Discuss how to determine an index of refraction, 

(27) A canonical transformation is one which preserves the canonical 
orm of the equations of the rays. Define the following 


y - 1 ^ J . dy 


dr 

dor 


f-\ 

I dr ' 


, W 


9cr 


, r 


0 I 
rl » 


show that the canonical eqs. can be written in the form^ 
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cty ^ diVYI . 


(a) 

(b) I£ J denotes the Jacobian of the transformation from 
(r,cr) (r'jO-'), prove that a necessary and sufficient condition on J 
in order that the transformation having J for Jacobian should be a 
canonical transformation is 

r'r(j-M' = r . 

(c) Prove that det J = ±1. 
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PROBLEMS FOR CHAPTER VIII 


(1) Let Q^ denote new position variables with P. the corresponding 
canonical conjugate momentum. The extension in phase of an ensemble of 
states measured in the old and new spaces is the same 

Jdq^dq^ ... dqjpj^ • • • ” JdQ^ ... dQ^dP^ . . . dP^ . 

Establish this property by showing that 

•••i P„) .... q^) 

•••. Pj ° ^(Qi. .... QJ ’ 


*nd hence, 


T s ’ • • • ’ • • • ■ Qb ) _ ^(Pi, . . . , p^) . . ., 

.Pn.9l. Vj " ^(Px, P,) ’ 


;Hint: Write P. = 


i = Pi + Pidt + .... Q. = g. + q^dt 








(2) Let q. be the set of velocity coordinates obtained 
}how that in velocity space the following integrala have an 
'roperty: 


(a) 


•• •» p„) 






•••.; 


( 6 ) 


3(^1, ..., q^)' 




^(Pl.P„) 


dpj^, 


(c) Are these integrals conseryed 




■m. . 



(3) Consider a single point in a space with distance 

defined by 

ds^ = g^g(,x^,x^,x^)dx.dxi^ 


and kinetic energy by 


T 


m . . 


(a) Calculate 


Pi 


BT Bp. 

and -^ 


. 


and show that 


B(p) _ ^ _ f SKi\ 

_ . X . j , H.K . 1,2,3) 


(6) Now consider n point masses (equal mass m) whose positions 
are given hy x ^ j ^ j = 1,2, ...» n. Define new coordinates 

,1»^2, 1 *^3,1^^ ^ ^ 1 , 2»^2,2»^3, 2^» etc., SO 
that we have (g^, a point in 3n-di-iensionai space. The kinetic 

energy of the system is now given by 


T = 


- 2 
2 ^ 


2 *^2,/j > 

; = 1 


calculate 




BT ^Pi,j 

and - 


3i. 


I.; 






and show that the determinant 
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3(p) 

B(q) 


0 

0 




|Al 0 

0 |Al 

0 

0 


0 



where A is a 3 3 determinant and the zeros also represent 3^3 null 

determinants. 


(c) Show that the integral in (2b) can now be written as 


i 


I 

i 


I 


„ 3„/2 


A»''2dgi .... dg3„ 


(4) Consider a collection of n-homogeneous, rigid, spherical mol¬ 
ecules with masses in a certain volume of space. Denote 

the center of mass of each molecule by (^i ^ 1» ^2 , 1» ^3 , 1 ^» 

2*^3,2^> Define generalized coordinates by 

^2 “ l» ^3 " ^^^^3 i* ^4 " '''^^^^1,2* etc., then the kinetic energy 

of the system is 


T 




(a) Show that the elementary probability can be written in 

the form 

dP = f(E)dqy^, ...» dp^ 


where £ is a first integral of the motion of the system. 

(6) Put F^(E) * m^) '^f(E)[V]^ where V is the volume 

occupied by the molecules, and denote by dP' the elementary probability 
in the momentum space, show that 

dP' = F„(P)dPi, •••» • 

(c) Consider only distributions in which we know that the 
energy lies between E and E + dE, where E - T. Let the representative 
points of the system lie between two hyperspheres of radii R “ 2E and 
R + dR - /2(F + dE)\ and introduce the parametric representation, 
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Pi 

P2 

P3 


< 


R cos 0^ 

R sin 0^ cos ^2 
R sin 0^ sin 6^ cos @3 


^-1 




R sin 
i? sin 5j 


sin ^2 sin 0^^^ cos 

sin 0^ sin 0 , cos 5 

* ft “ 1 n 


where •••» ^n- 2 ^ vary between 0 and tt; varies between 

0 and 2ir. Verify that the distance between two neighboring points is 
expressed by 


ds^ = + R^[d6\ + sin^ d^ddl + 

+ (sin sin 6^ .... sin ^„_ 2 ) , 

and hence the coordinates R and 6^ are rectangular. From this, prove 

that the element of volume in velocity space can therefore be written in 
the form 


R"' dflCsin 0 ^)"~ 2 (sin .... sin 0^_^de^de^ dd • 

(d) From the above considerations, prove that 

if - .... ie,.„ 


or 


dP' 


(sin g^)»-Msin .. ., sin ^„_ 2 d 0 i 


" 

rTT 

^TT 

^TT 


(sin 

(sin e^)"~^d6^ ..., 

(sin )d6 

- 

0 

0 

0 


(e) Deduce from (d) the probability that a molecule say 
has simultaneously three momentum components lying between Pj.Pj -I- dp^; 
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Other molecules having arbitrary 

and show that it is defined by 


dP, 




(sin 6 ^ sin 62 


(sin . , 


(sin d)'^^^dd . , , , 


27r 


de 


(in the integrals, 9 acts as a dummy variable of integration), 
(sin 6 ^ sin 6 ^ sin <^3 3 


dP. 



^TT 

>77 


(sin 9)^“^d6 

(sin 6)^’‘^d9 

. 

^0 

0 


(sin 0)^^^dS 


if) Introduce 


sin^ 0^-1 


sin^ 9^ = I ^ 


Pi 


pI 


R^ ain^ 6 . 


how that 


sin^ ^3 = 1 “ 


^3 


i? sin* 9^ sin* 6^ 


pt p; ^ p; 

(sin 9^ sin 9^ sin 9 .)^ » 1 . 

0 


momentum 


• 27r 

dd 

-0 


nd that the numerator in (e) can be written as 



p! + P2 + P\ 


(n-5 )/2 


dpydp^dp^ 


Use the fact that if n is large 


(sin 6)^ dd = 


. / 277 


and therefore show 


P? + P2 P3 


(n-S )12 


[{n - 2)(n - 3)(n - 4)]^ dpj^dp^dp. 


(2E/H27r)'^^ 


(g) Assume the energy of is very small compared with E, 
and n is large, show that 


n \ n 

n;] exp - — 


ip\ + P2 pI)\ dp^dp^dp^ 


Generalize this formula for any number of components, say 
V, but still assuming v « n and obtain 




(5) (a) Suppose the potential energy of the previous system is not 

negligible, assume that 

r - j-l. 

^ i = l 

and the potential energy is given by 


u “ T ^ ,•••.<?,- 


QyWii •••! 
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with n n, show that now 


dP, = Af{E)dp^, dp 


dQ^, ..._ dp^ 


whei 




X i. the futctiot.l deter.i,.„t obt.i.ed by eh.tji.s ? - Q .»d is tonstsst. 

(6) By reasoning analogous to (4), deduce that 


dP. 


n t s'N”'* 


AttE 


exp 


in + n') " 


AE 


2 p! 


i = l 


•^Pl> dp . 


• j Prove that the pressure tensor as defined by eq. (97.38) is 

indeed a tensor of the type indicated. 

(7) What is the fbrm of the Boltzmann equation in cylindrical 
coor mates? In an arbitrary orthogonal curvilinear coordinate system? 

(8) Let fir,v) - fixj^.v) be a one dimensional time independent 
constant of motion and let denote the potential field of a charged 
particle, show that 


f — mu® + e0 


is a stationary solution of the Boltzmann equation. 

(9) What is the form of eq. (97.88) in a cylindrical system with 
only radial symmetry? 


(10) Write the Boltzmann equation in the fo 


rm 


Ut 


0 ; 


coll . 
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associated with this form is the set of equations 

dt dr dr df 

^ ‘ (IT. ■ 

(a) Suppose rCt^) and ^it^) are prescribed, show that if 

r = r(ro,VQ,tQ, t) , 

V = v(rQ,v^j, tQ,t) , 

/(r,v,t) - /(r^,Vo«*o) 

and interpret the result. 

(b) How could this technique be applied to one-dimensional 
stationary shock waves? 

(11) If (r,0,2) are the usual cylindrical coordinates and if A is 
a vector potential, prove that 

f(^ mv^ ,mr^^ + erA^ 

is a statipnary splution of the Boltzmann equation when the magnetic field 
is azimuthally symmetric. 

(12) Assume that the force density term for a plasma can be written 
in the form 

f = e.(7 • E)E + (e - e^) :|-(EsB) + 4" (E • V)E 

® “ L^t 2 

where e is a scalar function of position. 
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(a) Show that 


f • rdV 

Y 


€(V • E)CE • r) - — (e - e 


+ (E • r)(E 





dV 


ie - €j)r • — (EodBldV 
at 


li^ 


EH€ - €.)r - (E - r)(e - 


- d& 


where V and S are respectively the volume and surface of a plasmoid, 

{b) Assume ^ • E = E * Ve * 0 (trausverse waves) and reduce 
the expression in (a). 

(c) Let € - Sq « exp > 0, (Jj ^ 0; assume 

that if a pi asmoid exists, <E^> is a minimuni at the center and becomes a 
maximum on an outer surface. Using this outer surface as the bounding 
surface S integrate the result of (b) and note that since this surface 
is also a surface of constant e, E • cS = 0; ignoring the radiation 
energy and assuming the plasmoid lasts longer than the time for the wave 
to have extended beyond the integration surface, show that 


(£ - eo)T - — (ExB)dV 

C7 t 


can be neglected, so that 


/ • rdY 

V 


(e - r • 


65S 



id) Prove that i£ is monotone increasing from the interior 
of the plasmoid to the surface of integration, the integral in (c) is 
negative.. 

(e) Identify 


f • rdV with 
- V 


x.y N <F>dV 

I JLj S I 


and use the preceding results to show that self - conf i nernent of a plasmoid 
is possible. 

(/) Does this result contradict the conclusion obtained from 
the virial theorem? Discuss the conclusion in both cases. 

(g) If the permittivity varies as in (c), can transverse field 
standing waves exist in a simply connected plasmoid? In multiply connected 
plasmoids, e.g., a torus? 

(13) Show that if the collisionless Boltzmann equation is satisfied 
then dS/dt = 0, where 5 is the entropy defined by eq. (99.2). 

(14) By reasoning as in the two and three dimensional cases, deduce 
the adiabatic equation of state for a one-dimensional collisionless gas. 

(15) The existence of longitudinal waves in a non-homogeneous 
plasma (variable electron density) can be studied in a simple way by 
using the following system of equations. 


curl E 




curl H 




V/(r,v, t )c(^V + ^0 

V 


div (Y/) 

01 


0 


3V 

-H 

3t 


V 


grad Y 


= [E + YxB] , 

m 


where q is the electronic charge. 


656 



The distributioa Wtion is defined through the relation 


^(r,0 = fiv,y,t)d^y 


(.a) If subscript zero denotes the undisturbed state and lower 
case letters denote the perturbations from the undisturbed state, show that 
the linearized fom of the system of equations above is 


curl e = ~ n ^ 

2t ’ 


curih = q <yofi ^ uP- 

J„ 


+ f 0 (t) + Vj ' grad /j + V ■ grad /, = 0 


By Q 

V, • grad V “ - (e + MoVoth) , 

where, 

f “ /fl(r.Vo) + , 

V(r, t) = Vo(r) +'r(r,Yo,0 . 

ib) Consider an inhomogeneity only in the x^-direction so that 

Israd /J « 

(dropping subscript for convenience) and assume that «,li,v and fj are all 
of the form (Eikonal ansatz), 
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and restrict K(a:) so that 


1 k1 = if, = Hx) . 

Show that for pure longitudinal wave fields, K is parallel 
to e,h and v, and that the above system of equations becomes 


ieooje + q 




^^0 


iwu, + = —«. • 

m 

(c) Show that for a non-trivial solution to exist it is 
necessary to satisfy the dispersion equation 

^/o 

3* , 

-- d*Vo . 



id) Assume varies only in the ^-direction and that 
V = constant, deduce that 


CJ? w* co^ • 


k = -~± — + --1^ 

V \ ^^^2 V CO p 


where 


CO 


2 

c 



e^m 


p(x) 



' 


(c) Find the real and imaginary parts of k and show that as 
p' 0 (the uniform plasma), 


and Im(k) -* 0. 


Reik) 
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(/) In the system of equations in (b), replace io) by B/Bt 
and ik by B/Sx. Describe a method by which the resulting system can be 
used as the basis of an iteration procedure to find the longitudinal 
waves in an inhomogeneous medium. 

(16) Consider a magneto-plasma with magnetic field applied in the 
^ 3 -direction. Assume that the radio frequency magnetic field is neglected 
and that an electron is brought to rest at each collision- Let the prop¬ 
agation of a very high frequency circularly polarized wave be restricted 
in direction along the applied magnetic field and consider only the extra¬ 
ordinary ray. 

(a) Assume the following conditions for an electron: 

" ^2 “ “ - sin a)t , Vn =-cos cot' , 

m in 


where t' is the time at which an electron makes a collision. Show that 


V 


1 


IV, 



m (ccJ - co^) 



e 







where co^ is the electron gyro-frequency, 

(6) If n is the electron density, define the coUisien fre?^ 
quency u by the formula 

dn » , 

show that the current density is given by ^ 


J 


1 


iJ. 


in(o) - ) 






and find the integrated forms of and • 

(c) Prove that if the electric field is moviiig in fehe 
tion of increasing with phase constant >S and wave frequency theB 
an electron moving in the same direction with velocity ^ v is sub¬ 
jected to an angular frequency cOq fSv. Interpret as a Doppler shifts 
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(d) Suppose drip electrons per unit volume have an Xj-component 
of velocity between v and v + dv and if the velocity distribution is given 

by 

% 


dn„ 


I—] 

2TTkT) 


exp 




dv , 


show that the contribution to and in a coordinate system moving with 
velocity v in the direction is 


dJ, 




m I 27TfeTy 


• ‘ exp '- 


2kT 


V sin cot (co co^) cos 


cot 


+ (cO - COj^)' 


dv , 


dJr 


n.e 


0^ "0 


/ m / mv^ ] 

m { 2 ^ I 2kTi 


\ 1 


V cos cot + (co “• cOj^) sin cot 


+ (cO - COf 


dv , 


where co - co^ “ jiv. 

(e) Prove that by transforming back to the original reference 
frame the amplitude of dJ^ and dJ^ is unchanged but the frequency becomes 
, and that 




m \2rrkTj 


jixfv sin co^t - ( 0 ; - Ct)^) cos ‘^o*\r 


exp 


2kT 


M cos co^t + {co - co^) sin co^t 


+ (co "co^)^ 


-1 


dv 


(/) Show that the parts of Jj and Jg which are in phase with 
and are equal and correspond to a transverse conductivity, 


/ .f 

r / 

V 

\2kTj 

. r 2kT} 

-00 

.V* + (Wq - co^ ~ ^v)^. 


dv , 


and a transverse permittivity, 




€ = €q 


I “ 

r® 

/ IBV^\ 

"0 “ "i " 

[2.kTj J 

exp 

-00 

iferj 

+ (cUp - coj^ - ^v)\ 


dv 
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(17) In the previous problem let T denote the effective temperature 
corresponding to the thermal motion of the electrons parallel to the 
applied magnetic field lines. Assume that this temperature T is large 
and that the collision frequency is small in the sense that 


(a) Prove that unless - /3u < v, then 


V 

+ ico^ ^ cOj^ - /3v)^^ 


is a small quantity. 

(6) Show that within this narrow range of values of v, the 
conductivity cr is given by 



(c) Consider the integral in (16f) for 6y. Make the following 
transformations; 


t » 


(—1 

\2kTj 




V , t, 


■ (■ 



■(ojj - )■ 

7 

yfl J 


, z - t - t 


0 > 


and set v « 0. Show that the integral becomes 


J - 


■«> -(* + «.) 


dz w 


Define the integral by 


^ lim 


c -0 


exp 


/ Q ^ ^ dz 

- 2tnz) -f 


■KD 


exp (“z^ - 2faz) 


dz 


t € 
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replace z by “z in the first integral, hence show that 


/3I 


r-oo - z / 2 


= e 


sinh 2t qZ dz . 


Evaluate the above integral by expanding sinh 2tQZ and integrate term-wise. 

(d) Using the results of (e) above; assume that the conduc¬ 
tivity is small, show that the absorption coefficient can be calculated 
from the formula 


K = 


2o)e^ 


2o)e oP' 


where, 


^2 = 1 - 


2Ko 0,2. 


"t 0,2p 


exp 


V2 

0 

2 2 
'’lP 


("o ■ "l) 




’'o /"o ■ "l' 


VtP 




1 /“o ■ 


3 vy \ “0 


+ .... 


and 


'2kT 




note that p is the real part of the refractive index, 
(c) Put 




me. 


and hence show that 




2 V, .,2^3 
L CJ^jP 


exp 


Vl t - 0)^2 


vy \ ^0 


662 



(18) (a) If f(v) is a velocity distribution function parallel to 

the magnetic field defined by 



f{v)dv 


nf^fiv)dv 


show that the transverse conductivity of the plasma can be written in the 
form 



and the attenuation coefficient tnkes the form 



(6) Describe how the electron velocity distribution parallel 
to the magnetic field can be obtained from the experimentally observable 
quantities. 

(c) Suppose that the distribution function also depends on 
*3 and that the rate of change of attenuation per wavelength is not too 
large, then along the transmission path fadxj measures the total attend 
uation approximately. Describe how the “average” distribution function 
can be determined. 

(19) (a) Using (16f) and assuming v is independent of v, show that 

if 


ne^ V 

CTj, » - --- 

^ + (cOq - ) 2 

, j (Wo - ) 

— - 1 - —--——^ , 

^0 v® + (cUg - £0^)2 
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(the cold plasma), 



(6) If (Wq o)^) « V finder^; also if v « (co^ " co^ ) find cr^. 


(20) (a) Show, by using the results of (16a), that if no collisions 

take place, an electron starting from rest at f = 0 acquires a kinetic 
energy in a time t equal to 


1 

2 



m 





2 


(b) For a cold plasma, assume as in (19b), v » (co^ - ), 

show that the time rate of change of the kinetic energy [as given in (a)] 
reduces to (e^EQ/rn)t, and that the average rate of absorption per electron 
is (e^F^/m)v"^. 

(c) Assume v a)Q *“ , show that the kinetic energy acquired 

by an electron when averaged over a long time between collisions is 


i»(a)o - co^)^ 

Prove that if on the average this amount of energy is given up by an 
electron at each collision, the average rate of absorption of energy 
per electron is 

e Eq 

- V 

id) Compare the results of (b) and (c) with those obtained 
from (19b) and interpret. 

(21) Consider a “hot” plasma such that 


V « /3 
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(a) Integrate over all frequencies 


and show that the absorption is independent of v to first order if v is 
ciently small. Explain why this is so physically, 

(6) If V is a function of v, under what conditions is the 
foregoing analysis valid? 

(22) Let Vg be the equilibrium velocity of an electron in a uniform 
electron plasma with distribution function In the absence of an 

applied magnetic field show that the velocity of the electron in the per¬ 
turbed state is given by 


T = V - 


ie E(r,t) 


m (co-K • v) 


provided E(r,t) = E exp [i(<ut - K • r)] and are neglected. 

(a) Assume that the equilibrium distribution /(Vj) is an even 
function of v^ and that the current distribution is defined by 


rf(r )d\. , 


show that 


-ie' 


E(r, t) 


/(Vo) 


(o) - K • Vq) 




(6) Assume that at the singular point defined by 
CO K Tq 0, the distribution function is approximately zero and write 


W - K • Tn OJ ,.,2 

deduce the result 

J 


^ K • T, +-4 (K • Tj)' + ..., 


0 £ 0 ' CO^ 


■ie'n 


m \ 3 ^2 ° 




E(r,t) . 
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(c) If H. denotes the perturbation in the magnetic field then 


VrfI - J * *0 ^ . 

ise the result of (b) for J and show that the dielectric constant is 
'iven by 




here 




CO" 




, co^ is the plasma frequency. 


(d) Show that the electrostatic modes of oscillation are 
joverned by the dispersion relation 




nterpret the result in terms of the temperature of the electrons. 

(23) Consider a low density collisionless electron plasma and de¬ 
mote by equilibrium distribution function which is normalized 

:o unity. Let 


/(r,v,t) = n^ff^ir.y) + f^(.T,r,t) , 


where is a small perturbation from the equilibrium distribution. In 
the absence of an applied magnetic field and with the following definition 
of E, 

'' (r - r') 


E(r, t) * e 


r - r 


/ I 3 




(a) Show by using the linearized form of the collisionless 
Boltzmann equation that 

where L is a linear integro-differential operator. 
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( 6 ) Exhibit the form of the operator and prove that it i, 


Hermitian. 


(c) Put = e “ /^(r,v), where co^ is real, and prove 

that the operator i(d/3r) commutes with the operator L. 

id) Set /„(r,v) = g„(v)e“^^ ' in the equation = L/^ and 

use the result 


d^i' e~^‘ 

|r-r'P 


to show that 


= • - 1 -V 1 

K2 I 3v (K • V - o)) 


d^yg.ir) 


(e) Normalize g„(T) such that Jg (T)d®v = l and find from (d) 


“ ir* r * drn(K • V - a.) ’ 


and hence, 


_K . cl\ — -i- 

1(2 (K . V - co) 


(/) Integrate the above expression by parts, assume /0 is an 
even function of v and expand the denominator in the expression 


fo(y ) 

(K • V - CO)' 


d\ = 1 


to find the dispersion equation 


CO 2 

- 1 1 +— <v^> + 


What condition must be imposed on so that the above 
integral is meaningful? 
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(24) In the collisionless Boltzmann equation for a particle species 
(not necessarily electrons) assume that both and v • (B/ /Br) 

can be neglected so that 

<J 0 

— (E + txB)-= 0 

IB Bt 


is valid where B is the total magnetic field, 
(o) Define the vector 


ExB 

U = V- 

£2 


and first show that nwR = (E + vxB) - F P • ..v • - 

where li^ is the projection of 

E in the direction of B. 

(6) Assume E^ = 0, show that 3/j/Bv has no component in the 
direction of uxB and hence must be constant on the circles u= constant, 
and therefore the distribution is isotropic. 

(c) From the above result prove that f,{T,y,t) must have the 
structure f^(u,Vg, r,t) where Vg is the magnitude of v . 

that a sufficient condition for the neglecting of 
f t and T (B//Br) is that the gyro-frequency {q/m)B is very much larger 
than both of the neglected terms. Use a dimensional argument. 

(e) Show that the pressure tensor in a local coordinate 
system with the Xj-axis along B has the form 



where is the component perpendicular to B. 

4 : r V. ^ ® parameter in a series expansion 

01 f show that the first order equation for is 


^■^0 ^foq 3 /^ 

3< ’ ■ ar *7®' - -57 
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(25) Consider a fluid vacuum interface such that inside the fluid 
the following equations are valid. 

^ “ 0 , (/3 is the fluid mass density) 


(PP ' 0 , (p is the pressure, y is ratio 

of specific heats) 

dy 1 

P = - grad p + — curl BxB , 


(iv) 


dB 


Po 


curl (vxB) + V^B , (cr is the conductivity), 


and inside the vacuum Maxwell's equations are satisfied. Neglect the dii 
placement current in the fluid and assume infinite conductivity so that 
E + txB = 0 . Let n be the unit normal to the interface and denote by A 

the jump in any quantity across the interface, 

(o) Show first that nx AE = (n * vlAB. 

(6) Assuming surface currents exist show that on the surface 
nxAB = MqJ*’ w^'^re is the surface current density. 

(c) Let Sr be a virtual displacement from one side of the 
boundary to the other, using (Hi) above deduce that as 8r -* 0, 


S 




2Mo/ 


(d) Prove that if n • B = 0 then infinite force densities can 
not arise at the boundary. 

(e) Show that if the interface is a boundary between two fluids 
n • Av = 0 is a necessary boundary condition. 

(/) Suppose the fluid is in contact with a rigid perfectly 
conductive boundary, prove that (a) and (e) become respectively n%E - 0 
and o • V = 0, and therefore n • =0. 
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(26) Deduce that for an infinitely conducting medium which satisfies 
an adiabatic equation of state, the system of hydromagnetic equations has 
an energy integral given by 


L 2 ^ P bM 


stant , 


where R is the complete fluid vacuum volume, and interpret the terms 
separately. 

(27) Prove by direct substitution that in an infinitely conducting 
unbounded and incompressible fluid, B = + h(x^,x^,x^ ± Vt) 


with V 


t-A 


, V » 


IS a solution of the non-linear hydromagnetic equations, where subscript 
zero denotes the equilibrium values of the variables shown. Contrast 

this with the plane wave solutions of the linearized system. Is the above 
true in a compressible fluid? 

(28) Discuss the propagation of Alvfen waves in a medium with an 
anisotropic pressure tensor. 

(29) rt. v.lidity «f th. hydr«».g„etic 

starting f,„. ,h, Bolttn..- ,ith collision t,„. 
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PROBLEMS FOR CHAPTER IX 


(1) If the field quantity F(t) varies sinusoidally with time it can 
be written in the form 

F(t) = — [Fc*“‘ + F*e"‘"*] 

2 

Denote by F^ and F^ the real and imaginary parts of the complex amplitude 
F so that 

F - Fj + xFj . 

(a) Show that F(t) can be written in the form 

“ Fj^ cos cot “ iF 2 sin cot 

(b) Show that 


FjxF, = ~ FxF* 

^ 2i 

is perpendicular to the plane of the ellipse defined by (a). 

(c) Show that the modulus of F^xF^ is equal to the area of the 
ellipse divided by 7r. 

(2) From eq. (102.22) derive first the relation 



where satisfies eq. (102.22) and n ■ unit wave normal. 
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(b) Denote the electric field with propagation constant 
by E(i)- Using the relation (a) and eq. (102.13) with /U = i: show that 



Why does this vector define the polarization of E( ^? How is the polar¬ 
ization of H, ij defined? If is replaced by how are the above results 
change d? 

(3) Let the direction of propagation of a plane wave be in the direc¬ 
tion of Bq so that n = (0,0,1). Show that 
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(b) For n = (1,0,0), show that 



(4) Establish the identities in eqs. (104.8). 

(5) Starting from eq. (106.1), set M = 0, and consider the power 
radiated per unit length along the acj-axis. Using the two dimensional 
Fourier Transform (Partial Transform), 


J(r) 


r 

J J-QO 


and its inverse 




{2rr) ■ 




(a) Derive the result for the power radiated per unit length, 


dP 

dx^ 


“7T 


dK 




(6) Find tha analogous expression for the case of a magnetic 
current density. The above formula is useful in the study of Cerenkov 
radiation. 
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(6) Consider a cylinder parallel to the jj^-axis whose cross- 
sectional area is unity. To calculate the power radiated by a current 
distribution within the cylinder eq. (ia6.1) is used again. For M = 0, 

J*'Edx^ 

where dx^dx^. Show, by using the partial Fourier Transform 



J (r) 


^^3 J(^ji X 2 fK 6 


-iK 


3*3 


and its inverse 


J (-*1 9^2 ^ * 

^ ^ ^ 27r 


J(r)€ 


* 3 


show that 


dP 

dT 


12 


(a) 

in 


dK 




(h) Find the analogous expression for magnetic current 
distributions. 

(7) Take a current distribution of the form 


, _ " i {co/v ) * , 

•^1 = ^ S (* 3 ) , 

where I is the charge per unit length (amps/meter) in the section, 

(a) Apply the partial transform in problem (7) and find 

Ji(*i,*2,^3) = -L 

^ ^ 2-rr 
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( 6 ) Show that the complex power radiated per unit area is 


dP 


^^12 1677 ^ 


dK 


dx'^dx'^gi i(K)e 


-i{ (*^-x 'i) [« i-Ca>/«)] +«2(»2-*2^} 


where is the element in the first row and first column of 

(c) Calculate the spatial integrations and obtain, 


dP 


dA 


12 


il 

477 




ii 

477' 


Wp, find 


I 

id) From the definition of the wave matrix and also det 

rco 

(e) Show that 




dP 


dA 


ia)/6 0 


1 2 


47T 


(VoA)'" 


1 - 

^3 - 



where KJ = (^,€ 5 )“^ andK^jj, iT^j^are roots of the eq. ( 102 . 22 ). 

(f) Assuming the medium as lossy so that < 0, 

< 0 , apply the residue theorem to find 


dP 


dA 


12 



Vi 


1 - 


(V^/v)' 


^3 J 


«0 j ^[^(1) " ■*^(2), 


+ K, 


yi 

''a 


€w 


1 + 


^(1)^(2) 


J 


(g) Let the medium be isotropic and lossless. Find the condi¬ 
tions under which real power can be radiated. Are the results similar to 
Cerenkov radiation? 
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(8) In section 105 an expression was obtained for the w-awes excited 
by a planar distribution of dipoles. 

(a) What is the significance of the delta function term? 

ib) Show that, with the aid of the identity in (2a) and the 
vector e^-^jin {2b), the matrix D can be put in the form 


£3 “ (ffij + nl) 


R 1 




+ _2 
^ **2 




j j(ni)e J1 j(ni) , 




where ©(i) is obtained from ©(d hy replacing €2 with prime 

indicates transpose. A similar result obtains for /(mg. 

(c) Denote by the real power. Show that the real power 
radiated per unit volume of the source is 


^ —5eJ*'E(0) 


dV 


where E(0) is found from eq, (105.13). Assume the medium is lossless, and 
consider a coordinate in the direction of m. By integrating along this 
coordinate obtain the real power radiated per unit area of the currfent 
distribution; 


(d) 


dA 


AcoeQm' 


-Reir 


1 “^ ^EJ m 2 ™^ 


K 


M 2 


(e) In a lossless plasma, = ®(i)* 1 power 

delivered to the wave defined by and similarly for ^,. 2 - Show that 




r 1 


ReK 


M 1 


r 2 


ReK 


m2 


'(1 )-* 


"(2 


^1 ^2 


^1 ^2 




if) Calculate the above ratio when m = (0,0,1). 
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(9) Consider a linearly polarixied dipole moment p. Show that the 
real power is given by 



(b) Plot this in a polar diagram. What is the figure of 

(c) Find when p is parallel to and perpendicular 

to Bq. 

(d) Calculate for a circularly polarized dipole moment. 

(10) Evaluate when 

(a) €3^ = €3 , €3^0 

(b) €2=0 , 6^ = £3 > 0 

(c) €3 = 0 , £j^ = £3 < 0 

id) < 0 , £3 < 0 , €3 ^ , what is P^7 

(11) Consider the wave equation in the form 


Kx(KxE) + = 0 . 

To find the eigenfunctions and eigenvalues of this equation 
we replace E by and by Suppose the medium is lossless then 

€ is Hermitian. Two distinct vectors are called €-orthogonal if they 
satisfy the condition, ® 0 . 

(a) Find the characteristic or secular equation satisfied 

by K{. 

(fa) Find the eigenvectors of the above wave equation. 

(c) Show that, ii is real, the corresponding eigenvectors 

are e-orthogonal. 

id) is not real, show that the eigenvectors are self 

orthogonal, that is, they satisfy = 0 . 

(e) If the medium is a Lossless plasma, show that for very 
low frequency waves, is real. 
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(/) Show that the eigenvectors do not form a basis for three- 
dimensional space; construct such a basis from them. 

(g) How could the Green’s tensor be represented in terms of 

this basis? 

(12) Show that the Green’s tensor defined by eq. (105.1) reduces to 
the free-space Greenes tensor. 


(а) Where are 

(б) Show that 

(r,r') = 


the poles located in 
the free-space Green’ 


/l 


477 li2 
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w 


this case 
s tensor 



takes the form 


(13) Consider Maxwell’s equations for time harmonic varying fields 
for a medium characterized by e. Suppose that only electrical current 
distributions are given. Introduce scalar and vector potentials <^(r) 
and A(r) such that E = -lojUjA - V<^. 


(a) Derive the equation satisfied by .4. 

(b) Show that A and ^ are related by 


V^A + fegeA + J = V(V ‘ A) + i«€„€Vq!, . 

possible to satisfy the Lorentz condition, 

( • A) + ia;e„eV<^ = 0, with a single scalar function <l> as in the iso- 

tropic case? 

id) Verify whether the following tensor with components 


Gil(r,r') = ± 




Stt \ E 


e - e 
+ - 


^2 2 


®11 ' ^12 = 




Stt \ R 


-G 


2 1 ' 


33 


-iK.R 


477 R 


Gi3 = = G 


23 ^32 


0 . 
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where, H = |r - r' L and = fe 2 (e^ + e^), kI = kl^e^ - € 3 ), K] 
is the Green’s tensor of the equation, 



(V^I + fege)G(r,r') = - 8 (r - r')I , 1 = 8 ... 

(e) Suppose that the Lorentz condition is satisfied, how are 
A, G and J related? 

(/) Suppose an A has been found which satisfies all conditions 
of (b) and (c), show that 


E « — (fejl -I- €"^W') A , 

where Visa row vector, V' its transpose, so that W’ is a dyadic operator. 

(g) With the Green's tensor as given in (d) calculate a vector 
potential defined by A = /'C(ir,r' )J(r' )ct^r' for a dipole J - (linS(p')e 
placed at the origin, where c is a unit vector. 

(h) From A as calculated in (g), calculate the field E defined 
in part (f). 

(14) Find the Fourier transform of the tensor G defined in (13d) 
and call it g. 

(а) Calculate the difference between g and gj^j defined by 

eq. (104.13) and estimate the maximum error of |g 1 • 

( б ) Find the differential equation satisfied by G - 

(c) Describe how G can be used for the approximate solution 
of radiation problems. 

(15) Consider a magneto-ionic medium in which the effect of the 
heavy ions are included in the description of the permittivity tensor. 
Derive the conditions under which this tensor becomes diagonal. 

(16) Suppose a current density of the form 

<?r— 5(r-vt) 
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IS prescribed in a magneto-ionic medium, where Q is the total charge, T 
IS Its radial velocity (e.g., an expanding spherical shell). 

(a) Can such a distribution radiate in an isotropic medium? 

(i>) Describe qualitatively the general features o£ the low 
frequency radiation of such a distribution in the presence of a magnetic 


680 



AUTHOR INDEX 


Adams - 260 

Alfven - 135-136, 155, 165, 170, secs. 45-46 

Allis - 499 

Appleton - 69, 137 

Arzelies - 236 

Astron - 137 

Auer - 201 

Bailey - 136 

B^os - 136, 187, 195, 197, 201 

Batchelor - 269 

Baumann - 451, 457 

Bazer - 427 

Bellman - 387 

Bird - 457 

Blue - 199 

Bogolubov - 442 

Bohm - 487 

Born - 323 

Brueckner - 250 

Budden - 282 

Burgers - 243, 468 

Caratheodory - 351 
Case - 445 

Chandrasekhar - 250, 493 
Chapman - 243, 253, 493, 499 
Chew - 250 
Choh - 444 
Chopra - 269 
Chu, Boa-Teh - 211 
Clauser - 243, 269 
Coburn - 265 
Cohen - 459, 491 


Cowling . 243, 253, 269, 458, 493, 499, 526 
Oillwick - 277 
Oirtiss - 457 

Davydov - 499 
de Groot - 247 
de Hoffmann - 267 
Delcroix - 499 
Denman - 236 
Durand - 546 

Ecker - 461 
Ehlers - 269 
Elsasser - 136, 269 
Epstein - 238, 396, 493 
Ericksen • 265 

Fain - 512 
Fainberg - 314 
Ferraro - 282 
Finkelnburg - 253 
Fleischman - 427 
Friedrichs - 263 

Goldberger - 250 
Goldstein - 252 
Golitsyn - 264 
Gorbatenko - 314 
Goursat - 329 
Grad - 474 
Guernsey - 444 
Gurevich - 499 

Hadaniard - 264 


681 



Hains - 269 
Harm - 490 
Hartmann - 136 
Hartree - 69, 137, 281 
Haselgrove - 346, 419 
Herdan - 262 
Herlofson - 136 
Hess - 266 
Hines - 137 
Hirschfeider - 457 
Horvath - 436 
Hibbard - 487 
Hugoniot - 129 

Jancel - 497» 508, 512 

Kaeppeler - 451, 457 
Kahan - 497, 508, 512 
Kalaba - 387 
Keller - 435 
Kelley - 512 
Kihara - 247 
King - 310 
Kolodner - 243, 468 
Kranzer - 263 
Kruskal - 250 
Kulsrud - 250 

Landau - 247, 270, 450, 508, 561 

Lax - 337 

Levi-Civita - 425 

Lifshitz - 247, 270, 450, 508, 561 

Uley . 262 

Longmire - 250 

Low - 250 

Lundquist - 136, 263 
Luneberg - 433 

Maecker - 253 


Marcou - 405 
Margenau - 512 
Marx - 226 
Mazumdar - 525 
Midzuno - 247 
Minkowski - 217 
Moller - 234 

Nataf - 497 
Navier - 116 
Nicolet - 93, 525 

Ohg - 265 
Oster - 137 

Page - 260 
Pelzer - 231 
Pfister - 405 
Piddington - 136 
Pines - 487 
Plumpton - 282 
Podolsky - 236 
Post - 277 

Rankine - 129 
Rawer - 508 
Reichel - 267 
Resler - 269 
Roberts - 561 
Rosenbluth - 250, 459 
Rostoker - 459 
Routly - 459, 491 

Sagan - 326 
Schelkunoff - 310 
Schenkel - 236 
Schild - 425 
Schlomka - 226, 236 
Schmutzer - 226 


682 



Schouten - 272 

Tischer - 226 

Sears - 269 

Tonning - 231 

Shafranov - 269 

Twiss - 561 

Shubnikow - 409 


Slepian - 217 

Uilenbeck - 442, 444 

Sinith - 382 

Ulwick - 405 

Sokolnikoff - 196, 360 


Spitzer - 253, 459, 490, 491 

Vilensky - 524 

Stanyukovich - 264 


Stokes - 116 

Wait - 315 

Stratton - 324 

Walen - 136 

Sturrock - 426 

Watson - 250 

Suchy - 508 

Wing - 387 

Synge - 226, 346, 387, 425, 436 

Wolf - 323 

Taylor - 226 

Tang - 477 

Tellegen - 231 

Yoler - 269 

Teller - 267 


Thomas - 264 

Zumino - 267 


683 



SUBJECT INDEX 


Amplitude - Ware (See aapter I), 154, 190 , 434-436 , 561, 565 

Absorbing - absorption coefficient, 45, 541 

media, 25, 30, 33, 35, 44-45, Chapters VI, VII, VIII, IX 

Adiabatic - Chapters III, IV 


Adjoint - of a Linear Operator, integral equation, secs. 71-72, 552 


Anisotropic - 29 , 36 , 47 , 52 , 282 , 292, 294 , 295 , 302, 
aapter Vll, 497 , 537 , 538 , 539 , 545-587 


311, 313, 314, 322, 343, 


Approximation(s) - Applied Magnetic Field - 52-53 

Electrodynamics of moving matter, 269-277 
Foeker-Planck, 444 
(tjeometrical Q[>tics) 7, 9, 406 
Landau-Vlasov, 444 
Linearized (Chapter IV) 

Maxwell-Boltzmann (See Chapter VIII) 
Relativistic - 235, 262 

Analogy - Plasma - Crystal Optics, 52, 65, 97-98, 103 

Analysis - Fourier, 14, 18 , 487 , 580, 566-567 
Functional, 335 


Birefringent - 60, 61, 429 
Brackets - Poisson, 456 


Canonical - Transformation, 62; equations,. 368, 453 

Chaos - molecular, 450, 468 

Characteristic(s) - equation, 62, 75 
method of, 264-267 

surface (see also singular surface), 264 

Circuit - Considerations for Plasma, 252-262 

Collective - (see also plasma oscillations), 486 

Collision(s) - binary, Chapter VIII 
effects, 89, 92, 94 
frequency, 53j 93, 172 
non-conservative, 337 
term in Boltzmann equation, 484 

Complex - function theory, 563 

index. Chapters I, II, IV, VI, VII, VIII, IX 

Compressible - fluids. Chapters III, IV, V 

Conducting - fluid. Chapter IV 

thermodynamics of a conducting fluid, 237 

Conductivity ' 39-41, 45-47, aapter IV. 253, infinite. 201, 263 

heai; i?8, 193, 237. 467-477 
longitudinal, 180 
tensor, 50, 54, 226, 513 

Conformal - mapping (see Problem 14, Chap. VI) 
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Conservation - 79, 

energy, 117, 238, electro-magnetic, 240-247, 248, 252, 466 
entropy, 238, 247 

Laws in magnetohydrodynamics, 265; from Boltzmann eq. 478-480 

mass, 108, 231 

momentum, 108, 231, 466 

phase, 455 (see also LiouviLle’s Iheorem) 

power, 211-231 

Consistent - self(formulation) - 463 

Constitutive - relations, 39-54, 226, 235, 269-270, 274-275, 292, 428 

Continuity - equation of , 109, 465 

Convection - see current 

CoordinateCs) - collective, 488 

cylindrical. Chapters IV, VI 
spherical. Chapters II, VIII, IX 
systems. Chapter VII 

Correlated (un) - 10, 450, 459 

Coulomb - forces, Chapter YCII 

Crystal - see Chapters II, VII, IX 

Current - conduction, 33, 471 
convection, 33 
density, 33, 463, 471, 567 
diffusion, 243, 469 
displacement, 40-43, 165, 171 
four, 220 

magnetic, 222, (Chapter IX 
polarization, Chapter II, 220 
sheet, 267, 580 

Cyclotron - frequency (see also gyro-frequency) 93, 96 

Cylindrical - functions, Chapters IV, VI 
Waves, Chapters IV, VI 

Damping - constant, 53, 80, 81 ^ trr tv 

damped wave, 88, section 45, Chapters VI, IX 
effect, 96 
Landau, 445 

Decrement - energy attenuation, 286 

Deformation - 112 

Delta - function. Chapter IX 

Density - electron. Chapters II, VIII . 

energy. Chapters, I, III, V, VIII, IX; momenttun (see conservation) 
ion, Chapters IV, vlll 
mass, Chapters III, IV 

Derivative - Lie, 272 

Determinant - Chapters 11, IV, VI, IX; (see dispersion equation) 
Deterministic - Chapter VIII 
Diagonal - Matrix, 58, 65, 75 
Diamagnetism - plasma, 480 

Dielectric - tensor. Chapters II, IV, VI, VIII, IX 

Diffusion - flux vector, 244 
velocity, 243, 469 

Dilatation - 113 

Dipole - oscillator, 51, 561 

radiation - electric, 566, magnet-ic, 571 
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Light - polarization, 72; path, 287 
Liouville - equation, 453, 455, 457 

Linearized - eqs. , Chapter IV, Boltzmann eq., Chapter VIII 
Local(ly) - plane waves, 16 

Longitudinal - propagation, 86, 161, 298, 300; magnetic field, 147; fields-currents, 176, 181 

Lorentz - Theory, 39; see force 

Lossy - media, 558, 559-560, 564, 569, 573 

Macroscopic - description. Chapter VIII; material medium, 226; theory of Maxwell, 39 

Magnetic - see field; charge. Chapter V; current, Chapters V, IX 

Magnetohydrodynamic(s) - Chapters IV, V, VIII 

wave, Chapters IV, VIII 

Mechanics - statistical. Chapter VIII 

Mechanism - of propagation, 51, 281 

Metric - tensor, 414, 436 

Microscopic - description. Chapter VIII 
theory of Lorentz, 39 

Mode(s) - extraordinary, 71; Chapter IV, 560, 565, 

Moment(s) - of a distribution, 464 , 474 
Monochromatic - wave (Plane) 14 
Natural - boundary conditions, 379 

Optic(s) - axis, 429; see crystal; geometrical (see approximations), 347 

Ordinary - (mode) wave, see modes 

Orthogonal - transformation, 63 

Oscillations - plasma, 78, 146, 486 

Packet - wave, 15, 25 

Partial - differential equation, 1, 7, 25, see also Chapters VI-IX 
fraction expansion, 563 

Path - ray, Chapters I, VI, VII 

Pattern - radiation, Chapter IX 

Period - Oscillation, 4 

Perturbation - 139, see also linearized 

Hiase - principle of stationary, 19; wave, 3, 8 

Phenomenological - theory of Maxwell, 39 

Plane - wave. Chapters I, II, IV, VI, VIII, IX 

Polarization - medium. Chapters II, V; wave, Chapters II, VI, VIII, IX 

Poynting - 33, Chapters V, IX 

Pole(s) - see complex function theory 

Ponderomotive - force, Chapters IV, V 

Postulates - see generalization 

Potential - Coulomb , ion. Chapter VIII 
energy, Chapters \\ VIII 
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Pressure - Chapters III, IV, V, -VIII 

Principle -Fermat, (see Fermat); Hamilton’s, 369; variational, 29-32, Oiapter VII 
Probability - Chapter VIII 

Process - Irreversible, 247; reversible, Qiapters V, VIII 

Program - Bogolubov, 444, ray tracing, 405, 419 

Propagation - energy. Chapters V, IX 

of discontinuities (see discontinuity) 
of waves. Chapters I, II, IV, VI, VIII, IX 
rays. Chapters I, VI, VII 

Pulse - 399, (see also packets), 399 

Quadratic(bi) - 49, 57; see Apple ton-Hartree eq.; see also dispersion eq. 
forms, 555 

Radiation - pressure, 277; Chapter IX 
Random - Chapters II, VIII 
Ray(s) - Chapters I, VI, VII 
Reactive - power, 569 

Reciprocal - basis (bi-orthogonal), 410; surfaces, 356 

Reduction - See coefficient 

Reflection - coefficients, 305-342 
of rays, 378-382 

of waves, 201, 284, 306, 309, 315, 321, 322, 324 
Refractive - see index 
Relativity - see Chapter V 
Relaxation - time, 443 
Rotation - Faraday, 82-101 

Scattering - Chapter II, 281, sec. 71, 484, 574-575 
Shear - modes, 197-198; stresses, 111 
Shielding - (Debye), 447 

Shock(s) - front, 267; Chapter III, magnetohydrodynamic, 262-265 

Singular - surface, 123, 264, 380 

Snell's - Law, 281, 284, 382 

Sound - speed of. Chapters III, IV, V 

Spherical - harmonics, 496 

Stationary - principle, Chapter VII; see also principle of stationary phase 

Strain - tensor. Chapter III 

Stratified - media. Chapter VI 

Stream - lines, 117, 123 

Stress - electromagnetic, Chapters V, VIII 
tensor. Chapter III 

Super - matrix, 549 

Temperature - effects in a plasma, Chapters IV, VIII 
gradient, Chapters III, tV, V, VIII 
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Tensor - general, 410-419 

physical components, 419 
pressure, 243, 469 
see stress, strain 

Thernod-ynamicCs) - 117, 237, 247, 267, 464-484, 507 
Trajectory - orbital, 250, particle, 484; ray, 288 
Transform - Fourier, 14, Chapter IX 

Transformation - 48, 49, canonical, 62; unitary, 63, 75, 76, 410-421, 495-500 

Transport - energy (electromagnetic), 276 
equation, 250, Chapter VIII 

Transversality - 546 

Transverse - 71, 97, 150, 177, 182, 299-300, 513 
Ikcertainty - relations, 20-24 
Unipolar - 236 

Unitary - see transformation 

Variations - Calculus of, see Chapters I, VI, VII 

Vector - heat flux, 245; Chapter VIII 
index of refraction, 400, 402 
ray. Chapters I, VI, VII 
stress, Chapter III 

wave normal. Chapters I, 11, IV, VI-IX 

Velocity - energy transport, 277, 543 

group, Chapters I, 277, Chapter VII 
phase, Chapters I, II, IV, V-IX 
potential, 116 

Virial - theorem, 482 

Viscous - Chapter III, IV, V, VIII 

Wave - equation, 1 
length, 4 
number, 5 
packet, 15 
propagation, 18 
simple, 2 
train, 15 

Work - 117, 189, 230 , 233 , 237-251, 276, aapters VIII, IX 
Zeeman - effect, 81, 148 



